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PREFACE 


The advance in the application of scientific methods to 
architectural and engineering problems has made increasing 
demands upon the theoretical knowledge required by archi¬ 
tects and engineers; it is the aim of the present book to 
present in as simple a method as is consistent with accuracy, 
the principles which underlie the design of machines and 
structures from the standpoint of their strength. 

The subjects commonly called respectively the Strength 
of Materials and the Theory of Structures have much in 
common; much of the subject matter contained in the 
author’s books upon the latter subject has, therefore, been 
incorporated, the same general method involving the use 
and application of graphical methods in preference to purely 
mathematical methods having been adopted in the other 
branches of the subject. An attempt has been made to 
present more clearly than is general the various theories as 
to the cause of failure in materials and the effect of these 
theories upon design. 

Although the author hopes that the book will be especially 
useful for students reading for the Assoc. M. Inst. C. E., and 
University degree examinations in Engineering, he has 
attempted to present the subject in sufficiently practical 
form for it to be of greater assistance in practical design than 
is the case with an ordinary class book; with this in view 
many diagrams and tables have been incorporated for enabling 
the formulas to be applied with a minimum of time and 
trouble. 

A large number of numerical examples are worked out and 
further exercises are given; the student is recommended to 
work for himself all such examples and to pay particular 
attention to the assumptions which are made in deriving the 
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various formulae. Nearly all engineering formulae are only 
approximately correct; in the present branch of the subject 
this is chiefly because there is no material known which 
conforms exactly to the simple laws of elasticity upon which 
the subject is based. We cannot condemn too strongly the 
blind application to a particular practical problem of formulae 
which were never intended to be so applied; the unfor¬ 
tunate distrust which practical engineers so often have to 
“ theory ” is to some extent brought about by the fact that 
the theories that they see employed are often inapplicable. 
It is essential for us to acknowledge the limits of theoretical 
methods and not to attempt to express our results to a greater 
degree of accuracy than the nature of the problem will allow. 

The author’s thanks are due to Mr. J. H. Wardley, 
A.M.I.C.E., for much assistance and valuable criticism in 
the reading of the proofs; to Mr. W. Mason, D.Sc., for the 
photograph from which Fig. 24 was made; and to the various 
firms who have courteously assisted by supplying illustrations 
and description.*, of the various testing machines and apparatus 
with which their names are associated in the text. The 
author’s indebtedness should also be recorded to the many 
text-books and periodicals that have been consulted and are 
referred to in the various portions of the book. 

The author will be grateful for the notification of clerical 
and other errors that may be found in the book. 

L<m May 1 1915. EWAKT S. ANDREWS 

PREFACE TO THE SECOND EDITION 

As the text-book in its present form appears to fulfil the 
needs of the engineers, architects and students for whom it was 
intended, the author has not thought it necessary to alter the 
treatment in the book, but has taken the opportunity of cor¬ 
recting printers' errors and of including the properties of the 
New British Standard Sections. 

Ewart S. Andrews. 

329 High Holhorn, 

London, fV.C. 1, 

March, 1925. 
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THE STRENGTH OF MATERIALS 


Note.—P ortions marked with an asterisk may be omitted on the 
first reading . 

CHAPTER I 

STRAIN, STRESS, AND ELASTICITY 

Strain may be defined as the change in shape or form of 
a body caused by the application of external forces. 

Stress may be defined as the force between the molecules 
of a body brought into play by the strain. 

An elastic body is one in which for a given strain there 
is always induced a definite stress, the stress and strain being 
independent of the duration of the external force causing 
them, and disappearing when such force is removed. A body 
in which the strain does not disappear when the force is 
removed is said to have a permanent set, and such body is 
called a plastic body. 

When an elastic body is in equilibrium, the resultant of 
all the stresses over any given section of the body must 
neutralise all the external forces acting over that section. 
When the external forces are applied, the body becomes in 
a state of strain, and such strain increases until the stresses 
induced by it are sufficient to neutralise the external forces. 

For a substance to be useful as a material of construction, 
it must be elastic within the limits of the strain to which it 
will be subjected. Most solid materials are elastic to some 
extent, and after a certain strain is exceeded they become 
plastic. 

B 
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Hooke's Law—enunciated by Hooke in 1676 —states that 
in an elastic body the strain is proportional to the stress. 
Thus, according to this law, if it takes a certain weight to 
stretch a rod a given amount, it will take twice that weight 
to stretch the rod twice that amount; if a certain weight 
is required to make a beam deflect to a given extent, it 
will take twice that weight to deflect the beam to twice that 
extent. 



under shear strjh 

Fio. 1.—Kinds of Strain. 


Kinds of Strain and Stress.— Strains may bo divided 
into three kinds, viz. (1) an extension; (2) a compression; 
(3) a slide. Corresponding to these strains we have (1) tensile 
stress; (2) compressive stress; (3) shear stress. 

A body that is subjected to only one of these, is said to be 
in a state of simple strain, while if it is subjected to more 
than one, it is said to be in a state of complex strain. 

Examples of simple strains are to be found in the cases of 
a tie bar; a column with a central load; a rivet. The best 
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example of a body under complex strain is that of a beam 
in which, as we shall show later, there exist all the kinds of 
strain. 

Intensity of Stress.— Imagine a small area a situated 
at a point X in the cross section of a body under strain, then 
if S is the resultant of all the molecular forces across the 

s 

small area, - is called the intensity of stress at the point X. 

In the case of bodies under complex strain, the intensity of 
stress will be different at different points of the cross section, 
while in a body subjected to a simple strain, the stress will 
be the same over each point of the cross section, so that in 
this case if A is the area of the whole cross section and P 
is the whole force acting over the cross section, the intensity 

p 

of stress will be equal to In future, unless it is stated 

to the contrary, we shall use the word “ stress ” to meat* the 
“ intensity of stress.” 

Unitai, Strain. —The unital strain is the strain per unit 
length of the material. In the case of extension and com¬ 
pression, the total strain is proportional to the original length 
of the body. Thus, a rod 2 ft. long will stretch twice as 
much as a rod 1 ft. long for the same load. In Fig. 1, if 
l is the unstrained length of the rods under tension and 
compression and x the extension or compression, the unital 

. . X 

strain is y. 

In the case of slide strain, the angle but not the length of 
the body is altered, and this angle /3 is a measure of the 
unital strain. If the angle is small, as it always will be in 
practice with materials of construction, then it will be nearly 

equal to y, where x and l are the quantities shown on the 

figure. 

Poisson’s Ratio—Transverse Strain. —When a body 
is extended or compressed, there is a transverse strain tend¬ 
ing to prevent change of volume of the body. The amount 
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of transverse strain bears a certain ratio to the longitudinal 
strain. 


This ratio = 


transverse strain 
longitudinal strain 


= rj varies from J to J for 


most materials, and is called Poisson's ratio . 


According to one school of elastieians, the value of this 
ratio y should be but experimental evidence does not quite 
support this view, although it is very nearly true for some 
materials. The ratio is very difficult to measure directly, its 
value being best obtained by working backwards from the 
elastic moduli in shear and tension in the manner which will 


be explained later. 

Stress-strain Diagrams.—If a material be tested in 
tension or compression, and the strain at each stress be 
measured, and such strains be plotted on a diagram against 
the ^stresses, a diagram called the stress-strain diagram is 
obtained. If a material obeys Hooke s Law, such diagram 
will be a straight line. For most metals, the stress-strain 
diagram will be a straight line until a certain point is 
reached, called the clastic limit , after which the strain in¬ 


creases more quickly than the stress, until a point called the 
yield point is reached, when there is a sudden comparatively 
large increase in strain. After the yield point is reached, 
the metal becomes in a plastic state, and the strains go on 
increasing rapidly until fracture occurs. 

Fig. 2 shows the stress-strain diagram for a tension speci¬ 
men of mild steel, such as is suitable for structural work. 


The portion a b of the diagram is a straight line, and 
represents the period over which the material obeys Hooke's 
Law. At the point c, the yield point is reached, and the 
strain then increases to such an extent that the first portion 
of the diagram is re-drawn to a considerably smaller scale, 
such portion bring shown as a Rj The strain then increases 
in the form shown until the [mint n is reached, the curve 
between Cj and r> being approximately a parabola. When 
the point d is reached, the maximum stress has been reached. 
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and the specimen begins to pull out and thin down at one 
section, and if the stress is sustained, fracture will then 
occur. The portion d e, shown dotted, represents increase 
of strain with apparent diminution of stress. This diminu¬ 
tion is only apparent because the area of the specimen 



trocTure-d Por^r ." 

Fig. 2.—Stress-strain Diagram for Mikl Steel. 


beyond the point rapidly gets smaller, so that the load may 
be decreased, and still keep the stress the same. In practice, 
it is very difficult to diminish the load so as to keep pace 
with the decrease in area, so that this last portion of the 
curve is very seldom accurate, and has, moreover, little 
practical importance in commercial testing because the 
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maximum stress is always taken as that given at D (see 
also p. 52). 

The specimen draws down at the point of fracture in the 
manner shown in the diagram. Before the test, it is cus¬ 
tomary to make centre-punch marks at equal distances apart 
along the length of the specimen. The distance apart of 
these points after fracture of the specimen indicates the 
distribution of the elongation at different points along the 
length. Four such marks, a, 6, c, d , are shown on the figure. 
The greatest extension occurs at the point of fracture, so that 
on a specimen short length, the percentage total extension 
will be greater than on a longer specimen. We deal further 
with this point on p. 55. 

The stress-strain diagrams in compression and shear for 
mild steel are very similar to that for tension. In compres¬ 
sion it is difficult to get the whole diagram, because failure 
occurs by buckling , except on very short lengths, where it is 
very difficult to measure the strains, and in shear the test 
is best made by torsion, because it is almost impossible to 
eliminate the bending effect. Now, in torsion, the shear 
stress is not uniform, so that the metal at the exterior of the 
round bar reaches its yield point before the material in the 
centre, and this has the effect of raising the apparent yield 
point. We shall see later that the same occurs in testing for 
compression or tension by means of beams. 

The importance of the elastic limit has been overlooked to 
a great extent by designers of machines and structures; but 
inasmuch as the theory, on which most of the formulae for 
obtaining the strength of beams are based, assumes that the 
stress is proportional to the strain, it must be remembered 
that our calculations are true only so long as Hooke’s Law is 
true, so that the elastic limit of the material is a very impor¬ 
tant quantity. We shall deal further with this question in 
discussing working stresses (Chap. III.). 

Confusion between Elastic Limit and Yield Point. —In 
commercial testing, it is quite common to use no accurate 
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means for measuring the strains (instruments tor such 
measurements are called extenaometers, see pp. 371-379). The 
load on the steelyard of the machine is run out until the 
steelyard suddenly drops down on to its stops. The “ steel- 
yard-drop ” happens when the yield point is reached, but 
many people call this the elastic limit; it is also sometimes 
called the “ apparent elastic limit.” As will be seen from the 
diagram, Fig. 2, there is no appreciable error made by this 
confusion in tension testing, but in cross bending the differ¬ 
ence is much more marked, and gives rise to confused ideas. 
We shall deal further with this point on pp. 207-209. 

The Elastic Constants or Moduli.—If a material is 
truly elastic, i.e. if the strain is proportional to the stress, 
then it follows that the intensity of stress is always a 
certain number of times the unital strain, or that the 

.. intensity of stress . . . XT ... , . . 

unital strain 

ratio is called a modulus. That for tension and compres¬ 
sion is generally known as Young's modulus, and is given 
the letter E; that for shear is called the shear, or rigidity 
modulus (G). There is an additional modulus called the bulk 
or volume modulus (K), which represents the ratio between 
the intensity of pressure or tension and the unital change in 
volume on a cube of material subjected to pressure or tension 
on all faces. 

Young’s modulus is the one with which we shall be most 
concerned. Suppose that a tension member (a tie as it is 
called) or a compression member (a strut), of length l and 
cross-sectional area A, is subjected to a pull or thrust P, and 
that the extension or compression is x, Fig. 1. Then the 

P x 

intensity of stress is and the unital strain is y 

.*. Young’s modulus E *=» — -r y — 

Numerical Example. — A mild-steel tie bar, 12 ins. long 
and of li ins. diameter, is subjected to a pull of 18 tons. If the 
extension is ‘0094 in., find Young’s modulus. 
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Area of section of 1£ ins. diam. — 1*767 sq. ins. 

18 

Stress per sq. in. = . = 10*19 tons per 

1 sq. in. 

Unital strain = ■■ *000783 


Young’s modulus 


1019 

*000783 


13,000 tons per 
sq. in. 


The value of Young’s modulus can be found from the 
stress-strain diagram. Thus, in that for mild steel, Fig. 2, 

E = - 

X 

stress 

Now in the relation E = . ! , if the strain is equal to 1, 

strain n 

t. e. if the bar is pulled to twice its original length, we have 
that E = stress, and this accounts for the definition of 
Young’s modulus that some writers have given, viz.: Young’s 
modulus is the stress that is necessary to pull a bar to twice 
its original length. Some students find this definition more 
clear than the one previously given, but it must be remem¬ 
bered that no material of construction will pull out to twice 
its original length without fracture. 

Relation between Elastic Constants.—For an elastic 
material there will be certain relations between the elastic 
moduli E, G, K, and Poisson’s ratio rj. These relations can 
be found as follows— 

To first find a relation between E and K consider a cube 
of unit side subjected to a pull /„ Fig. 3 (a). 

Let the elongation along the axis be a, and let the trans¬ 
verse contraction be 6. 

Then original volume of cube « 1 

strained volume of cube = (1 + a) (1—6)* 

as 1 — 2b + b* + a — 2ab + ab 2 
= 1 + a — 2 b (nearly) 

because as the strains are very small their product may be 
neglected. 

Increase in volume = (l + a — 2 6) — 1 
« (a - 2 b) 
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Now apply a pull to each side of the cube. There will now 
be three pulls, each producing an increase of volume equal 
nearly to (a — 2 6). 



A 



O, 


Fiq. 3. 

.\ Total increase in volume is nearly equal to 3 (o — 2 b) 

xt b transv erse strain 
° W a = * longitudinal strain ~~ ^ 
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Increase in volume «= 3 a (1 — 2ij) 

Since original volume * 1 

increase in volume . „ ,, _ 

-ETriilSrTolume - volume »n,tal .tram - 3a(1 - 2 ,) 

~ — intensity of pull _ /, 

OW = unital strain — 3 a (1 — 2 17 ) 

, f t tensile intensity of stress T . , , , 

a unital tensile strain ® 

- E 

*** K “ 3"(T-2^f.^ 


Now find the relation between E and G as follows — 

Suppose that two shearing forces of intensity s are applied 
to the faces of a unit cube abcd, Fig. 3 ( 6 ). Now consider 
the equilibrium of the portion adc, Fig. 3 (c). To balance 
the forces s there must be a force pulling/, across the diagonal 
A c, and the value of /, must be \/ 2 ~ x s. Now the area over 
which this force acts will be V2 since the cube is of unit 


side, so that there will be a tensile stress of 



Similarly considering the portion BCD, Fig. 3 (d) there 
must be a compressing force /.. along the diagonal b d, and 

^ 2 s 

the compressive stress will be = —^ = s. Therefore we 


see that: Two shear stresses on planes at right angles to each 
other are equivalent to tensile and compressive stresses of in¬ 
tensity equal to that of the shear stress at right angles to each 
other, and at an angle of 45° to the shear stresses. 

Now the cube will be deformed to the shape B t c x d„ 
Fig. 3 (e). 

The unital shear strain is measured by the angle of distor¬ 
tion 2 <f>. Since the strains are very small, this is practically 

. . 2 b b. 2 b b, . . _ .. . 

equal to -j—* — —, * (since b c » 1) - 4 b b,. 

5 B C J 

Let the unital strain due to the tension along the diagonal 
id be a. Then there will also be a strain along this 
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diagonal due to the transverse strain from the compression 
stress in A o. This will be equal to i? x o. . Total unital 
tensile strain along diagonal -* a (1 + rj). Then b b, = unital 
strain along diagonal x J b d, since b B t is equal to o u, 

Vi a 

BB, - a (1 + ij)xiBI)= 2 (1 + q). 

Because the strains are in reality very small, b b, b, is 
very nearly a right-angled triangle. 


BB, = t/2 X BB, 


or b B, 


B_B, 

Vi 


a{\ + »/) 
_ _ 2 - 


^ in tens ity of tensile stress _ 
unital tensile strain 
intensity of shear stress _ 
unital shear strain ~ 


/, 

a 

,s 


E 


. - - c: 

4bb, 


Since we have proved that the tensile stress along the 
diagonal is equal in intensity to the shear stress. 

Therefore f, *= a E = G x 4 b b 4 

E _ 4 b b 2 _ 4 a (1 + rj) 

~ a ~ 2 a 

= 2(1 + ,) .( 2 ) 


G 

E 

G 


From (2) ij = 
From (3) n * 
1 - 

: (^A) 

t> + 3 K 
9 

"1 


3(1 — iii)., 

- 1 


Now we have already shown in ( 1 ) that 

E 
K 

E 

2 G 

1 _ E 

2 GK 

J 1 _ E 

2G 2 6 K 

E/l , J. \ 3 

2 \G + 3 K/ 2 

1.1 3 

E 

3,1 

G + K 


•(3) 


•(4) 
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This expresses the relation between the constants in its 
simplest form. 

It will be noted that if rj = as some authorities state, 

E 

then ^ = 2*5; this may be taken as true if the value of. G 

(jr 

for the material is not known. 

Strains in different Directions.—Suppose that the 
stresses in a material acting normally to, i . t, at right angles 
to, three planes at right angles to each other are /„ /„ /.. 
Then the unital strain in the first direction is made up of 
the direct strain due to / 4 and the transverse strains due 
to the other two. 

unital strain in first direction *= -- -t ^ 

ft hi 

unital strain in second direction = ^ 

unital strain in third direction *= s t = (i — Hlh+.fy) 

hi hi 

Lateral Strain prevented in one Direction.—Now take 
the case of a piece of material w hich is free to dilate or expand 
in one direction, but is prevented from doing 60 in another 
at right angles, a compression stress f x being applied in the 
third direction. 

Let the z direction be that in which strain is prevented. 
We then have 

s t =* 0 

and let the x direction be the one with the stress f ,. 

Then if /, is the stress caused in the z axis we have, since 
/„ *= 0, because the material can expand freely in the y 
direction— 

E a, = /, - r) f, 

o 

•* • /* V I* 

~ i) (1 + >/)/ii E $, ■« /. (1 — ij*) 
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This result is interesting as showing that the ordinary 
definition of E only holds when lateral strain is not 
prevented. 

* Complex Stress.— Principal Stresses. —It can be 
shown that when a body is under a complex system of 
stresses, such stresses will be the same as those due to the 
combination of three simple tensile or compressive stresses in 
planes at right angles to each other. Such simple stresses 
are called the principal stresses. 

Consider the case of a block of material subjected to pulls 
P and Q, Fig. 4, in two directions at right angles, and let 


P 



Fio. 4.—Principal Stresses. 

the pull per square inch of the sectional area in each direction 
be p and q, respectively, these being principal stresses. 

Consider the stresses on a plane a b inclined at an angle 0 
to the force P. 

The stress p can be resolved perpendicularly and along 
A B, *. e. normally and tangentially to A b. 

Now consider 1 sq. in. of area perpendicular to p. The 

corresponding area along a b will be g .j^. 

Now the component of p perpendicular to a b will be p 
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t sin 0, and the component along a b will be p cos 0, but 
stress = component of force 4 - area. 

Normal or perpendicular component of stress p along a b 

= p sin 0 -i- -3-j = p sin* 0 
y sm 0 1 


tangential or shear component of stress p along A b 

= p cos 0 -7- /, » p sin 0 cos 0 

r sm 0 r 


Now considering stress q, its tangential component to a b 
will be opposite in direction to that of p, and since in this 

case the area is . *— y- = ——. and the normal and 

sin (90 — 0) cos 0 

tangential components of q are respectively q cos 0 and q 
sin 0 , the normal component of stress will be q cos* 0 , and the 
tangential component of stress will be — q sin 0 cos 0 , since 
in this case the tangential components are not in the same 
direction. 

.•. Total normal component = /„ = p sin* 0 -f q cos* 0 . .(1) 
Total tangential component = « = (p — q) sin 0 cos 0 .. (2) 
Now the resultant of the stresses /„ and t, which we will call 
/, will be given by a e. 

Le./ = Vf 2 +> 

— V (p&h\ 2 6 + q cos* 0) 2 + (p — q )* sin* 0 cos* 0 
= yf p z (sin 4 $ + sin* 0 cos* 0) + q 2 (cos* sin* 0 + cos 4 0 ) 
+ 2 pq (cos* 0 sin* 0 — cos* 0 sin* 0) 
= V p* sin* 0 (cos* 0 + sin* 0) + q* cos* 0 (sin* 0 -+• 

cob* 0) -f 0 

= V p* sin* 0 + q* cos* 0 .( 3 ) 

because cos* 0 + sin* 0 = 1 . 

The inclination a of this stress is given by 

*_ /. p sin* 0 + q cos* 0 

a (p — q) sm 0 cos 0 


p tan* 0 + q 
(p—q) tan 0 


(4) 
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If <(> is the angle between a e and the direction of p. 
Then — (a — 0) 


tan </> «• tan (a — 0) 


t an a — tan 0 
1 -f tan a . tan 0 

f ‘*"7, + -§ _ tan , 
(p — q) tan 0 


, t »tan»« + , 

(p — q) tan 0 
p tan 1 0 -f q — (p — 9) tan* 0 


(p — q) tan 0 + tan 6 (p tan* 6 + q) 

q (ljf ta n* 6) _ q _ 

p tan 0 (1 -f- tan* b)~ p tan 6 


BS — cot 0 
V 


(5) 


Unlike Stresses. —If the stresses are unlike, i. e., one 
tension and one compression, we shall have by similar 
reasoning 

/. — p sin* 0 — q cos* 0 
4 *= (p + q) sin 0 cos 0 


It will be noted that for p ~ </ and 0 = 45® we have f- = O 
and s — p. 

We have, therefore, a pure shear as equivalent to equal 
tensile and compressive stresses at right angles to each 
other, at 45® to the shear stress and equal in intensity to 
the shear stress (cf. p. 10). 

The Ellipse of Stress.—Draw circles of radius o x and 
o Y, Fig. 5, equal to q and p respectively, and let o R be 
drawn at angle 0 to o Y. 

Draw a radius o f to the larger circle at right angles to 
o a and cutting the smaller circle in x. 

Draw r h at right angles to o y, and 10 at right angles to 
r h, and join o o. 

Now OH»or cos (90 — 0) «=» p sin 0 
and G H -* R K «** o K sin (90 — 0) q cos 0 
.',00 ■ V o h* + H o* — V p* sin*^ 4- J* cos* 0 
by equation C3) 0 0—/ 
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-T h o q cos 0 q . a . . 

Now tan H o o = Q - - p sin - 0 ~ p cot 6 - tan * 

,‘,/hog-^ and, since « = 0 -f </>,/« or — <x. 

Now the locus of the point a is an ellipse of major axis 
2 p and minor axis 2 g, and such ellipse is called the Ellipse of 
Stress . 

We see, therefore, that by drawing a line o ¥ from the 



centre O, at right angles to a given direction to the outer 
circle, and drawing F H horizontal to meet the ellipse of 
stress in g, then o o gives the resultant stress on a plane 
in the given direction, and the angle a o r » a gives the 
angle between such resultant stress and the plane. 

Numerical Example.— Suppose a square bar of 2 ins. side 
and 4 ins. long is subjected to pulls of 10 and 12 tons respectively 
in axial and transverse directions . Find the resultant stress on 
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a plane inclined at 60 degrees to the axis , and find the inclination 
oj the stress to that plane. 

In this case p = ^ ~= 2*r> tons per square inch, 

12 

and q ~ ~ = 1*5 tons per square inch. 

o 

Then Fig. 5 shows the ellipse of stress drawn to scale. 

Draw o L at 60° to o y and draw o m at right angles to o l 
to cut the outer circle in M; drawing m n horizontal to meet 
the ellipse of stress in n, then o n gives the resultant stress 



Fio. 6.— Combined Normal and Shear Stress. 


and /LON gives its inclination to the plane, o x will be 
found to be 2*29 tons per square inch, and / l o x to bo 79 . 

Now considering again the stresses p and q ami the normal 
and tangential stresses f H and s at an inclination 0 to ;» we 
see that p and q are the principal stresses corresponding to 
the stresses f H and s . Now in practice we often require to lind 
the magnitude and inclination of the principal stresses, because 
one of these stresses will be that of maximum intensity of 
stress. This is clear from the figure of the ellipse of stress, 
since o Y is obviously the maximum radius vector of the 
ellipse. We will now therefore find the principal stresses due 
to a normal stress /„ and a shear or tangential stress s at right 

angles to each other, 
c 
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♦ Combined Normal and Shear Stress. —To investi¬ 
gate this problem we must first prove that a shear stress must 
always be accompanied by an equal shear stress at right 
angles to it. Take for example a unit cube, Fig. 6 (a), sub¬ 
jected to shearing forces S along opposite sides. These forces 
S form a couple, and the cube can be kept in equilibrium 
only by another couple of equal moment and opposite sense, 
which couple is given by shearing forces S! at right angles to S. 

Now consider the case of a complex system of stress con¬ 
sisting of a normal stress / and a shear or tangential stress 8 . 

Let p N, Fig. 6 (6), represent a portion of the plane on 
which the stresses / and 8 act. 

Let one of the planes of principal stress be represented by 
p m, and let this principal stress be p. Then along m n there 
acts a shear stress also of intensity 8 . 

Then the resolved portions of the forces due to p and to the 
stresses / and 8 must be equal in the directions P N and m n. 


Therefore we have 

/.PS + 8 . M N = p . P M COS 6 .(1) 

also «.PN - p . P M sin 0 .(2) 

••From (1) / p M + s - — = p cos 0 

i. e. / cos 0 + 8 sin 6 = p cos 0 

.•.(p — /) cos 0 =* 8 sin 6 .(3) 

From (2) s 1 N = p sin 6 

1 PM 

8 cos 6 = p sin 0 . .(4) 


Dividing (3) and (4) we have 

P~ 1 = * 
a p 

P iP~f) - «* 

P* - P / - « 2 “ 0 

r-3 

’-jO ±V 1 + t).<•> 
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The minus sign corresponds to the second principal stress q , 
which will be in compression; as we are concerned only with 
the maximum stress, we will take the positive value, viz.— 

p-i 11 + yjl -4 if).(6) 

The direction of the plane at which this stress occurs is 
given by $. This is found as follows— 

From (3) p cos 0 — / cos 0 *= s sin 0 
From (4) p sin $ « 8 cos 6 

8 cos 0 
p * - 

81*11 $ 

8 COS 2 0 . n ^ 

, --r- / cos 0 =* s sin 0 . (7 

sin 0 ' ' ' 


.*. s (cos 2 6 — sin 2 0) = / sin 0 cos 0 

. 0 . , sin 2 0 

• *. 8 cos 2 0 =» / -.j— 




or tan 2 0 — - 




This will give two values of 0, 90° apart, and so gives the 

inclination of both planes of principal stress. 

Maximum Shear Stress. —Returning to the consideration 

of the principal stresses p and q y we saw that the tangential 

component on a plane at angle 0 to p was given by (p — q) 

sin 0 cos 0. (Sec p. 14, equation (2).) Now this will be a 

i . z, ... . . sin 2 0 

maximum when sin 0 cos 0 is a maximum, %.e. when — 

2 

is a maximum, or when 6 « 45°. Therefore we see that the 
maximum shear stress occurs at 45° to the principal stresses, 

ami is equal to —~ 

In the problem that we are considering, we have proved that 


V 


l { 1 + 4 f r) and ^at 9 » £ ( l - yj l + ifj 



2 V 


4”,V* 

/* 
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Maximum shear stress 


/ /rY 4 a* 

2 \/ 1 + n ' 


The latter form is more convenient because in the ease when 
/ 0, the former gives an indeterminate result. 

Numerical Example. — A steel bolt , 1 in. in diameter , is 
subjected to a direct 'pull of 3000 lbs. and to a shearing force of 
1 ton. Find the maximum tensile and shearing stresses in lbs . 
per square inch , and the inclinations of the directions of the 
stresses to the longitudinal axis of the bolt. 

f . i • , 3000 3000 


In this ease t = 


area of 1 in. bolt ~ *7854 


= 3819 lb. per sq. in. 
s = “ = 2852 lb. |)er sq. in. 


. Maximum tensile stress ~ p = /, f* 1 f ^ ) 

3sH) / / 4 x 2852 2 \ 

2-0 + V 1 + -:wi»*-J 

*= - { f(l + V'i T 2 : '23j 
*= 5342 lb. per square inch . 

Inclination of principal plane to piano perjHmdicular to 
axis is given by 


tan 2 </ =- 


2 x 2852 
~ 3819 


= 1-494 

.'.‘2 0 =- 5(»° 12' nearly 
.-. 0 =- 2S° 9' 

Inclination to longitudinal axis -= 90 - 28° 6' 

«=- til 54' 
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Maximum shear stress 


-v: 

->/ 

= 2Sf>2 yj 


+ ‘i 
6 - 


f 2852- 

:m o - 


i + 


4 x 2852- 


- 2852 V l : f *44 S 

=~ 2852 x 1*203 

= ■ 3428 lb. per square inch. 


i 



This stress will occur at 45 to tho direction of principal 
stress, i. e. at 01° 54' — 45 ‘ = 10 54' with longitudinal axis, 

or else at JX)" to this, t. e. at 73° (V with longitudinal axis. 

* Combined Shear Stress and two Normal Stresses 
at Right Angles to each other. 

Next consider the case of a shear stress s combined with 
normal stresses f t > f v at right angles to each other (Fig. 7' 
Then resolving as before we have 

/, r n + 9 m n * p . p m cos 0 .. ..( 11) 

/, N M + $ P N ~ J) . P M LFX»« (12) 
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From (11) /, cos 0 + a sin 0 — p cos 0 

From (12) /, sin 0 + a cos 0 *= p sin 0 

i. e. (p — /,) cos 0 = a sin 0 .(13) 

(p — /„) sin 0 -» a cos 0 .(14) 

We therefore have by multiplying and cancelling sin 0 cos 0 
(p - /,) (p - /,) - a* 

i.e. p* - p(/. + /,) + /,/,= «*.(15) 

Solving this quadratic we get 

?“*{(/. + /,) ± V (A f- /,)- - 4 (A /; - i*)} 

- H(/.+ /,) ± Va:-f,Y i + 4» ! ) 

- ^*2 /,r) ± + a*.(lfi) 


In this case as in the previous one we usually take the 
positive sign. 

To get the direction of the principal stresses we have from 


(13) and (14) 

(p — /.)=*« Ian 0 .(17) 

(p — /„) = a cot 0 .(18) 

subtracting 


( f, — /„) = a (cot 0 — tan 0 ). 


Now tan 2 0 


2 tan 0 
1 — tan ®0 


tan 0 


— tan 0 


2 

cot 0 — tan 0 


t. e. cot 0 — tan 0 

.*• (/. - /,) 

». e. tan 2 0 


2 

tan 2 0 

_ 2 a 
tan 2 0 

2 a 

(A-/,) 


(19) 


The maximum shear stress is as before equal to —~n— 


*. Maximum shear stress 




Graphical Representation of Results.—The following 











STRAIN, STRESS, AND ELASTICITY 


23 


graphical construction, due we believe to Professor R. H. 
Smith, solves these equations. 



F 



Fxo. 8.—Graphical Construction for Combined 8troeea. 


Set out oa, Fig. 8, to represent /„ to a convenient scale 
and o b to represent /»to a convenient soale; if /. and f, are 
opposite in sign they should be set out in opposite directions. 
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Bisect a B in c and at b set up bd at right angles to oa 
to represent the shear stress then with centre c and CD 
as radius draw a semicircle, cutting o a in f and E. 

Then or = }) and o e = q. 

If E comes on the other side of o, the stress is negative. 
Join d F, then /dfb = 0, the angle of the principal stresses. 
Also maximum shear stress = CE. 

Proof,— b c = n 0 A = L'- ~-is 

oc = OB + B 2 A = /. + f ‘ 2 h = f ' 2 /r 

C D = Vb c- + B D* = yj + it 3 
Of=OC + CF = OC+CD 

= U r i~J*\ 4 _ . t» )* + a l — p 


\ r 


UK = OC — O E = OC — CD 


(A + /.) /(//- /;> r , „ 2 „ 

2-V ~4"~ 9 


CE “ C D = 


^-/) S Ij 


V. 7 


+ a* =a maximum shear stress. 


Now bcd = angle at centre = 2 /d f b 

, . . B d 8 2s 


tan b c i) - 


B c - 07- f ) (/, - /„)• 


From equation (19) BCD — 20, . /d_f b — 0. 

Application to a Single Normal Stress. —In this case, 
Fig. 9, b and o coincide so that o c = joA = ^, and the 

Zi 

construction comes as shown. 

This tiguro has been drawn for / = 3.S19 and s =-- 2852 as 
in the numerical example of p. 20. 

* Maximum Strain compared with Maximum Stress. 
—In questions involving complex stresses it is necessary to 
remember that the maximum strain does not occur on the 
same plane as the maximum stress. There is some con- 
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siderable divergence among clasticians (a term suggested by 
Professor Karl Pearson, F.R.S.) as to whether the ultimate 
criterion of strength of a material depends on the tensile 
or compressive stress exceeding a certain value, or the shear 
stress exceeding a certain value, or on the strain exceeding a 
certain value. This is dealt with on pp. 42-48. 

We have considered the cases of maximum tensile or 
compressive and shear stresses. We will now consider the 
question of maximum strain. 



The given stresses are equivalent to simple stresses p, q 
at right angles to each other; we will assume p to be 
greater than q 

. . Strain in direction of p « f, — V J (w ^ Poisson's ratio). 

h JCj 

Simple stress in direction of p to cause same strain 
= Equivalent direct stress p, = p — -q q 



~ v) + (1 + »/)^l + ^ j 


(11) 
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In the direction at right angles there will be an equivalent 
stress equal to q — if p which comes equal to 

|{(l-,)-(l + n )jl+ ~f*} .(12) 

These formulas may also be derived from first principles 
as follows. 

Suppose a rectangular block abod receives two tensile 
strains at right angles and a slide strain in the same plane. 

Under the combined strain the block assumes the position 



Pio. 10.—Combined Strains. 


a d, c 2 B|. Then, if a b = x f b o *» y y and a o =» r, and 
x x y x r x are the strained lengths, and /D t = ^ 

Unital strain in direction x « s, « Xl ~— 

x 

v _ Vi - y 

99 9» M y =* — - ~ ~ 

r x - r 

»f ft ff r 555 ®r — .. — 


We have — x (1 + *,).(1) 

Vi “9 (1 + »*).( 2 ) 

fj r (1 + Sf) .(3) 

.*• V - r» (1 + 2 s, + «,*) 

=.f*(l + 2 Sr) .(4) 

Since squares of strains may be neglected. 
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Now fj* “ A Cj* = A Bj* + C 2 B 2 * 

= (AB, + B, B 2 )* + A D t * 

= (A B, -f 1), I)*)* f A Uj* 

Now a Bj = = * (1 + a.) 

AD l =>y l = y (1 + a,) 

i>i u * = ViP= Py (i + *>) = Py 

since P is small and therefore p x a, is of second order and 
therefore negligible. 

fj* -= |x (1 «,) + py'p -t- \y (1 a,);* 

*=* x 2 (l 4 2s,) 4 2xyp 4- y 2 ( 1 4 2s.)-(5) 

neglecting all second powers of strains, 
but r* = x* 4- y* 


r * 

• • r l 

= r* -f- 2 x * 

,+ 2fa, + 2xyP 

....(6) 

. . From (4) 




r* (I 4- 2 a r ) = r 

•* 4- 2 x* a. 4- 

2 y* a, + 2 x y p 


or s r — | 

"Mr) 

\4 -*-*P . 

....(7) 

Expressing this 

in terms of the angle 6 we get 


*$ 53 

a, cos* 9 + a, 

sin* 9 4- P sin 9 cos 9 .. 

....(8) 


Our next problem is to find the value of 9, for which the 
resultant unital strain s t is a maximum. 

This occurs when *» 0 

i. e. when 

«,. 2 cob #( — tin 1 ) 4 - « r 2 sin I cos f 4- $(cos 0 cos « 4- sin 9[ — sin *])» 0 

». e. when — «, sin 2 9 + a, sin 2 0 4- /? cos 2 9 — 0 

sin 2 0 (s, — s„) = p cos 2 9 

or tan 2 0 — —£—. .( 9 ) 

S m ““ 

This gives two values of 9 at right angles, and so we see that 
the directions of maximum strain are at right angles. 

Now consider equation ( 8 ), reuniting and putting 1 =» cos* 9 
+ sin* 9, we get 

at (cos* 9 + sin* 9) <m a, cos* 9 + a, sin* 9 4- P sin 9 cos 9. 
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Dividing by cos 3 0, we get 

St (1 + tau 2 0) -- <■?, -f s y tan 2 0 4* /J tan 0 
or tan 2 0 (s, — Stf) + /f tan 0 + s r — == 0 


i.e. tan 6 = -P.iyP- M 

2 (*„ - *„) 

For this to be real, 

/if 2 must be not < 4 (.s* v — s 0 ) (.*, — ,<?#) 

Now as Se increases, 4 (.s\ — s 0 ) {s r — s ti ) will increase, since 
the latter expression is equal to 4 (s» — s x ) (sg — s v ) 

The greatest value $ 0 can have is such as to make 
0 2 = 4 (s, - Sg) (s x - S',) 


i.e. — St, (s x 4- * v ) + 8 X s v 



- 0 


i.e. s d 


s, + 8, ± V (s x - sj~ 4- / 3 2 

2. ' 


( 10 : 


Now consider the first case for which we have worked out 
the principal stress, viz. the combined stress due to a tensile 
or compressive stress / and a shear stress a. (Note. —This 
shear stress s must not be confused with the strains s xt etc.) 
In this case if s x = strain due to stress /, the only strain in 
direction y is the transverse strain due to s x , i.e. s^ = — y 
(negative because the transverse strain is compressive). 
Considering only the positive value in equation (10) 

. _ Ml -v) + V**U~+vf+~P 

• • 86 ~ 2 

Now = p, and ft = q 

Also ae = g, where p, is the equivalent principal 

stress due to considering the maximum strain, E and G 
being the Young's and shear moduli. 

. p,_/a-„) i in. 

* * E ~ 2 E + 2 V E 2 ' 1 + ^ + G 2 

-2e {<*-’> i-Vo+»>*+£;£} 

but® = 2(1 + ,) 

p.= f 2\Q-v) + (l+r,)Jl+ yj 


(ID 
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Now r; is very nearly ~ for steel. 


taking this value, we get 
4 


,i3 +U 


2 4 


1 + 


/ 2 / 


.( 12 ; 


Comparing this with the corresponding equation (6) 
(p. 19), from considering the stress we see clearly the 
difference between the results from the two points of view. 

Numerical Example.— Consider the same problem as 
worked on p. 20. 

In that case / = 3819 lbs. per square inch. 

8 __ ow ; y> 

a i, it 


3S1SI, 3 .8 /. 

••• V * 2 4 4 V 


t- 


2S52 2 * 
3819 2 / 


3819 3 
2 4 


4 ' ) 


3819 

- 0 {*73 i 2*240) 


3819 


2 990 


~ 5722 lbs. per square inch. 

To get the inclination at which the maximum strain occurs 
return to equation (9) by which 

ft 


tan 2 0 


In this case we get 




tan 2 0 


*. E 


S 8 

(i G 

fir (1 I >/) /(l I >;) / (l {- v) .G 

E 


J.2(l f >/) 2s 
/(! + >/) ~ / 

This is the same as in the ease considering the principal 
stress, and so & has the value as given before. 
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Similarly for normal stresses f, and f, at right angles we 
hare 




I* _ v[t 

E E 

U vi . 

E “ E 





From equation (10) 


— 


V- 

E 


a, + /«)(i — v ). A/. 
2 E - * V 


UHi+vV 

4 E l 1 4G a 


= 2 l E [u. + f,){l-v) 



-/,)* (! + »;)* + 


«*E*\ 
G* } 


- 2 J,!(/, + /,) (l - v) ± (1 + v) V(f, - /7)* + 4s*[ 


p.~ 2 !(/, + /v) (1 - tj) ± (1 + »>) vU"- /,)* -f 4**}- .(13) 

* Shear Strain equivalent to Two Direct Strains at 
Right Angles.—We will now consider from first principles 
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in a similar manner the shear strain equivalent to two direct 
strains at right angles to each other. 

Let a rectangular block abcd, Fig. 11, become strained 
to the form a b x c t D lf the extensions being shown to a 


greatly exaggerated scale, then we have 

A0 X - y (1 + «,) . (14) 

AB 1 « X (1 + 8.) .(15) 

Neglecting squares of strains 

A Cj* = A Bp* + A Dj* 

= x* (1 + 8,)* + y 1 (1 + .«,)* 

— ** + y* + 2 x* a. + 2 1 / a, .(16) 


A Ej 2 = A D,*+ D,E, 2 = y 2 (1 + Sj 2 + V ( * 


■= (* s + y*) (1 + 2 *„) 

= x 2 -f- y 2 + 2x 2 « y + 2y 2 ,<.(17) 

a c,* — a e 2 * = 2 x 2 («, — s,) .(18) 

Now A C, 2 — A E 2 2 = (A C, + A Ej) (A C, - A E,) 

•= 2 a e 2 . Cj e 8 approx. 


. f* TP _ 2 *® (*. - •,) 

C 1 Ej 2 A Eg . 

Further e 2 e 3 = c x e 3 tan 0 (very nearly; strictly 


( 10 ) 


tan 0 — hb) — r, Kg ^ 


# * • Kg Eg — 


x;/ (a, - t,) 

a E, 


but 80 —i **t 3 ( = —lr~ approx. ) 
a e 2 \ radius 11 / 


xy(s.~ a,) 


A F, 


_ * y 

(l (2 a.) (x 2 + f) 
_ (s. - a,) 




.(20) 
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This will be a maximum when - + is a minimum, i c. 

y x 

tan 6 -f cot 6 is a minimum. 

, A , . . sin 0 , cos <9 sin 2 0 4 cos 2 0 

tan 6 + cot 0 = —- - 4 . . 

cos 0 sin 0 sin 0 cos 0 

1 2 

i sin 2 0 sin 2 0 

The minimum value of this = 2 when sin 2 0 *= 1, i. c., 


0 = 45°. 

Maximum shear strain occurs at 45° to direct strains. 


.S’, — .S’ 

" 2(1 -i 2 0 

- ~ - 2 -0 approx. 



neglecting products of strains. 


There will be an equal angular distortion on the other 
diagonal. 

Total angular distortion = shear strain = 2h0 =* (.<?, — sj). 
.'.Equivalent maximum shear stress 

= shear strain x G = (*<?, — <%) G. 

Now let the principal stresses be p and q 


then 


8, - 


P __ V Q 

E K 


s (/ - vP 

* k k 

... ( ,,...,) . </' '/[a 1 

!j 

t v)0 


Kquivalcnt maximum shear stress 


(p-_q){ \ + »/)G 

E.... 
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Resilience. —The work done per unit volume of a material 
in producing strain is called resilience. Consider the case of a 
body subjected to a simple tensile strain. In going from the 
point A to the point B, Fig. 12, very near to it, the average 
stress acting is /. Therefore, if AB=a:, the work done by 
the force / in straining the material from the point a to the 
point B will be equal to / X x. Now, if x is the increase in 
unital strain and / is the intensity of stress, the volume of 
material acted upon is unity. Now, a b is assumed to be 
very small, and / x x is equal to the area of the shaded 
portion of the stress-strain curve. 



Therefore, the resilience is equal to the area of the stress 
strain curve up to the point m, 

• i.e. resilience = area of A pmu 

= 2 ; Xx 


Now, 


/ = 

X 


Young's modulus = E 

/ 

E 


resilience in tension 
similarly in shear the resilience 


/* 

2 E 

JS* 

2 G 


where s is the shear stress. 

Stresses and Strains due to Sudden or Dynamic 
Loading. —If a load is applied suddenly to a structure. 
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vibration will ensue, and the strain—and thus the stress— 
will reach twice the value which would occur if the load 
were gradually applied. 

This willbi made clear from considering a diagram, Fig. 13 
(1), where the force is plotted against the strain. We have 
seen that, wuth gradual loading of an elastic body, the curve 
representing the relation between the strain and the load in 
direct stress is represented by a straight line a d, the area 
below the line giving the work done up to a given point- 



Now let A o represent a force P; then when the strain gets to 
the point B, the work done by the force will be equal to the 
area of the rectangle abio, whereas the work done in 
straining the material is only equal to the area of the triangle 
a B E, so that there is an amount of work equal to the area of 
the triangle a e g still available for causing increased strain. 
The strain therefore increases until the area of the triangle 
E F D is equal to that of the triangle aeo. It is clear that 
A c = 2 a B, or that the strain — and thus the stress — is twice 
that in the case of gradual loading. 

If a force is suddenly reversed from — P to + P, then tho 
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total strain and stress will be the same as that due to a 
sudden load of 2 P, and again when the strain reaches the 
point b, Fig. 13 (2), there will be an amount of work repre¬ 
sented by the area of the triangle a e g still available for 
causing strain, which therefore continues to the point c. 
Thus the maximum tensile strain will be equal to h l. If 
the loading were gradual the strain would be h k, and as 
H L - 3 H K, we see that a load suddenly reversed causes three 
times the strain and stress which occur if such reversal takes 
place slowly . 



JZfrair 

Fig. 14. Fig. 13. 


In each of these eases the additional strain or stress which 
occurs is equal to the amount of variation. Such additional 
stress has been called the dynamic increment , and we there¬ 
fore see that the equivalent gradual stress due to a sudden or 
dynamic stress / d which varies by an amount v is given by 
/<< + v. 

Strain and Stress due to Impact. —Suppose a weight W 
falls from a height h on to a structure and let the deformation 
or strain in the direction of h be r, Fig. 14. Then the work 
done by the weight is equal to W (h f a). Now this work is 
absorbed in straining the structure. Consider first the case 
in which the resulting strain is within the elastic limit. The 
work done in such case is equal to the volume multiplied by 
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the resilience. We have shown that in tension or compression 
the resilience is equal to and therefore in this case we get 

W (h + x) = volu " 1 ® “ 2 E‘ Then if x is ne 8 1 'g ible 
compared with h 

V / a 

we have Wxi = 0 L 

Z Cj 

nr t l2E\Vh 
f “ \ V 

If the weight strikes with a velocity v, 


we have 


W x h = 


„ 4 _ /2E.W» 8 /EW 

* V~ 2gV ' ~ V \' gV 

We will consider resilience in bending and torsion when 
dealing with beams and shafts. 

Strain beyond Elastic Limit. —If the strain is beyond 
the elastic limit, it follows, from the reasoning given on 
p. 33, that the work done per unit volume in straining is 
equal to the area below the stress strain curve. If this area 

is R, Fig. 15, then we have R = W h or '' % - 

From this the stress can be found. 

Numerical Example. — A bar of \-inch diameier stretches 
| inch under a steady load of 1 ton . What stress would be 
produced in the bar by a weight of 150 lbs. which falls through 
3 inches before commencing to stretch the rod—the rod being 
initially unstressed and the value of E taken as 30 x 10 s lbs. per 
square inch . {B.Sc, Load.) 

Area of bar $" diam. =* *196 sq. in. 

Stress under load of one ton = tons per sq. in. 

2240 ., 

- -Tjyg lb. per $q. in. 

. e . . StreM 2240 

. . Strain - -g - 196 x 30 x 10 . 
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Now — strain x original length 

r , . . , . i 196 >' 30 x 10* 

• • Original length ™ ^ ^ x # - 

Volume *■ length x area of section. 

196 x 196 x 30 x 10 g 
8 x 2240 
«= 64*33 cub, ins. 

Work done by 150 lbs. in falling 3 inches 

*» 3 X 150 = 450 in. lbs. 

64 33 x /* 

215 ~ 


450 


y _ /900 E 

' ~ V 04*33 


-900 x 30 x 10* 

" \ 64*33 

«s= 20,480 lbs. per sq . in. Ans* 

Temperature Stresses.—Suppose a bar of length / is 
heated t° F. and «* is the coefficient of expansion. Then, un¬ 
less prevented, the length of the bar will become / (1 + a 0* 
i. e. the increase in length will be a ll. 

If the bar is rigidly fixed so that this expansion cannot take 
place, then there will be in the bar a strain equal to a ft, and 

the unital strain will be —^ = « t. 

This strain will produce a compressive stress of at x E 
where E is Young’s modulus. 

Now for mild steel a *= 00000657 per degree Fahrenheit, 
and E = 13,000 tons per square inch. 

*\ The stress per 0 F . «= *00000657 x 13,000 

= *0854 tons per square inch. 

Taking a range of temperature of 120° F., the stress due to 
temperature =* 120 x *0854 10*25 tons per square inch. 

This is more than the safe stress for mild steel, so that the 
importance of designing so that the expansion may take 
place becomes quite evident. 


* This problem could be solved if E were not given; it would be 
found to cancel out* 
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* Heterogeneous Bars under Direct Stress. —If a 
bar, composed of two different materials-such as steel and 
concrete, or steel and copper—firmly connected to each other, 
be subjected to a pull or a thrust, the two materials must be 
strained by equal amounts, and since the values of Young's 
modulus for the two materials are different the stresses in the 
two materials will be different. 

Suppose one material has a cross-sectional area A and 
Young’s modulus E, the resulting stress being /; and let the 
corresponding quantities for the other material be A a , E it f v 
Then, if under a pull or thrust P the unital strain is .r, we 
have 



Fig 16 . 


A / and A a / A being the loads carried by each of the materials. 


From (1) and (2) / A = E A .r — 

••• '• »/( A + V' 

, P 

or / = — >--iv* a ” 


.(4) 


A(, + y A ').. li) 

Now if a new bar is taken wholly of the tirst material “ 
such area A 2 that the stress under a load P is the same ; 
that in the compound bar, we have 


a, = a/ 1+ §a. 
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This quantity A 2 may be called the equivalent area of homo - 
geneous material , and the consideration of this problem has 
become in recent years much more important on account 
of the progress made in reinforced concrete construction. 
Returning to the general problem we see that 


/, 


l l (*■ + KfA“) 


• (7) 


The load carried by the first material then comes equal to 

/ A =-\Vt\-.(«) 

1 A i 


K A 


and that carried by the second comes equal to 

i A P 

/l A 1 - |.' V . 

1 + -- - 

^ K.A, 


.(») 


Since these are not the same there will'be an adhesive 
stress resisting force tending to make one material slide 
relatively to the other. 

This adhesive stress may be computed as follows assuming 
that the load is applied uniformly. 

Load per sq. in. = - 

(A *t~ Aj) 

Load actually distributed to area A 


Load carried 


1 + 


P 

(A + Aj) 

P 

K.’A. 


K A 


(from 8) 


E 

Difference = load carried by adhesion calling ™ 
P P. A 


m 


1 4- - A| 
1 + mA 


A 4- A, 


= P f__ m A _A \ 

\m A + Aj Aj + AJ 
PA A, («- 1) 

= (A 4 Aj) (Aj + m Aj 
/, AAj (m - 1) 

(A + Aj) 
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Numerical Example. — A reinforced concrete column 
{Fig. 17) for which m =* 15, is 20 inches square and has 4 
1J" steel rods embedded in it. Find the load on the column 
when the stress in the concrete is 450 lbs. per sq. in. and the t 
adhesive force. 



In this case A 
A, 
•. P 


Adhesive force 


« 4 x x 1-25 2 
4 


4*ni m. 


20 x 20 — 4*91 = 395 nearly 


t * / ■• E A \ 

= / 1 .A^1 + - Ei Ai ) .(from 7) 


a »/-v , 15 x 4-91\ 

: 4o0 x 3Jo ^1 + — 395 — ) 


= 210,870 lb. nearly 

450 x 4-91 x 395 x 14 _ r . n „ 

= - -— 30,540 lbs. nearly 





CHAPTER II 

THE BEHAVIOUR OF VARIOUS MATERIALS UNDER 

TEST 

Properties other than Elastic. —In addition to the 
elastic properties of materials there are other strength 
properties which are of very great importance in the 
practical use of the materials. 

Ductility is the property of a material which allows it to 
be worked without cracking; the strict use of the term refers 
to the capacity for being drawn out which a ductile metal 
possesses. 

Malleability is the property which allows a material to be 
hammered out and is very similar to ductility. 

Brittleness is lack of ductility or malleability. 

Hardness may be defined as the power of a material to 
resist denting by another material. (For tests for hardness 
see pp. 396-404.) 

The above properties are all relative ones and vary with the 
same material according to the treatment which it receives; 
thus by “tempering” a metal we harden it and by “ anneal¬ 
ing ” it W'e soften it or render it more ductile, and some 
metals are hardened by plunging them into water w*hen 
heated, w’hereas others are annealed by the same process. 

With reference to ductility it is important to remember 
that so long as a metal maintains its elasticity it has no 
ductility, t. e . a metal which possesses ductility cannot exhibit 
the fact until the yield point has been reached. In our 
calculations for the strength of various details we shall base 
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nearly all our formulae on the assumption that our material 
is elastic, and so we must not expect the formulae to hold 
after the elastic limit has been reached. This is a point of 
very great importance. 

Apart from the convenience in the manufacture of articles 
which ductility gives, it has considerable value from the point 
of view of safety and strength, because a material does 
not lose its strength when it first starts drawing out, and 
the yield may either give us timely warning of excessive load¬ 
ing or, in the case of steam boilers and like tluid-retaining 
devices, the yielding may actually remove the excessive 
pressure. As we shall see later, however, the effect of taking 
a material beyond its yield point is to harden it. 

The usual test for ductility is the elongation in fracture 
by tension. 

* The Cause of Failure of Materials under Stress. 

—In recent years a very large amount of attention has been 
given to the question of the cause of failure of materials 
under test, and it is doubtful if the vital importance of this 
problem has been fully realised by practical engineers. As we 
shall see later, however, the choice of safe working stresses 
really depends in a large measure upon the view taken as to 
which of the various theories is correct. If we consider the 
question carefully we shall see that failure cannot occur by 
compression only; if a material be prevented from escaping 
laterally, no amount of compression can rupture it. Even a 
fluid like water will resist a compression stress of very great 
magnitude if the vessel containing it is strong enough to resist 
failure by tension or shear. The late M. Armand Consider© 
showed experimentally that concrete could not be crushed 
when given adequate lateral support, and he also proved that 
the very brittle material glass could be bent cold without 
fracture when placed in a liquid under great hydraulic pres¬ 
sure. Marble has been bent without fracture by Professor 
F. D. Adams of McGill University when placed in steel cylin¬ 
ders and compressed, and Professor Ira H. Woolson crushed 
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a cylinder of concrete encased in steel into the form shown 
in Fig. 18, and yet when the encasing cylinder of steel was 
removed the strength of the concrete was found to be not 
appreciably different from that of concrete W'hich had not 
been similarly treated. The question therefore resolves itself 
whether tension or shear is the cause of failure, and we have 
reason to believe that in ductile materials such as mild steel 
failure occurs by shear and in brittle materials such as 
cement or concrete by tension. We will return to this after 
considering the various theories of failure ; there are four 
principal theories which wo will consider. 

1. Pkinoipal Stress or Ran kin e Theory.—A ccording to 



Fio. 18. 


this theory, which w*as adopted by the great Glasgow professor, 
Rankine, the failure occurs when the maximum principal stress 
exceeds a certain value. We have seen (p. 19) that for a 
normal or direct stress / and shear stress s the principal stress 


is given by the relation 

V — o (} + V 1 + "/- ).( la ) 

or P “ 2 + 2 V/*+"4«*.(16) 


and the inclination 6 of this stress to the normal stress and 
to the shear stress is given by the relation tan 20 = 

This stress p is the simple normal stress (tension or com¬ 
pression) equivalent in effect to the combined normal and 
shear stresses. 
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In the limiting case in which the direct stress / is zero we 
get p — s and tan 2 0 = infinite, t.e. 0 = 45°, i. e. a shear 
stress is equivalent to a normal stress of the same intensity 
and is at 45° to it, or the shear and tensile strengths of the 
material should he equal . 

2. Principal Strain or St. Venant Theory.—A ccording 
to this theory, which was favoured by the great French elas- 
tician after whom it is named, the failure occurs when the 
maximum principal strain exceeds a certain value. We have 
seen (p. 20 ) that for a normal stress / and a shear stress s 
the equivalent principal stress is given by the relation 

p ' = 2 { (1 “ r;) 4 (l 4 V 1 + 4 p j.(2) 

and taking 17 = J 

f | 3 r> / 

p ' = 2 14 4 4V 1 4 /* I. (3a) 

or f, = 3 ■ + ® v7 2 f 4 s 2 .(3/>) 


The inclination of this principal stress is the same as in the 
previous case. 

In the limiting case in which the direct stress / is zero we 
get p — i. e. a shmr stress is equivalent to a normal stress 


of four-fifths of the shear stress, or the shear strength of a material 
is four-fifths of the tensile strength. 

3. Equivalent Shear Stress or Guest or Tresca 
Theory. —According to this theory, which is associated with 
the name of Mr. J. J. Guest, who was one of the first to 
carry out careful experiments upon the subject, and is usually 
attributed to Tresca, failure occurs by sliding of the particles 
over each other, i. e. by shear. From p. 20 we get 


Equivalent shear stress 



( 4 ) 


and acts at an angle of 45° to the normal stress. 
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To compare a simple shear with a simple tension or 
compression by this formula we put 8 = o and we get 

Equivalent shear stress = £ 

i. e. a shear stress is equivalent to a normal stress of half Us 
magnitude or the shear strength of a material is one-half of its 
tensile strength. 



Flo. 19.—Navier’s Theory. 


It is interesting to note that as shown on p. 32 the 
equivalent shear stress comes the same whether worked from 
the point of view of stress or of strain, and so there is logical 
support for this theory. 

4. Sliding with Internal Friction or Navier Theory. 
—This theory deals with materials subjected to compressive 
stresses and attempts to explain the fact that short cylinders 
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of brittle material usually fail by sliding or shearing along 
a line e f, Fig. 19, inclined at an angle 0 from 55° to 65°, on 
the ground that the particles are capable of exerting frictional 
resistances. 

Consider a short column abcd of unit sectional area 
subjected to an ultimate compressive force u ty which causes 
failure, and consider the forces across a section e f, the 
ultimate or breaking shear stress in the material being u t . 

The force u , acting along the section e f can be resolved 
into shear and normal components ac, cb respectively, equal 
to u e sin 0 and u, cos 6. 

If fi is the angle of friction for the material, the normal 
component c b causes a frictional resistance equal to /* . c b, 
i.e. /c .u cos 0 . 

Just before failure the shearing force acting upon jsf =* 
u s x area of section. 

_ u % x normal section u, 
cos 0 cos 0 

(because normal section is of unit area). 

When therefore failure is about to take place— 

Total force causing failure — ac = u, siti 0 equals 

ti 

Total force resisting failure = /xtt t . cos 0 I ' a 

COS V 


i.e. u r (sin 6 — fi cos 0) -- 


u t 

cos 0 


u, 

cos 0 (sin 0 - 


u cos 0) 


Regarding u t and /<. as constant we now wish to find the 
value of 6 which will make u, as small as possible; this value 
of 6 will be that at which failure will occur. u e will be as 
small as possible when cos 0 (sin 0 — /x cos 0) is as largo as 
possible. 
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' . d y 

tor a maximum = 0 
a u 

. 2 cos 2 0 0 f . n 

». e. - k) - — /x 2 cos 0 ( — sin #) = 0 

t. c. cos 2 0 + (jl sin 2 6 / = 0 

»--2-U = - c “ t2e "M 

If ft = tan <£, being the angle of friction, this gives 
cot 2 0 = — tan 

or 2 0 = 90° + <f> 

or 0 = 45° + ^ .(3) 

In support of this theory experiments made by Bouton 
(Washington University, 1891) may be quoted as follows— 


J 

Numl>cr 
of Testa. 

Observed 

Observed ! 

A 

Material. 

Value of «/> 

Value of j 

45* + * 

i 

(degrees). 

(degrees). 

** 

Cast iron 

24 

; 20-15 j 

f4-S j 

55 3 

,, (difTermt kind) 

24 

l»5-9 ! 

r»r»o 

33 4 

Limestone ; 

4 

33 4 

(52-2 i 

01-7 

Asphalte paving 

3 

27 3 

59-7 ! 

3S 0 

Milwaukee brick 

4 

27 0 ! 

5S-2 ! 

5S-3 


I 


Ratio of shear to compressive strength on Naricr theory.- 
From equation (1) we have 

u t = u c cos 0 (sin 0 — /x cos 0) 

cos 2 0 


Now put in this p = tan = — cot 2 0 = — 


sin 2 0 


nM • • 7/ « ,1 / * /i , cos 2 0 

This gives ^ = cos 0 (sin 0 + r_. « cos 




sin 2 0 




cos 


cos 


n n . cos-0 — Sill 2 #) cos 0) 

0 ~ sm 0 +- - <r^~z - -h - I 

t 2 sin 0 cos 0 J 


cos 0 


*(8in0+ (cos 7 7 b ™*M 

t 2 sm 0 j 

f 2 sin 2 0 -f cos 2 0 ~ sin 2 0 ) 
\ 2 sin 0 j 


sin 2 0 -f* cos 2 0 


\ 


) 


cos 0 
2 sin 0 


cos 0 
^ 2 sin 0 

= J cot 0 . 

Taking 0 « 60 for masonry, this would givo 

shear strength » *289 compressive strength, 


(4) 
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but the most recent experiments on shear strength of concrete 
(see p. 79) indicate that this is too low. Shear tests are 
very difficult to make without introducing bending, which 
tends to give the shear strength too low. 

An interesting theory which may bo regarded as a 
modification of Navier’s theory is outlined by Mr.' H. 
Kempton Dyson in a paper read before the Concrete Institute, 
December 1914. 

The first three theories have been very fully tested experi¬ 
mentally in recent years by Messrs. Guest, Hancock, Seoble, 
C. A. M, Smith, Mason and Turner,* and the result appears 
to be that the shear stress theory is most reliable for ductile 
materials while the strain theory is most reliable for brittle 
materials. 

Professor Ewing and Mr. Rosenhain have found by a 
microscopic examination of the crystals of a ductile metal 
under strain that beyond the yield point lines of slip are 
developed in the crystals, thus proving that the failure or 
yield is a slipping or shear one. Liider's lines (p. 54) are 
also indications that in ductile metals the failure is by shear. 

It is possible that ductility is a property of shear strength; 
if a material is weaker in shear than in tension the shear 
causes the failure and slippage occurs before the tensile strength 
is reached, thus giving rise to ductility. If the material 
is relatively stronger in shear than in tension the material 
breaks before slippage occurs and thus cannot exhibit ductility. 

We will now consider the properties of various materials. 

CAST IRON 

We will deal with cast iron first because it is a brit tie material 
and behaves differently under test from most other metals. 

The strength of cast iron varies considerably with its com¬ 
position, but like all brittle metals it is relatively weak in 
tension and strong in compression. 

* These experiments will be found fully described and discussed in 
various articles and letters in Engineering for 1909 and 1910. 
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Fig. 20 shows the stress-strain diagrams for cast iron in 
tension and compression, the results of the two tests being 
plotted on one diagram. 

It is clear from this diagram that the stress is never strictly 
proportioned to the strain in tension; this has an important 
bearing upon the strength of cast-iron beams (sec p. 209). 

The compression diagram is not continued to failure as the 



failure would take place by buckling and injure the instru¬ 
ment for measuring the strain. When a cast-iron bar fails 
in tension, it breaks off “ short/’ i. e. it does not produce a 
waist as indicated in Fig. 2 for mild steel. 

When compression tests are made on cylinders which are so 
short that buckling effects are praotieally eliminated, the 
failure takes place by sliding diagonally as indicated in 
Fig. 21, and for shorter specimens still cracks sometimes 
develop which split off the outside portion leaving two inverted 
cones. Some observations on this kind of failure for concrete 
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will be found on p. 69 and apply to cast iron. The diffi¬ 
culty in testing cast iron in compression in very short 
lengths is that it is so strong that difficulties arise as to the 
strength of the testing machine. 

The tensile strength of cast iron varies from about 7 to 15 
tons per sq. in. in extreme cases, but more usually from 8 to 11 
tons per sq. in. Figures for tiie compressive strength show 
more variation; this is probably due to the fact that the size 
of the test piece, both as regards its length and breadth, affects 
the result. 



Fir;. 21 —Compression Failure of Cast Iron. 

The following results of tests made upon t in. cubes by 
the American Foundrymcn's Association show that specimens 
cut from bars of small cross section give much higher results 
than those from larger. 


I Cross Section 
i of bar 

j from which 

Crushing strength in tons per sq. 

in. for cubes cut from 

Cubes 

Middle 

First. 

Second 

Third 

1 Fourth 

were cut. 

half inch. 

half inch. 

half inch. 

half inch. 

half inch. 

*x 4 

1 X 1 

WW) 




1 

44 r* 

40*8 

_ 

— 

_ 

14 U 

37 0 

3fl-4 

37 0 



2 X 2 

32*2 

380 

34 m; 

_ 


24 x 2J 

31*9 

3;V4 

32-3 

3i-n 

_ 

3 X 3 

28*6 

! 32-5 

30-1 

28*7 

_ 

34 x 3i 

28*4 

30-5 

29-6 

2S-8 

28-4 

4x4 

25*4 

1 29*4 

27*4 

1 

2(H» 

26-4 
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Strength of Cast Iron Beams. —Cast-iron when tested 
in bending shows ail apparently greater strength than when 
tested in pure tension. This is due to the fact, as explained 
in greater length on p. 209, that the ordinary formula for 
beams is not strictly applicable for cast iron. The ratio of 

calculated breaking stress from bending . n . , , _ . 

.- . - , —-- is usually about 1*5 for 

tensile breaking stress J 

rectangular sections of depth twice the breadth; it increases 

for round and square sections arranged diagonally and may 

rise to 3; the ratio becomes nearly 1 for I sections with a 

thin web. 

The following figures give the mean of a large number of 
tests made by Kirkaldv for the same kind of iron— 

Tensile breaking stress = 11 tons per sq. in. 
Compression „ = 54 „ „ 

Calculated bending ,, =17 „ „ 

The early writers often called the breaking stress calculated 
from bending tests the “ modulus of rupture,” but the term 
is not to be recommended; bending breaking stress is better. 

Effect of Temperature on Strength of Cast Iron.— 
The strength of east iron increases slightly as the temperature 
is raised until about 900° F. is reached; it then diminishes 
rapidly, until at 1100° F. the strength is reduced by nearly 
50 per cent, and at 1400° F. by about 75 per cent. 

Other properties of cast iron are tabulated on p. S3. 

Malleable Cast Iron.— Cast iron is rendered malleable 
by surrounding the casting with lucniatiic or manganese 
dioxide and exposing it to red heat for many hours, depend¬ 
ing upon the size of the casting. The result of the process 
is to decarbonise the iron and render it similar to mild steel. 
Some useful information on the subject, especially from the 
point of view of strength, is given by Mr. C. H. Day in the 
American Machinist of April 21, 1900. 

The following results of tests of Mr. Ashcroft are quoted 
from Vol. CXV1L Proc . L C. E. 
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Stanford, in Trans . Am . Soc . (7. i?., 1895, gives as the mean 
result of forty-two tests in tension an elongation of 6 61 per 
cent, and an ultimate stress of 22 tons per sq. in. 

Similar results are given by Mr. Day 


STEEL, WROUGHT IRON, AND OTHER DUCTILE 
METALS 


Real and Apparent Maximum Tensile Strength.— 

We have shown already, on p. 5, a stress-strain diagram 
for mild steel in tension and pointed out that the last portion 
D E of the diagram was usually inaccurate and of little com¬ 
mercial importance. The diagram slopes back because the 
load can he reduced as the area diminishes and the stress 


still be sufficient to cause fracture. Now this diagram can 
be corrected if its form is determined very carefully and tho 
areas at the various points are measured. 

Taking any point a, Fig. 22, on the curve before the 
specimen began to draw down, we find 6 c by the relation 


ab x extended length 
original length 


This is based on the assump¬ 


tion that the volume keeps constant; so that 


origin al area X original length 
reduced area X extended length 

ab X extend ed length __ ab X original area 
original length reduced area 
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The method cannot be used beyond the point at which the 
waist begins to form. 

Taking any point / beyond the point of drawing down, 



t ,. 00 r. , , df x original area of bar , . , . 

r lg. 22, we find de — - + —.-; and by doing 

dctuiU droft 

this for a number of points we get the corrected curve 
cck', then fb' gives the real maximum stress as opposed 
to o d, which is the apparent or commercial maximum 
stress. It is very difficult to get points / accurately. 
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It thus appears that the actual maximum .stress at failure 
is considerably more than usually measured. Upon the Guest 
theory that failure occurs by shear, the tensile strength 
should be twice the shear strength, but ordinary commercial 
tests indicate that it is about 1£ times; it is probable that 
if the true tensile strength were compared instead of the 
apparent or commercial strength, the agreement- would be 
more in favour of the Guest theory.* 

The common form of fracture of a ductile metal is shown 
in Fig. 23 and consists of a kind of crater, the angle of tin* 
sides being approximately 45°. This strengthens the theory 
that failure is by sliding or shear. 

Liider's Lines. —When a highly polished specimen or one 



Fio. 23.—Tension Failure of Ductile Metal. 


provided with a very thin layer of scale is tested in tension 
or compression, lines at about 45° to the axis of the speci¬ 
men and of spiral form in the case of round sections are 
found to develop directly the yield point is reached. This 
was first noticed by Liider and supports the theory that the 
yield is really due to diagonal shearing. 

Fig. 24 shows these lines for thin mild-steel tubes in com¬ 
pression and were given in a paper by Mr. W. Mason, M.Sc., 
of Liverpool University.t 

Percentage Increase in Length and Decrease in 
Area.—The percentage elongation of the specimen and the 
decrease in area are usually regarded as reliable tests of 
ductility of the material, but it is clearly useless to specify 
the percentage elongation unless the diameter and the 

♦ See a paper by Professor Cams Wilson, Proc. Roy . Soc. 1890. 

f Proc* In$t. M . E . 1909. 
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original length are both specified, because most of the ex¬ 
tension occurs in the centre portion where the specimen 
draws down. 

This question has been treated very fully by Professor 
Unwin in Vol. CLV., Proc. Inst . C. E ., and the following 
figures are taken from his paper as indicative of the general 
results— 


Rotherham Steel Boiler Plate (area *5830 in.*) 
Extension in inches in each half inch. 



Percentage elongation and different gauge lengths . 


Gauge Length (inches) 

2 

4 1 

i 

a 

8 j 10 ! 

% Elongation . . . 

4S-5 

j ;,,iU i 

30-U 

j 27*0 j 25*9 j 


Ho suggests the formula— 

% elongation = 100 ^ 

where A is the original area in sq. in. 

I is the gauge length in inches 
b and c are constants for a given material. 

The following values of c and b are given by Professor 
Unwin— 


Metal. 

e 

b 

Mild steel . . . • . 

70 

18 

Gun metal (cast) • • • 

8*3 

10*6 

Rolled brass . . • . 

101*0 

9*7 

Rolled copper . . • • 

S* 

•8 

Annealed copper • • . 

125 

35 
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By the formula we can obtain the probable percentage 
extension on any length of any other metal if that on two 
specified lengths are known. 

The percentage contraction in area is not so commonly 
specified now as formerly, but some authorities consider that 
the reduction of area is a better criterion of ductility. 

Two Waists in a Tension Specimen. —It happens very 
occasionally that two waists form in a tension specimen, 
failure taking place at the one which draws down most 
rapidly. This will affect the elongation and the test should 
be discarded. 

Fracture near one Shoulder of Specimen. —If fracture 
occurs near one shoulder of the specimen (see Fig. 167) the 
elongation will be less than normal owing to the effect of 
the shoulder, and such a test should be discarded. 

Effect of Abrupt Change of Section upon the 
Tensile Strength. —The effect of an abrupt change of 
section such as in a screw thread or a sharp-edge groove 
does not have a very marked effect upon the ultimate 
tensile stress of a material when tested in the ordinary way 
although it does affect the ductility. As we shall show later, 
however (p. 91), it has considerable effect in tests by 
repeated loading. 

The sharpness of the groove will have a weakening effect, 
but the presence of the larger area near it will have a 
strengthening effect. 

Fig. 25 shows the results of some tests by Sir Benjamin 
Baker * which are interesting ; the breaking stresses in 
tons per sq. in. are given below each figure, a is an 
ordinary tension specimen, b and c have saw cuts, at both 
and one side respectively, d has semicircular notches and 
e has a central hole with saw cuts at each side; after the 
saw cuts were made the bars were heated and the cuts 
closed, d is the strongest; this would be expected, on 
the shear.theory, as the diagonal line is relatively larger; 

• Ptqc. Imt. O.M., Vol. LXXXIV. 
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b is weaker than d on account of the abrupt change of 
section; e is weaker still because the load is not central, and 
in e the hole probably gives an accentuation of the effect of 
the abrupt edges. For other results on the effects of holes 
see Chap. XIV. 

Effect of Overstrain. — If a ductile metal is loaded 
beyond the yield point and the load removed, and the speci¬ 
men is then loaded up again at once, it is found that the 
new yield point is higher, but the elastic limit is slightly 
lower. The overstrain also increases the ultimate or break¬ 
ing tensile stress. This is shown in Fig. 26 (a) in which b 



3250 3 1-40 24-70 36-30 29 00 

Fio. 26 . 


is the initial or primitive elastic limit, and a is the initial 
yield point; at the point c the load is taken off and then 
the specimen is loaded up almost immediately; the new 
elastic limit e is much lower than previously and the yield 
point d higher. If some hours had been allowed to elapse 
between taking off the load and reloading, the elastic limit 
would nearly return to its previous value b but the yield 
point would go higher still to the point g. , 

In Fig. 26 (b) is shown the effect of keeping the load on 
for some time at the point c before increasing it further. 
The curve in full lines shows the effect of keeping the load 
fixed for about ten minutes, and in dotted lines k l the effect 
of keeping it for ten days.* 

* For fuller information a paper by Professor Ewing, Proe. Hoy, 
Soc. 1880, should-be consulted. 
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This hardening effect of overstrain is well known in prac¬ 
tical work. Copper wire becomes very brittle by bending it 
backwards and forwards, and steel wire in the process of 
drawing becomes very hard indeed. 



Recovery op Elastic Limit from Overstrain.—As in¬ 
dicated above, the elastic limit slowly recovers its original 
value after it has been allowed to rest for a few hours; it 
then will increase as the time of rest is extended and 
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ultimately gets above its final value and gets near to its 
new yield point. 

Mr. Muir * has shown that the temperature of boiling water 
gives an almost immediate recovery of the elastic limit to 
near the new yield point which will be as high as if the 
material had been allowed to rest for several days. 

Hardening by Quenching. —The hardening effect of over¬ 
strain is not the same as that effected by heating the metal 
to a high temperature and quickly cooling by quenching. 
This has the effect of making the metal very brittle, and 



there is practically no yield point, the specimen breaking 
off short with practically no extension. 

Mechanical Hysteresis. —If a specimen of ductile material 
is loaded up beyond the elastic limit and the load is taken 
off slowly and the strains noted for descending loads, 
the stress-strain diagram for descending loads will be found 
not to coincide with that for the ascending load, the two 
curves forming a loop as indicated in Fig. 27; this, by 
analogy with magnetic hysteresis, is called a mechanical 
hysteresis loop. In experiments of this kind great care is 
necessary to eliminate errors of the instrument on the return, 
but many experimenters have found similar results well 
within the elastic limit. Very careful experiments by 
Mr. Bairstow, however, at the National Physical Labora¬ 
tory ,t suggest that this phenomenon does not occur unless 
• PhU . Trans. Boy. 8oo. f 1839. t IWd., vol. 210. 
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the “ natural ” elastic limit is passed. These “ natural ” 
elastic limits are dealt with on p. 87. 

Tensile Strength of Various Steels and Wrought 
Iron.—Fig. 28 shows typical stress-strain diagrams for rarious 



Fig. 28. —Stress-strain Diagrams for various Steels and 
Wrought Iron. 


kinds of steels and wrought iron; the strength properties 
depend to a large extent on the heat treatment and amount 
of “ working ” in manufacture. 
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Effect of Varying Amounts of Carbon on Strength.— 
The effect of increasing the carbon in the steel is to increase 
the strength at the expense of the ductility. The following 
figures are taken from Harbord and Hall’s Metallurgy of 
Steel (Griffin) for normal steels. 


Stresses in Tons per sq. in. 


Percentage of Carbon. 

Breaking Stress. 

Elastic Limit- 

% Reduction of Area. 

13 

21*5 

130 

71*2 

•18 


15-8 

60-2 

*25 


17-3 

54-8 

•47 


180 

46-3 

•72 



25-9 

•81 

50-4 


15-8 

•95 

511 


15-4 

1*31 

45*5 


5-6 


The proportion of carbon does not have an appreciable 
effect on the value of Young’s modulus, nor does tempering 
or other hardening process. 

Alloyed Steels. —The following figures give mean values 
for some examples of various alloyed steels. 


Kind of Steel. 

Tons per sq. in. 

X Elongation. 

Breaking 

Stress. 

Elastic 

Limit. 

Nickel 

[•2 % C, 3-2 % Ni]. 

42 

27 

26 on 3 in. 

Tungsten 

[ *15 % C, ’29 % Mn, -40 % W.] 

Annealed. 

Unannealed. 

[•46 % C. -28 % Mn, 8 33 % W.] 

Annealed. 

Unannealed. 

255 

310 

425 

640 

IS 

24 

25*5 

450 

39 (> on 2 in. . 
33 

32*6 

2*57 

Vanadium 

[•20 % 0, -27 % V, *48 % Mn]. 

471 

37-4 

22 0 on 2 in. 

_j 

Chromium 
[•4 % C, 5 % Cr.] 

Annealed . .. 

Hardened.. . 

24 

55 

1R 

49 

24 on 2 in. 

12 
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“Quality Factor.” —This term has been used by some 
engineers for the result of adding the breaking stress to the 
percentage elongation. 

Stress-strain Diagrams for various Ductile Metals. 

—Fig. 28a shows typical stress-strain diagrams for a number 



C Auuealed Brass. 

Fiq. 28a.—Stress-strain Diagrams for various Metals. 

of ductile metals. These must be regarded as only average 
diagrams, because these metals vary in their elastic proper¬ 
ties to a considerable extent, depending on the method of 
working and upon their constitution in the case of alloys. 

In most cases the early portion of the stress-strain diagram 
is never quite straight, but there is usually a clearly defined 
yield point. 
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Effect of Temperature upon the Strength of Steel. 

—The effect of temperature upon the ultimate strength of 
steel is to first cause a slight diminution, then an increase 
up to about 500° F., and finally a progressive diminution in 
strength for temperatures beyond; the elastic limit, however, 
falls progressively as the temperature increases. This is 
fhown in Fig. 29, which represents the mean results of 



Fio. 29.—Temperature Effect on Strength of Mild Steel. 


experiments on steel made at Watertown Arsenal, U.S.A., in 
1888. Stresses are in 1000 lbs. per sq. in. 

Curve A shows the variation of ultimate strength, and curve 
B the variation in elastic limit. 

For the effect of temperature upon the strength of various 
other materials the reader is referred to Johnson's Materials 
of Construction (Wiley & Sons). 

Compressive Strength of Ductile Metals. —When a 
ductile metal is tested by compression upon a short cylinder 
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(Fig. 30 a) (in long specimens the failure will always take place 
by buckling; and it is this which determines the safe stresses 
in compression members), the cylinder reaches a yield point 
which usually agrees very fairly well with that in tension and 
then bulges out almost indefinitely, as indicated in Fig. 306, 
to a slightly reduced scale, until it fails by cracking trans¬ 
versely. It is not always possible to cause breaking by com¬ 
pression, because the flow becomes so great and the recorded 
results of ultimate crushing or compression tests therefore 
show considerable variation and are not of very great value. 
To obtain anything like a reliable result we should always 



allow for the changed area in a similar manner to that 
described for obtaining the true strength in tension. 

Shear Strength of Metals.— It is not easy to obtain 
a condition of true shear in testing. Fig. 31 (a) shows the 
deformation in shearing on punching a piece out of a bar 
or plate of ductile material. The lines across the bar indicate 
lines initially parallel and the deformation is such as to 
cause tensile and compressive stresses across the rectangles 
shown in dotted lines. Alongside, in diagram (6), is shown 
a sketch of an actual shear failure of a special phosphor 
bronze taken from a paper by Mr. E. G. Izod.* The most 
• Proe. I. M. E., 1006 . 
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accurate method of testing for shear is by torsion upon thin 
tubes. 


TIMBER 

Timber is not an isotropic material, i.e. its strength 
properties are not the same in all directions, and there is 
considerable variation in the results of tests for the same 
kind of timber. This is because the strength depends upon 
the age of the timber, its dryness, the portion of the tree 
from which it has been cut, and even upon the kind of soil 
upon which it has been grown. 

The strength of timber is greatest when the weight of 



moisture is about 5 per oent. of the total and decreases to 
about half this when the timber is green or very wet. 

The moisture is usually determined by taking shavings by 
boring and weighing them before and after drying in an 
oven at a temperature of about 212° F. 

In scientific tests of timber, such as Bauschinger s tests,* 
a standard moisture of about 15 per cent, is usually taken. 
Average values of strengths of various kinds are tabulated 
on p. 82. 

Tensile Strength. —The tensile strength of timber is 
very much greater when the pull is parallel to the grain 
than when it is across it. Considerable trouble is experi- 
* See Unwin’s Testing of Materials (Longmans). 


V 
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enced in gripping the specimen satisfactorily in a tension 
test on account of the tendency to shear or crush the ends. 

The stress-strain diagram for straight-grained timber for 
tension parallel to the grain is practically straight up to 
fracture. 

Compressive Strength. —In the compression of short 
cylinders or cubes of timber in a direction parallel to the 
grain, the lateral, swelling causes the wood to split up into 
a number of strips or thin tubes which fail by buckling, 



Fiq. 32.—Compression Failure of Timber. 


the line of failure usually following an inclined line as 
indicated in Fig. 32. 

Care must be taken that the ends are quite parallel, so 
that the pressure is uniformly distributed. 

When tested by crushing across the grain, the strength of 
timber is less than when the pressure is parallel to the grain. 
This strength is more one of hardness, e. resistance to 
penetration, and Johnson regarded the ultimate strength in 
this direction as that which gave 15 per cent, of indentation. 

Shear Strength. —The shear strength of timber is, as we 
would expect, very much less along the grain than across 
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it, and in most bending tests of timber the initial failure is 
really by shear along the grain rather than by tearing of the 
fibres. 

As shown in Chap. XVI. the maximum shear stress upon a 
rectangular section of breadth b and depth d for a central 
load W is 


<b 1'S mean shear stress 


1*5 W 
2b d 


75 W 
bd 


From this the shear strength of timber along the grain can 
be calculated indirectly by finding the load on a relatively 
short beam which will split the timber lengthwise as opposed 
to tearing the fibres. 

The results of tests by Mr. Izod* by direct shear are 
shown by the following table— 


Sbxab Strength or Timber (Izod’a Experiments). 
(Strum in lb*, per sq. in.) 


Kind of 
Wood. 

Ultimate 

Ultimate Shear Strength. 

“ Crippling M 


Tensile 

Strength. 

Along Grain. 

Across Grain. 

Stress across 
Grain. 

% Moisture. 

Pine . 

9,200 

470 

4,900 

1,900 

15*7 

Oak . 

10,000 

890 

5,300 

— 

12*6 

Deal . 

7,800 

440 

2,700 

1,200 

10*6 

Teak . 

9,800 

1,000 

4,000 

2,800 j 

100 


The “ crippling stress ” is the stress at which the timber 
was found to shear through about three-fourths of its area; 
considerable increase of load, however, was required before 
complete shear occurred. 

Bending Strength. —Tests by bending form one of the 
most satisfactory methods of testing timber. If the section 
is rectangular, of breadth b and depth d and the span is l, 
then we have for a breaking central load W as proved in 
Chap. VII. 

Brewing .to* . + 6* _ 3W1 


2bd* 


• Froe. J. Af. E., 1906 (1). 
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As we indicated on p. 61, this breaking stress is some¬ 
times called the “ modulus of rupture.” 

Young’s modulus may be calculated by finding the de¬ 
flection 8 for a given safe load W by the formula 

W P W P 
48 E I 4 b d 3 . E 
WP. 

4 b d 3 .8 

In these bending tests it is a good plan to take a standard 
size of beam, e.g. 1" x 1" x 12". 




Fig. 33.—Compression Failure of Concrete Cube. 


STONE, CONCRETE, CEMENT AND LIKE BRITTLE 
MATERIALS 

Compressive Strength. —When stone, concrete, cement 
and like materials are tested in compression in the form of 
cubes or short cylinders, fracture nearly always occurs by 
splitting in diagonal planes in the manner indicated in Fig. 33. 
This is commonly referred to as a “ shear failure,” the failure 
being attributed to the shear stresses on the diagonal planes 
at 45° to the axis. We have seen already (p. 10) that on 
such planes there is a shear stress of equal intensity to the 
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compressive stress. There are, however, strong reasons for 
supposing that the fracture of brittle materials is due to 
tension, and the most careful experiments on cement and 
concrete show that the shear strength is greater than the 
tensile strength (cf. p. 79). 

Tension Theory of Failure. —When a block of material 
is compressed longitudinally it swells laterally, as shown in 
dotted lines in Fig. 34a, the ratio between lateral swelling y 
and the longitudinal compression x being Poisson’s ratio (ij), 
and one theory is that the limit of compressive strength of 



Fio. 34. 


the material is reached when the tensile strain y reaches the 
limit of tensile strain for the material; in the case of a block 
in a testing machine, there is nearly always a very large 
friction force F (Fig. 346) induced, which prevents the lateral 
expansion and causes the block to bulge as indicated in 
dotted lines, thus causing resultant stresses R in a diagonal 
direction, which cause the apparent shear fracture and make 
the specimen to appear stronger than it really is. It has 
been known for many years that the measured compressive 
strength of blooks depends upon the material placed between 
the press head and the block. The following figures quoted 
from Unwin’s Testing o/ Materials are of interest in this 
connection— 
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Material. 

Crushing Load 
in tons on 

4 in. cubes. 

Material between cube and press head of 
Testing Mnchine 

Portland atone 

57*7 

52-6 

45*0 

33*5 

Two millboards 

One lead plate 

One lead plate § in. smaller all round 
Three leaa plates 

Yorkshire grit 

79*7 

Two millboards 

800 

Cemented botween two strong iron 
plates with plaster of Paris 


60*2 

One lead plate 

Three lead plates 


35*9 


The lead plates were *085 in. thick in each case, and the 
fracture was longitudinal, as in Fig. 34a, in each case with 
lead plates, and diagonal with the millboards. Professor 
Unwin, in commenting upon this, says that the “ lead falsifies 
the result of the experiment,” but we do not see why he 
should not consider the lead as giving the more correct result 
and the millboard figures as being false. 

Professor Perry apparently takes the latter view, for he says 
in Applied Mechanics (Cassell): “There is much published 
information on the fracture by compression of blocks of 
stone, cement and bricks. In almost every case care is taken 
in loading the usually short specimens that friction at the 
ends shall prevent the material swelling laterally. When 
sheet lead is inserted at the ends, it gives a small amount 
of lateral freedom, and in every case the breaking load is 
lessened by its use, and therefore it is said to be wrong to 
use lead. I consider all this published information to be 
nearly valueless, except that there is some probability that 
half the usually published ultimate compressive strength 
for a cube is the true resistance to compression in the 
material.” 

There is, of course, in the case of a pure compression, a 
shear stress across a diagonal plane, and for materials like 
mild steel, in which the shear strength is less than the com¬ 
pressive strength, this shear stress probably causes the ultimate 
failure, and thus determines the compressive strength. 
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Ratio between Tensile and Compressive Strength for Con¬ 
crete .—Tho consideration of the transverse strain enables us 
to calculate the ratio between the tensile and compressive 
strength of the material upon this theory. 

Let u, = ultimate tensile strength of the material. 

u, = ultimate compressive strength of the material. 

E, m Young’s modulus in tension at failure. 

E e » Young’s modulus in compression at failure. 
r] = Poisson’s ratio. 

u 

Then, compressive strain «■ x = ^ 

lateral strain = y = rjx = 

tensile stress — it, = ^ ‘ .( 1 ) 


Ratio of tensile to compressive strength 

_ _ v E, 

“ «, " ~E, 


( 2 ) 


Now this ratio, according to different authorities, varies 
from one-eighth to one-twelfth, according to the usual method 
of determining compressive stress, and depends on the age 
of the conprete, the higher value occurring usually at ages of 
three months and more. 17 for concrete is not fully known, 
and in the absence of further information we will assign to it 
the value J, which is the theoretical value for a perfectly 
elastio solid. 

E, also has not been very fully determined, but Hatt, for a 
1:2:4 mixture gives E« *■ 2*1 x 10 6 lb. per sq. in., which is 
approximately equal to the value usually accepted for E r . 

E 

For a rough consideration, therefore, we will take ^ «* 1 . 

This would give ~ «= i- 
ti e 4 

If, as Professor Perry suggests, the actual compressive 
strength is about one-half that usually published, the above 
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figure compared with published figures gives ^ —> 1 , which 

bears comparison with the figures usually given, agreeing 
with the lower limit. 

All of these points are of very great importance, and it 
would be of great value if very careful experiments were 
made to determine 17 , E, and E, for the same mixture at the 
same age, and to see how nearly true is the suggestion that 
the compressive strength is given in terms of the tensile 
strength by the above formula. 

Another consideration which enters into the problem is 
that tensile strengths as determined by the usual briquettes 
are somewhat less than the actual tensile strengths, the 
discrepancy being due to the variation in the distribution of 
the tensile stress across the specimen (see p. 78). According 
to various authorities the actual tensile strength is 1 # 5 to 
T75 the mean strength, and allowance for this would bring 

the value of ^ from ^ which agrees very well with 

experimental values. 

We have already dealt with Navier’s theory for this 
problem (p. 45). 

Effect of Relative Height and Breadth of Com¬ 
pression Specimens. —Very careful experiments in 1876 by 
Professor Bauschinger upon sandstone prisms have shown 
that the compressive strength of sandstone prisms decreases 
slightly when the relative height to breadth is greater 
than for a cube and increases when the relative height is 
less. 

Fig. 35 shows a curve expressing the results of Bauschinger’s 
tests and is a modified form of a similar curve given by 
Professor Johnson,♦ and tends to support both the Navier 
theory and the transverse tension theory that we have just 
given, because in one case we should have that the cube and 
more dumpy specimens prevent the rupture along the line given 

* The Materials of Construction (Wiley & Sons). 
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by the theory, and in the other case the effect of the friction in 
preventing the natural transverse swelling is greater with a 


dumpy section than with a comparatively tall one. 



Ratio 


Height 

Breadth 


Fig. 35.—Effect of Height upon Strength of Sandstone Blocks in 
Compression. 


Bauschinger recommended the following formula to repre¬ 
sent the results of these tests— 

«• vT-'-'?) 

where u r = ultimate crushing stress 
A =* area of cross-section 
p = perimeter of cross-section 
h = height of specimen 
a, ft =* constants. 

Strength of Cube with Chamfered Edges.— Fig. 36 
shows the results of Bauschinger’s tests upon ohamfered 
specimens, the part of the curves in full lines representing 
the range over which the actual experiments were carried. 
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The curve marked A is for comparison of the strength of 
the chamfered block with a cube of the same size as the large 
area, and the curve marked B is for comparison of the 
strength of the chamfered block with that of a cube of the 
same size as the small area. 



‘Z ‘4 ‘6 *8 ro 

Compressed Surface * Total Area 

Fia. 36.—Compression Strength of Cube with Chamfered Edges. 


Stress-Strain Diagram for Portland Cement and 
Concrete in Compression. —The kind of concrete which 
we will consider is composed of a mixture of Portland cement, 
sand and broken stone or brick, gravel or like material, whioh 
is called “ aggregate.” 
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The composition is usually referred to in the ratio of 
volumes of cement: sand : aggregate, *. e. a 1:2:4; concrete 
is one composed of 1 part cement, 2 parts sand and 4 parts 
aggregate. 

The stress-strain diagram for concrete in compression is 
never quite straight so that there is no elastic limit, the 
exact curve depending On the composition and on the time 
after setting. 

The curve shown in Fig. 37 is almost exactly a parabola. 



Fig. 37.—Straw strain Diagram for Concrete m Compression. 


This curve is for a 1:3:6 concrete, 90 days old, which was 
tested by Mr. R. H. Slocum, of the University of Illinois 
Some authorities assume that the curve is a parabola, but 
in practice it is seldom that the curve comes so near to a 
parabola as the above. The stress-strain curve is, however, 
nearly always of a similar shape, the strains increasing more 
quickly than the stresses. It is extremely important to 
remember that with cement and concrete the relations between 
stress and strain vary largely with the quality and pro¬ 
portions of ingredients, and cannot be taken as almost 
constant as in the case of steel. In tension a somewhat 
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similar curve is obtained, but as cement and concrete are 
practically never used in tension, much less work has been 
done on its tensile properties. 

Young's Modulus foe Concrete. —In a material like 
concrete Young’s modulus E is not constant, so that we 
must give the stress at which the ratio is taken if it is to 
have any real value. 

The initial value of E is obtained by drawing a tangent to 
the curve at the origin as indicated in the figure. 



Fio. 38. 


We then have initial E 
Similarly final E 


1200 

•0004 

1 800 

•0012 


3 x 10* lbs. per sq. in. 
1-5 x 10* lbs. per sq. in; 


The usual value of E taken in reinforced concrete calcu¬ 
lations is 2 x 10 * lbs. per sq. in. 

Effect of Composition and Age upon the Compressive 
Strength of Concrete. —The compressive strength of con¬ 
crete is roughly proportional to the proportion of the cement 
in the mortar. Fig. 38 shows a diagram plotted from the 
results of experiments by Mr. G. W. Rafter, of New York. 
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Clean, pure silioa sand and Portland cement were used, and 
the aggregate consisted of sandstone broken so as to pass 
through a 2-inch ring, containing 37 per cent, of voids when 
rammed. 

The compressive strength increases with age, and Fig. 39 



/J_ge /n Aforr/fis. 

Fiq. 39. 

shows on a diagram the results of experiments made at the 
Watertown Arsenal, U.S.A., in 1899. 

Curve A is for a mixture of one part of cement, two parts 
of sand, four parts of aggregate; and curve B is for a mixture 
of 1:3:6. The figures given are for the same brand of 
cement. 

Tensile Strength of Portland Cement and Concrete. 
—The tensile strength of concrete is about T \y of its com¬ 
pressive strength, but it is not usual to allow for any 
tension in the concrete in practice. 

The standard method of testing the strength of neat cement 
is, however, by tension, so that the tensile strength is of 
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considerable importance. (For method and apparatus for 
testing see Chap. XIV.) 

The British standard specification requires the following 
strength of Portland cement. 

Briquettes 1 sq. in. in section (see Fig. 190) must develop 
at least the following strength— 

Neat cement. 

After 7 days (1 in moist air, 6 in water) . . 450 lbs. 

■ •» 28 „ ,, i, 27 it • • ** 

Breaking strength = strength at 7 days + 

40000 _ 

strength at 7 days 



One \part cement and three parte sand. 

After 7 days (1 in moist air, 6 in water) . . 200 lbs. 

„ 28 „ „ „ 27 . 260 „ 

Breaking strength *= strength at 7 days + 

10000 

strength at 7 days 

Variation or Stbess in Briquette. —It can be shown that 
the stress is not quite constant over the briquette, but varies 
somewhat as indicated in Fig. 40; this means that the test 
strengths are always a little less than their actual values.* 
Strength of Concrete in Shear. —Early experimenters 
found the shear strength of concrete to be from *12 to *2 of 
its compressive strength, but recent experiments suggest that 
• 8 m also Ohep. XIV. 
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the shear strength is considerably greater than this and 
depends upon the kind of aggregate (gravel, broken stone, 
broken brick, etc.) used. The most exhaustive investigation 
is that by Professor A. N. Talbot, who has also carried out 
many valuable experiments on the strength of reinforced 
concrete beams. The results of these experiments were pub¬ 
lished in a Bulletin of the Engineering Department of the 
University of Illinois. 

Two different methods of testing were used; in the first 
the shear strength was obtained by punching a hole in a 
concrete plate, and in the second by means of concrete beam 
with the ends fixed. There was considerable variation in 
the results, as will be seen from the following summary taken 
from Engineering of June 6, 1907— 


Summaby or Shxab Tbsts. (Professor Talbot.) 



I 


d 




Ratio ot 




Strength. 

Shear to 



H 




Compression. 

Form of 

5 

Method of 

o 






Specimen. 


Storing. 

| 


Compression. 




0 


Shear. 



Cube. 

Cylin* 


s 

3 


I 

Cube. 

Cylin¬ 

der. 

der. 


mmm 

' 


lbs. per 

lbs. per lbs. per 







sq. in. 

sq. in. 

sq. in. 





1-3-6 

Air 

9 

679 


— 





1-3-6 

Water 

7 

729 


— 


_ 

Plain plate * 


1-3-6 


4 

905 

2428 

1322 

0-37 

0-68 


1-3-6 

1 

968 

1721 

Hal 

0-56 

0*83 



1-2-4 

Do. 

5 

1193 

3210 

2430 

0*37 

wZm 



13-6 

Air 

17 

796 

mmm 

— 





1-3-6 


*! 

692* 

1230 

— 



Recessed 


1-3-6 


6 

879 

■Ena 

— 

0*71 


block 


1-3-6 

Damp sand 

4! 

1141 

2428 

1322 

0*47 

0*86 



EEH 

Do. 

1! 

910 

1721 


0-63 

0*78 



1-2-4 

Do. 

5 

1257 



mw.m 

0*52 

Reinforced 
recessed - 
block 


1-3-6 

Air 

4 

1051 


— 

liSil 

_ 


1-3-6 

1-3-6 

Damp sand 
Do. 

4 

1 

1821 

1555 

2428 

1721 

m 


1*38 

1*39 


1-2-4 

Do. 

5 

2145 

mmm 

2430 



Restrained 

beam 


1-3-6 

Do. 

4! 

1313 

2428 

1322 




1-3-6 

Do. 

1 

1020 

1721 


0-59 

0*88 


1-2-4 

Do. 

6 1 

1418 



0*44 

0*58 


• Specimens Injured In removing the tonne. 
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The conclusions to which these Illinois experiments lead 
are that the resistance of concrete to shear is dependent on 
the strength of the stone used, as well as on the strength of 
the mortar; and in the richer mixtures the stone appears to 
exercise the greater influence. With hard limestone and 
1-3-6 concrete sixty days old the shearing strength may be 
expected to reach 1100 lbs. per sq. in.; and with 1-2-4- 
mixture 1300 lbs. per sq. in. There is reason to believe that 
if tests can be made with the load applied evenly over the 
shearing section, so as to obtain the true resistance to simple 
shear, the results will be found to be higher than those already 
obtained. 

An important point brought out by Professor Talbot’s 
investigations was the influence which variations in the 
constitution of the concrete have on the shearing strength. 
The compressive strength of concrete is largely affected by 
the strength of the cement, but the shearing strength is 
influenced more by the strength of the aggregate. For this 
reason it does not seem well to express the shearing strength 
in terms of the compressive strength. The method has the 
advantage, however, that an idea is gained of their relative 
action. 

If, as indicated by these experiments, the shear strength of 
concrete is greater than the adhesion between concrete and 
steel, then there is an advantage over plain bars for reinforce¬ 
ment in those bars such as the twisted or indented bars 
which cannot be withdrawn from the concrete without 
shearing it. 

Adhesion between Concrete and Steel. —It is absolutely 
necessary in a reinforced concrete structure that there shall 
be a good bond between the concrete and the steel, for the 
latter will bear its share of the stress only so long as there is 
no relative movement between the steel and the concrete. 
If a concrete beam were cast with holes throughout its length 
on the lower side and steel rods were inserted loosely into 
these holes, the strength of the beam would be practically 
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no greater with the rods than without, because relative move¬ 
ment between the steel and concrete would be possible. A 
concrete beam with the reinforcing bars loose is like a plate 
girder without any rivets. The adhesive strength for plain 
bars can be found as follows : Let O be the perimeter of the 
bar and l its length; then if / is the safe adhesive stress, the 
adhesive force F that can be carried is given by 

F = O // 

/ can be found experimentally by embedding a rod in concrete 
and finding the force necessary to pull it out and dividing 
the resulting stress by the factor of safety (usually taken as 
about 6 ). Most authorities take a safe adhesive stress of 
60 lbs. per sq. in. 

Numerical Example. — Find the length in relation to the 
diameter of a round bar that must be embedded in concrete in 
order that the tensile stress of 16,000 lbs. per sq. in. will be reached 
as soon as the safe adhesion stress of 60 lbs. per sq. in. 

Let d = diameter of rod in inches. 

Let l = length of rod in inches. 

Then load to reach safe tensile stress 

■=* P = stress x area 
- 16000 x 

4 

Load to reach safe adhesive stress 

= P = stress x length x perimeter 
= 60 X l X V d 

ird* 

If these are equal, 60 1 x «■ d = 16000 x -y 

16000 vrd* 

1 “ 60 x 4 X *d 
■=67 d nearly 

r 

the bar must be embedded for a length equal to 67 

diameters. 

o 
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Strength of Timber (Normal Values) 


(Stresses in thousands of pounds per sq. in.) 


Kind of Timber. 

i 

Ultimate Strength. 

Young's 
Modulus 
(millions 
of lbs. per 
sq. in.). 

Weight 
in lbs. 

per 
cu. ft. 

Tensions 

along 

Grain. 

. 

Com¬ 

pression 

along 

Grain. 

Shear 

across 

Grain. 

Shear 

along 

Grain. 

i 

Bend¬ 

ing. 

Ash .... 

8-14 

6-8 

2-4 

*4—*7 

10-12 

1*0 

50 

Beech . . , 

9-18 

4-6 

— 

— 

8-10 

1*3 

44 

Dantzig Fir 

0-9 

3-5 

2*7 

•4 

4500 

*5 

33 

Elm . . . 

0-12 

5-8 

3-5 

*6-*9 

0-8 

1*6 

34 

Oak.... 

9-15 1 

4*5-9 

3-5*5 

*0-9 

7-10 

1*7 

58 

Pitch Pine . 

8-12 

i 4-6 

4*9 

! *4 

7*5 

1*5 

42 

Red Pine . 

0-9 | 

; 4-o 

3 

1 *4 

4—0 

1*2 

27 

Teak . . . 

12-14 | 

! 12-14 

4 

1 1 

12-16 

2*4 

49 

Yellow Pine . 

0-9 j 

4-6 

3*5 

•4 

4-8 

1*7 

32 


Normal Crushing Strength of Cement, Stones, eto. 


Material. 

Weight in lbs. 
per cu. ft. 

Ultimate Crushing Strength. 
(Thousands of lbs. per sq.ln.) 

Brick (London stock) . 

115 

2*5 

„ (Staffordshire blue). 

140 

7 

Brickwork in Cement . 

100-150 

1*25-2*5 

Cinder Concrete (1:2:4). . 

97 

1*8 after 28 days 

Granite. 

170 

12-20 

Gravel Concrete 1:2:4 . . 

120 

2*4 after 28 days 

„ „ 1:3:6 . . 

130 

1*8 „ 

Portland Cement .... 

90 

7 

Portland Stone. 

145 

5 

Sandstone. 

135-145 

5-10 

Slate. 

175 

10 











Elastic Properties of Various Materials (Normal Values). 
Metals and Miscellaneous Materials. (Values in Tons per sq. in.) 
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See also tables on p. 61. 










CHAPTER III 

REPETITION OF STRESSES : WORKING STRESSES 

Repetition or Variation of Stresses.—In the design 
of machines and structures, we very often have to deal with 
cases in which the stresses vary in amount from one time to 
another; such cases occur in nearly every machine part sub¬ 
jected to rotary and reciprocatory movements and in struc¬ 
tures which have to resist wind-pressures and rolling loads. 
In recent years, a large amount of investigation has been 
carried out on the strength of materials which are subjected 
to alternating stresses. The stress required to cause rupture 
in a material which is gradually increasingly stressed is called 
the static breaking stress , and is the stress obtained in the 
ordinary testing machines. * 

Fairbairn discovered in connection with some tests on 
wrought-iron girders, that a girder can be ruptured by 
repeatedly applying a load equal to about one-half of the 
static breaking load. 

The first exhaustive investigation on the subject was 
conducted by Wohler on behalf of the Prussian Ministry 
of Commerce, and was published in 1870. W6hler*s experi¬ 
ments extended over a period of twelve years, and had results 
which at the time were* very startling, and the importance of 
which has only in comparatively recent years been appreciated 
by engineers. 

The general result of these and subsequent experiments 
is to show that the stress necessary to rupture a material 

84 
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when such stress is repeated a very large number of times 
is considerably less than the static stress. 

In Wdhler’s experiments, which were carried out in tension, 
bending and torsion, some of the variations were from zero 
to a maximum in tension or compression and some were 
for a complete reversal of stress. 

In one form of Wdhler’s apparatus for testing by reversal 
of stress in bending, the specimen was in the form of a 
projecting beam or cantilever A (Fig. 41) clamped at the 
end of a shaft E, mounted between bearings B. The shaft 
was rotated by means of a belt surrounding a pulley C, and 

C 


Fig. 41.—Wohler’s Experiments. 

the specimen was of circular section and loaded at the end by 
a spring D, and in the rotation the compression and tension 
sides changed places gradually, thus giving a gradual reversal 
of stress. To balance the forces on the machine, a specimen 
was mounted at each end of the shaft. 

In another form of apparatus a beam was mounted upon 
knife edges to one of which a spring was connected by levers. 
The load was applied in the centre by a spring rod which 
was lifted periodically by a crank upon a rotating shaft, thus 
gradually applying the load and taking it off again. 

Full accounts of the experiments will be found in Unwin’s 
Testing of the Materials of Construction . We will take some 
examples of his results :— 
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For Krupp’s Axle Steel— 

Statical breaking stress — 52 tons per sq. in. 
Breaking stress from zero to maximum = 26*5 „ „ „ 

„ „ for reversed stresses = 14'05 „ „ „ 

For Wrought-Iron— 

Statical breaking stress = 22'8 tons per. sq. in. 
Breaking stress from zero to maximum = 15 25 „ „ „ 

„ „ for reversed stresses = 8 - 6 „ „ „ 

In the first case the range of stress is in one case 2(3'5 and in 

the case of reversal is — 14 - 05 to + 14' 05, i. e. 28* 1, whereas the 
corresponding figures in the second case are 15'25 and 17' 2. 

Sir Benjamin Baker carried out similar experiments in this 
country and obtained similar results. 

For mild steel of static strength from 26 8 to 28'6 tons per 
square inch, he obtained a breaking stress of 11'6 tons per 
square inch for reversal of stress. 

Bauschinger carried out a large number of experiments on 
the same lines as those of Wdhler, and extended them to a 
larger number of materials. 

For Bessemer Steel his results were— 

Static breaking stress «■= 28*6 tons per sq. in. 
Breaking stress from zero to maximum = 15 7 „ „ „ 

„ „ for reversal stresses ■= 8'55 „ „ „ 

With regard to these breaking stresses for variations of 
stress, it should be remembered that these are the least 
stresses for which the specimen would break after a very 
large number of repetitions. 

In carrying out tests of this kind a number of specimens 
are taken, and the range or amount of variation of stress is 
altered for different specimens or sets of specimens, and when 
the range comes below a oertain value the specimen will not 
break within the time over which the experiment lasts. The 
results are expressed on a diagram in which the range of 
stress is plotted against the number of repetitions required to 
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cause fracture; or, in the case of variations from zero to a 
maximum or of complete reversal of stress, the limit of stress 
is .plotted against the number of repetitions. Such a curve 
is shown in Fig. 42. From such curves the apparent stress, 
at which an infinite number of repetitions could bo made 
without fracture, is obtained, and this is taken as the least 
breaking stress. The word “apparent ” is used because no 
record appears to exist of a number of repetitions more than 
about fifty millions, and it has been suggested that perhaps 



RepoTit/ons (Hundred ThousandsJ 
Fia. 42.—Repetitions of Stress. 

lower stresses still would be obtained if the repetitions were 
extended still more. 

Bauschinger suggested that there was some relation between 
the range of stress which a material would stand and the 
elastic limit. This elastic limit was .what he called the 
" natural elastic limit/* i. e. that obtained after the material 
has been subjected to a few variations of stress. Wo thus get 
the theory of natural elastic limits, which states that the range 
of repetition of stress whioh a material can resist indefinitely 
without failure is the range between the natural elastic limits 
in tension and compression. 
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Dr. Stanton and Mr. Bairstow published in Vol. CLXVI. of 
Proc. Inst. C.E. an important paper on the subject, giving 
the results of experiments conduoted at the National Physical 
Laboratory. 

They used a machine in which the specimen formed part of 
the piston-rod in a steam-engine mechanism; the specimen 
thus was subjected to reversals of direct stress, and a 
variation in the limiting stresses was obtained by varying 
the relative dimensions of the mechanism. 

This research had some important results, the principal ones 
of which are— 

(a) An alteration of the rate of repetition from 60 to 800 per 

minute has no marked effect on the results obtained. 

(b) The range of stress which moderately high-carbon steels 

can stand is comparatively greater than that for 
low-carbon steel and wrought iron. This confirms 
WOhler’s opinion, and is contrary to the common 
idea that a comparatively brittle material can with¬ 
stand less variation than a ductile one. 

(c) The limiting stress which iron and steel can bear depends 

on the range of stress, and is almost independent of 
the actual values between the limits l and f. This 
means that a stress variation from, say, 7 tons per 
square inch in tension to one of 5 tons per square 
inch in compression has the same effect as one from 
6 tons per square inch in tension to 6 tons per square 
inch in compression. 

Although the authors agree that more work must be done 
before a definite statement can be made, their experiments go 
to support Bauschinger’s theory as to the elastic limits. 

Effect of Rate of Repetition upon Results. —There 
seems to be some unexplained difference in the results of 
experiments upon the effect of speed upon the results. 
Wohler’s experiments were at 60 repetitions per minute, as 
indicated above. Stanton and Bairstow found no appreciable 
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effect of increasing to 800 per minute; Reynolds and Smith,* 
however, employing the machine described in Chap. XIV., 
found that there is a progressive diminution in the resistance 
against repetition for repetitions of 1300 per minute and 
upwards; Eden, Rose and Cunningham,! however, experi¬ 
menting with short rotating beams with a uniform bending 
moment over an appreciable length, found no such effect for 
speeds of 1300 per minute. 

The following summary of results, pp. 94, 95, taken from 
the last-mentioned paper, gives a clear idea of the results of 
the various experiments on the subject. The only explanation 
of these contrary results appears to be in the difference in 
the design of the machines; at the high speeds it is possible 
that some secondary influence had a marked effect upon 
the results. 

The Fatigue of Metals.—The phenomena described 
above are often referred to as the “ fatigue of metals ”; 
the suggestion being that the stress causes a change in the 
molecular structure of the metal and that the metal gets 
fatigued after a time and so breaks down under a smaller 
load. The bulk of the evidence, however, appears to be 
against that view and in favour of the theory that ultimate 
failure will occur only if the plastic limit is exceeded and 
thus the effects of overstrain become accumulative. 

Specimens cut out of pieces that have been fractured by 
repetition of stress do not exhibit any weakening that the 
fatigue idea suggests. 

The subject is still full of difficulties from the point of 
view of a satisfactory explanation of the results. For instance, 
the effect of overstrain is to cause the material to become 
brittle, and yet the more brittle kinds of steel (the high 
carbon steels) show less effect than the mild steel. 

One explanation, called Foster’s Theory, is that the 
mechanical hysteresis (p. 59) causes a very small permanent 

* Phil. Tran*. Roy. Soc., 1902, 
f Proo. I.M.E., 1911. 
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strain at each repetition and that the effect of these permanent 
strains is cumulative so that ultimately the permanent strain 
becomes sufficient to cause failure. 

The appearance of the fracture in these experiments is 
always different from that for ordinary static tensile tests; 
that for mild steel being more like a hard steel. This is 
probably due to the effect of overstrain upon the properties 
of the metal. 



Fio. 43.—Repetitions of Stress—Abrupt Change of Seotion. 

Effect of Sudden Change of Section upon Results.— 

The effects of sudden change of section have been investigated 
by Dr. Stanton and Mr. Bairstow,* who obtained the results 
shown in Fig. 43, in which the limiting stresses for failure by 
repeated loading are plotted against the carbon percentage. 
The results may be summarised as follows. 

1. The resistance of a screw-cut specimen varied from 
67 to 70 per cent, of the maximum resistance of the corre¬ 
sponding material, the fracture always taking place at the 
end of the thread. 

2. The resistance of a specimen having a moderately 

* See Engineering , April 10, 1907. 
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rapid change of section varied from 65 to 72 per cent, of the 
maximum resistance of the corresponding material. 

3. The resistance of a specimen having a sudden change of 
section varied from 47 to 52 per cent, of the maximum resist¬ 
ance of the corresponding material. In this form of specimen 
the low carbon material appears to realise a larger percentage 
of the maximum resistance than the higher carbon materials; 
but it is worthy of notice that even under conditions which 
are commonly supposed to be the most fatal to high carbon 
steels— i. e. a sudden change of section—the actual resistance 
of the 0 4 and 0 6 carbon steels is approximately 40 per cent, 
greater than that of the iron. 



Fia. 43a.—Repetitions of Stress—Abrupt Change of Section. 


The above resistances are, of course, estimated per unit of 
area, so that in calculating the strength of a screwed rod 
under alternating stress it will be further necessary to take 
into account the area at the bottom of the threads, so that 
the total reduction in resistance may well be more than 50 
per cent, of its maximum value. 

In the case of screw-threads there is a further possible 
source of weakness due to faulty machining in the cutting of 
the screw. If the bottoms of the threads are not properly 
curved, but left with a sharp angle, there can be no doubt 
that risks of the development of a crack are very considerably 
increased. It seems quite probable that failures of steam- 
engine crosshead bolts, which have broken under very low 
ranges of stress, may be due to this cause. 
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Cast Iron. —Very little work appears to have been done 
on repetitions of stress for cast iron, but from a small number 
of experiments by the author in reversal by bending the 
same general result was obtained, the limiting breaking 
stress in this case being nearly one-quarter of the statio 
stress. 

Equivalent Stress Formulas.— Straight line Formula. 
—If /, is the greatest stress that can be applied for an 
indefinite period for a range of stress r, and /, is the statio 
breaking stress of the material, the results of repeated 
load experiments can be expressed approximately by the 
relation 

/.=/.- r 

For a variation from zero to /„ i.e. r = /,; this gives /, — ~ 

For a reversal /, to — /,, i.e. r = 2/«; this gives /, -* ^ 

Unwin’s Formula. —Unwin has given a formula from 
which the equivalent static stress for a given range of stress 
can be found. This formula gives, when plotted, a curve 
sometimes known as Gerber's 'parabola . 

The formula is 

/. = 2 + V (f, 2 — nr f~) 

where n is a constant depending on the nature of the material. 

For mild steel we may take n = 1*5. 

Now if the variation is from zero to /«, then r = /, 

.*./.“£ + vt*-t5u 

Solving this equation we get f, — '6 /,. For complete 
reversal r = /. — (— /,) = 2 f, 

/, = /.- Vf?-Hi. 

or, f, = $ /.. 

Relation between Repetition of Stress and Sudden 
Loading. — The similarity between the results of experiments 
on the variation of stresses and the reasoning given on p. 34 
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with regard to sudden loading has led many authorities to 
think that Wflhler’s experiments were really experiments on 
sudden loading. The alternative point of view is that the 
two questions are distinct, and that therefore separate allow¬ 
ance should be made for each in the design of machines and 
structures. 

One of the first difficulties to overcome in reconciling the 
questions is that strain is not proportional to stress beyond 
the elastic limit, and that, therefore, beyond this point twice 
the strain would not cause twice the stress (see Fig. 2). 
There is, however, the fact that if a material is strained 
beyond the yield point, the yield point will be found to have 
been raised on a subsequent testing; therefore, if this action 
goes on indefinitely with each repetition of stress, the yield 
point will ultimately become so high that the dynamic 
argument will apply up to the breaking point. 

Although there are still many points which require to be 
decided in this controversy, for practical reasons we prefer 
to allow for one or the other, but not both, in design. The 
reason for this is as follows: Suppose that the safe working 
stress for mild steel for a constant and gradual load is 7*5 
tons per square inch. Then, on the dynamic theory the safe 
stress for a reversing and sudden load is one-third of this, 
i. e. 2*5 tons per square inch. If we now make a separate 
allowance for the repetition of stresses, our working stress 

would be- x 2*5, or *8 ton per square inch. As there is no 

question of impact in this, this seems an absurdly low working 
stress, and experience shows that it is not necessary to make 
the allowance for both points of view. 


WORKING STRESSES 

The Conflict between Theory and Practice. —An 
engineer has been tersely described by a somewhat char¬ 
acteristic American as “a man who can do for one dollar 
what a fool can do for twq.” Although from an aesthetic 
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SUMMARY OF RESULTS OF EXPERIMENTS 

Quoted from Eden, Bose and Cunningham 

Non. —The values for " Range of Stress ” oausing fracture after 10* 
alternations of stress in this Table are oopied from the published aeoounts 
of the experiments of Turner, Reynolds and Smith, and of Stanton and 
Bairstow. The corresponding figures for the tests of Wohler, Baker, and 


Experi¬ 

menter. 



Type of 

Endurance Test. 

Material. 

Rotating 

Cantilever 

Phoenix Iron 
Homogeneous Iron 
Vickers’ Steel Axles 
Firth’s Tool Steel 

Rotating 

Cantilever 

Soft Steel 

Fine Drift Steel 

Rotating 

Cantilever 

Steel C (0*32% C.) 

as rolled 

Steel C annealed 

Rotating Beam 
Uniform 

Bending Moment 

4-in. bright-drawn 
Wrought-Iron bar 

J-in. bright-drawn 
Mild Steel rod A 

Fixed cantilever 
rotating defleotion 

Mild Steel 
Nickel Steel 


Tensile Test Figures. 


Tenacity. 

Tons per 

square inch. B J£ r Xch. 


Stanton direct tension and 
and compression 

Bairstow|| .. tension 

rati0 compression 


Wrought Iron No.2 
I Piston-rod Steel 


Reynold. *^53*“* mi Sted 

and direot tension and 
Smithy compression 

tension^ 
ratio iompreaiioi, 

» 1*16 Cast Steel annealed 



* The Testing of Materials of Construction, Unwin. 
f “ Heat Treatment and Fatigue of Iron and SteeL” Rogers. Journal 
of Iron and Steel Institute, No. 1, 1906. 

{ For other metals see Pros, Unit), of Durham Phil. Soc., voL iiL p. 

. 

| “ The Strength of Steels in Compound Stress, and Enduranoe under 
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UPON THE REPETITION OF STRESS. 

on the endurance of metals { Proo . I. M. E., 1911). 

Rogers have been estimated from stress-revolutions diagrams plotted from 
the various published results. 

The tenacity figures for the Reynolds and Smith tests are for short 
test-pieces two diameters long. 


I Endurance Test Figures. j 

Speed. 
Alternations 
of Stress 
per minute. 

Range of Stress 
causing frao- 
ture after 10® 
alternations. 

Tons per 
square inch. 

Ratio 

Range of Stress 
Tenacity 

i 

Ratio 

Range of Stress 
Limit of Elasticity 

60-80 

22-8 

1*07 

- 

60-80 

24'5 

0*87 

— 

60-80 

24 

0*87 

_ 

60-80 

30*9 

0*66 

— 

60-60 

25 

0*90 

— 

50-60 

27-6 

0*51 

— 

400 

32 

1*09 

1*92 

400 

27*7 

105 

3*9 

f 250 




{ 020 

34-0 

102 

1*3 

{ 1,300 




f 300 




{ 600 

39 

109 

1*56 

[ 1,300 




250 

356 

13 

1*9 

250 

525 

1*1 

1*46 

800 

19-2 

0*75 

i 

1*43 

800 

28*3 

0*65 

144 

/ 1,337 

209 

0*81 

— 

1,428 

1,516 

20*1 

0*78 

— 

19*2 

0*75 

— 

1,656 

18*1 

0*70 

— 

1,744 

15*2 

0*59 

— 

1,917 

12*4 

0*48 

— 

> 1,320 

20*1 

0*42 • 

— 

1,660 

18*3 

0*38 

— 

\ 1,820 

10*8 

0*35 

— 

[ 1,990 

131 

0*27 



Repetitions of Stress.” L. B. Turner, Engineering, 11th and 25th Aug. 
1911. 

|| “ On the Resistance of Iron and Steel to Reversals of Direot Stress.” 
Stanton and Bairstow. Proc. Inst, Civil Engineer*, 1906 , vol. clxvl 
f ** On a Throw Testing Maohine for Reversals of Mean Stress.” Professov 
Osborne Reynolds and J. H. Smith. Phil Tran* . fioyal Society, 1902. 
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standpoint this seems to be a somewhat too mundane de* 
scription of the engineer’s vocation, we must not forget that 
the most scientific construction is the one which best fulfils 
the conditions for the least cost. 

There is in reality no conflict between theory and practice 
in designing; each has its own place, and each is dependent 
on the other. The theory will tell us what is the best design 
as far as the economical arrangement of material goes. The 
best-designed structure is one which would be about to 
collapse at all sections at the same time; or, in other words, 
the various parts are so designed that the stresses in them 
are equal. This is all that the theory sets out to do. Practice, 
on the other hand, determines whether the theoretical design 
is in reality the cheapest in the end. Questions of workman¬ 
ship, cost of erection and upkeep have to be considered, and 
it is only by balancing these with the theory that the really 
scientific design is obtained. 

In dealing with the theoretical side of design we must 
never forget that, if we are to be guided by theory at all, we 
should see that we use the best theory. The disdain for 
theory that ultra-practical men often possess is largely due 
to the fact that their theoretical knowledge is not sufficiently 
comprehensive; they have not realised the conditions which 
have to be fulfilled before a certain theory is applicable, and 
so they probably use some formula for a case for which it was 
never intended. 

Another point to be remembered is that practical rules for 
use in design are not necessarily sound because the machines 
or structures resulting therefrom satisfactorily fulfil their 
function. Such rules-may make the design much heavier, 
and therefore much more costly, than necessary. Our aim 
in the theoretical investigations should be to eliminate as 
many uncertainties as possible, and not to be merely content 
with erecting something which will stand. 

Commercial Aspect of Design.—If the word “scientific” 
is used in its best sense, the commercial aspect differs very 
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slightly from the scientific aspect. There are certain points, 
however, that we would like to deal with which point to 
the necessity of considering the merely commercial aspects. 
First, there is the question of the sizes of sections adopted. 
Care should be taken that as much as possible is used of the 
same section, and that such section should be easily obtain¬ 
able. The cost of a given structure may be increased largely 
^because a section is specified which has to be rolled specially 
—although sections figure in makers’ catalogues they are 
not always readily obtainable. In riveted work, too, much 
additional cost is often involved by an unnecessarily irregular 
pitch of the rivets, and fancy forms of clcated connections are 
often shown which have no advantage over the simple forms. 

The designer should avoid curved lines in structural steel¬ 
work wherever possible in his design. It costs a lot to cut 
plates to a curve, and there is generally no reason for them. 
Some might urge that curved forms are more pleasing to the 
eye, and some go as far as to put cast-iron rosettes on the 
plates of plate-girders. But it is better to agree that no steel 
structure is artistically beautiful, and that to attempt to 
decorate it by curved gusset plates and rosettes is to make it 
really more ugly, because it has cost more and is still an eye¬ 
sore to the artist. There is, also, a theoretical objection to 
curved members, viz. that the loading on such bars is eccentric, 
and stresses are therefore much increased. 

Where practice necessitates our putting theory aside some¬ 
what, we should always keep this in mind in our calculations. 
For instance, theoretically the centre-line of the rivets in 
a T section should coincide with the centroid line of the 
section. In practice this is impossible, as the head of the 
rivet could not then be closed. But we must remember in 
designing that the load is eccentric and that due allowance 
must be made for this. 

We shall in this book be concerned only with the strength 
of structural details and machine parts, but it may be pointed 

out that in designing castings the pattern-maker must be 

H 
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considered and that ease in machin ing must be kept in mind; in 
fact, everything must be done which will save needless expense. 

Working Stresses and Factor of Safety.—The question 
of the working stresses to adopt in practice is of the utmost 
importance, and if our design is to be of any real value we 
must have clear ideas as to such working stresses. 

In dealing with working stresses we often speak of the 
factor of safety. This may be defined as the factor by 
which the working stresses may be multiplied to give stresses 
which will result in failure. This phrase is one which is often 
used glibly without any real meaning; and it has been sug¬ 
gested that in many cases it would be better called the factor 
of ignorance. If we design a structure with a factor of safety 
of four, say, we certainly do not as a rule mean that the 
structure could bear four times the load without failure. This 
is because there are certain contingencies that we do not 
allow for in our design. Our aim should be, however, to 
make our calculations so that the factor of safety has as exact 
a meaning as possible. This can be done only by choosing 
our working stresses skilfully and by making allowance for as 
many points as possible. For steel-work it is common to 
adopt as a working stress in tension one-quarter of the 
breaking stress in tension and to say therefore that the factor 
of safety is 4. Many designers forget, however, to make the 
due allowance for live or variable loads. The basing of the 
factor of safety on the breaking stress is also open to a very 
serious objection, viz. that the elastic limit of the material 
is the point which really determines the safety of the struc¬ 
ture. If the stresses are above the elastic limit, failure is 
almost certain to ensue, especially in the case of compression 
members or struts. It would, therefore, be better to base the 
working stresses on the elastic limit or the yield point, since 
in pure tension the two points are close together, and the yield 
point is much easier to measure and specify for a definite 
minimum value of such limit in the steel. The point com¬ 
monly urged against this method of procedure, viz. that the 
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plastic limit is a much more variable quantity than the 
breaking stress, seems to us to be one in favour of its adoption. 
It is certain that stresses beyond the elastic limit are very 
dangerous, and if this quantity is a variable one we ought to 
know it for the material that we are using, and base our 
working stresses on it accordingly. We would suggest that 
the dead-load or static working stress should be taken as 
one-half of the natural elastic limit. 

The following tables of stresses may be used for obtaining 
the usual working stresses adopted for dead loads in design :— 




Working Stress. 


Material. 




Dimensions of 

Tension. 

Compression. 

Shear. 

Stresses. 


Mild steel *. 

7 

c 1 

1 (bending) 

'! 6 

(direct) 

5 

tons per sq. in. 




i 

Wrought iron • 

6 

1 (bending) 

| * 
l (direct) 

4 

99 M ! 

Cast iron • • 


4 

1 

M *» 

Oak • • « • 

16 

13 

5 

cwt. per sq. in. 

Pine, yellow 



(across grain) 

3 

6 

3 

99 99 

! i 

1 600 
| (bending) 

(across grain) 


Cement concrete 1 

I ; 

! 60 

60 

. i 

j lbs. per sq. in. 

1:2:4 . . / 

] 500 

1 l (direct) 

1 



Granite . . • 


i 35 

— 

1 tons per sq. ft. 

Sandstone . . 1 

Yorkstonc . . J 

— 

20 

j 

99 99 j 

| 

Limestone • • 

— 

15 

| 

1 

If 99 

Brickwork in 



i 


cement mortar 

! *5 

8 

j —» 


„ in lime mortar 

I (adhesion) 



9. 99 j 

! *4 

6 

i 



j (adhesion) 


! 

•• ft 


* Many authorities allow J ton more for each of the stresses in mild 
steel. We have already seen that according to one theory the working 
shear stress for ductile metals should be half the tensile strength, viz. 
3*75 tons per sq. in. for mild steel. This figure is not, however, in 
common use. 
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Allowance for “Live" Loads or Variable Loads.— 
There are two principal methods of allowing for live loads 
which are in effect the same. 

(a) Equivalent Dead-load Method. —According to this 
method the static stresses are used and the loads are in¬ 
creased to give the equivalent dead load. The ways for 
allowing this, are— 

(1) equivalent dead load ■» dead + 2 live load. 

This may be called the dynamic formula. 

(2) equivalent dead load 


nr + 


+ 4 [w 


where r is the variation of load, and w is maximum load, 
. n being a constant which may be taken as 1*5 for steel. This 
formula is deduced from Unwin’s formula for Wohler’s 
experiments. 

For steel we get 

1*5 r + yj 2-26 r* + — -0 

v>, — 2 

When the variation is from zero to a maximum, we have 
r ■* to. 

Then to, — 2*1 to. 

(3) equivalent dead load — maximum load + variation. 

(b) Variable Working Stress Method. —According to 
this method the working stress is varied according to the 
relative amounts of live and dead loads. 

The common ways of allowing for this are— 

(1) Launhardt-Weyrauch method. 

. , / /, . minimum load \ 

Working atreaa ” jrg^l + 2 ^TrE.riSim loidj 

/ being the static or dead-load working stress. 

(2) Dynamic method. 

Working stress —- ^ , / being as before. 

1 lokal 


Working stress 


, / being as before. 


total load 
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Take as a simple numerical example the case of a member 
of a roof truss in which the dead load is a tension of 5 tons, 
and the wind on one side causes a tension of 2 tons and on 
the other side a compression of 1 ton. The various methods 
give the following results :— 

(a) (1) Equivalent dead load = 6 + 2x2 = 9 tons. 

1-5x3 + ^2-25 x 9 + 4 (7 -1)* 

(2) „ ,, — 2 

8-2 tons. 


(3) „ „ — 7 + 3 *= 10 tons. 


(b) (1) Working stress 


(2) 9* 



6 / 

7 



7/ 

9~ 


Assuming the material to be mild steel. 

(b) (1) gives working stress «=» 6 tons per square inch. 

(2) ,9 if ^ b 4 9 , ,, 9, 

Taking the material as mild steel, the requisite number of 
square inches in the sectional area of the tie are— 

g 

(a) (1) -ij = 1-28 square inch. 

(2) ^ 2 - - 117 „ 

(3) - 7 ° - 1-43 „ „ 

(1*) (1) g- f’f7 •• 99 

(2) " 1*30 99 99 


If consideration of variation of stresses be neglected alto¬ 


gether, we should have—area 


6 + 2 

- 7 - 


1 square inch. 



CHAPTER IV 

RIVETED JOINTS; THIN PIPES 

Forms of Rivet Heads. — The most common forms 
of rivet heads and their usual proportions are shown in 
Figs. 44, 45. 

For structural work the snap-headed rivets are most usual, 
but countersunk rivets are used where necessary to prevent 


cvp or snap Head 



PAN HEAD COUNTE R SUNK D 

Figs. 44, 45. —Forms of Rivet Heads. 


projections from the surface of the plate. Snap-heads take a 
length of rivet equal to about 1£ times the diameter. 

It is usual in practice to adopt a diameter of rivet when 
cold equal to one-sixteenth of an inch less than the diameter 
of the hole, but in all calculations the diameter of the rivet is 
taken as being equal to that of the hole. 

Forms of Joints. — (a) Lap Joints and Butt Joints.— 

102 
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In the lap joint the plates overlap as shown in Fig. 46. This 
form of joint has the disadvantage that the line of pull is 
such as to cause bending stresses, tending to distort the joint 
as shown. 

In the butt joint the edges of the plate come flush, and 
cover plates are placed on each side as shown, the thickness 
of each cover plate being usually five-eighths that of the main 
plates. In this form of joint the pull is central, so that there 
are no bending stresses. 

In the single cover joint , which is a cross between the lap 



LAP JOINT. BUTT JOINT. SINGLE COVER JOINT. 

Thickness of Cover Thickness of Cover — 

8 4 

Fig. 46.—Forms of Riveted Joints. 

joint and the butt joint, there are bending stresses developed, 
tending to distort the joint as shown. 

It is clear from the above that the butt joint should be 
adopted wherever possible. 

(6) Chain Riveting and Zig-zag or Staggered Rivet¬ 
ing. —The different rows of rivets in a joint may be arranged 
in chain form or zig-zag form, as shown in Figs. 47, 48. As 
we shall see later, the zig-zag form is more economical, and 
should be used whenever possible. 

The essential feature of zig-zag riveting is that the rivets 
in alternate rows are displaced laterally by half the distance 
between the rivets, i. e. by half the pitch of the rivets. In 
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the form shown the joint is in a tie bar of a bridge and the 
rivets form a triangle; it is common in boiler and like rivet¬ 
ing to make the pitch of the outermost of three rows twice 
that of the innermost row; the result is a speoial kind of 
zig-zag riveting which we may call triangular riveting. 

Methods by which a Riveted Joint may Fail.—A 
riveted joint may fail in any of the following ways 



FlO. 47.—Chain Riveting. F IQ. 48.—Zig-zag Riveting, 

(1) By tearing of the plate. 

(2) By shearing of the rivets. 

(3) By crushing of the rivets. 

(4) By bursting through the edge of the plate. 

(5) By shearing of the plate. 

Fig. 49 shows these methods of failure. 

(4) and (5) are allowed for by the following rule: The 
minimum distance between the centre of a rivet and the 
edge of the plate is 1| d, where d is the diameter of the rivet. 

H this role is adhered to the joint will always fail first in 
one of the ways (1), (2), (3). 

The aim in designing a joint should be to make the force 
necessary to cause failure in the various ways equal. 

We will now consider the various ways of failure in detail, 
taking in each case a strip of plate equal to the pitch of the 
rivets. 

(1) Tearing or the Plate. —In this case the width along 
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which fracture will occur is (p — d), and as the thickness of 
the plate is t, the area of fracture = (p — d) t. 



Doumte ancAR m 



Fio. 49. 


Therefore, if /, is the safe tensile stress in the material, the 
safe load which the joint can carry is equal to 

P - U(p - d)t .(1) 
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(2) Shearing of the Rivets. 

In the case of single shear, the area sheared = 


double 


2tt oP* 
4 


Therefore if s is the safe shear stress on the rivet, the safe 
forces on the joint as regards shear are respectively 

r-«'^ ) 


P = S‘ 


(3) Crushing or Bearing of Rivets. —In this case tho 
crushing or bearing area is taken as the diameter of rivet 
multiplied by the thickness of the plate, i.e.dx t. There¬ 
fore, if /„ is the safe bearing stress on the rivet, the safe force 
on the joint as regards bearing is equal to 

P = /„•<*•< .(3) 

The values of /, and s may be taken as given in Chap. III. 

For /., 10 tons per square inch may be taken for mild steel, 
and 8 tons per square inch for wrought iron. These figures aro 
higher than for ordinary compression, and are obtained from 
the results of experiments. 

For structural work the strength of the joint as regards 
bearing will often be less than as regards shear, because tho 
plates are often thin compared with the diameter of the 
rivet. 

Efficiency of Joint. —The efficiency of a joint is the 
percentage ratio of the least strength of a joint to that of a 
solid plate, ». e. 

. Least strength of joint 

Efficiency = , - ^ 

Diameter of Rivets.—For the most economical joint the 


* A Board of Trade rule states that this should be taken as ® 'if*, 

4 

and this rule is often though not universally adopted. 
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diameter of the rivet should be such that the shear and 
bearing strength are equal. 

Unwin’s Formula, which is in common use, gives 

d = V2Vt .:....(A) 


For single shear we have 

shear strength = . * 

bearing strength =* dt . 

If these are equal 

d « 4 * lu - 2-64 1 (if /. = 2 a ) . (D) 

V 8 



For double shear we shall have 

2nd* j.t 

. .« = dtj. 




7r a 


or on the Board of Trade rule 

dtf . 

d - 


1-75 7r d* 

“IE—•* 


4/..« 

v . 1:75* 


321 

7 *T 


.(B) 


= 1451. 


•(C) 
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These values are plotted in Fig. 50. 

It is dear from this figure that for large thicknesses of plate 
for single shear the theoretioal value gives diameters of rivet 
which are impossible in practice. 

Numerical Examples. —(1) A tie bar in a bridge connate 
of a flat bar of steel 9 inches wide by 1J inches thick. It is to 
be spliced by a double butt joint. Determine the diameter of 
the rivets and their number, and give sketches showing the proper 
pitch and arrangement of the rivets. ( BJSc. Land.) 

According to Unwin’s formula d — 1-2 VT1'34 inches. 
This is, however, rather high for practice, and so we will 
adopt d *= 1 inch. 

Assuming that the rivets are arranged in zig-zag fashion, 
the strength of the joints against tearing through the outside 
rivet is equal to 7 (9 — 1). 1J ■■ 70 tons. 

2 *• 

Shear strength of each rivet ■■ 6. -j-. (1)* ■■ 7'85 tons. 

Number of rivets required for Bhear 
70 

— tp gg = 8-93 = say 9. 

Bearing strength of each rivet ■ 10 x 1 X 1J ■ 12*5 tons. 

70 

Number of rivets required for bearing = =» say 6. 

9 rivets would thus be ample as regards bearing. 

The joint would then be arranged as shown in Fig. 51, the 
centre two rows being chain-riveted. 

We will now consider the strength of this joint under various 
ways of failure. 

If the plate tears along the line a a, the force necessary to 
reach the safe limit of stress is, as we have shown above, 
70 tons. 

Now suppose that the plate tore along b b, shearing off the 
rivet in a a. 

Then strength of line bb — 7(9 — 2)“ = 61-25 tons. 

Strength of one rivet =» 7'85 tons. 
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.*. Total strength against failure along b b 

- 61-25 + 7*86 - 69-1 tons. 

Now suppose plate tore along o o, shearing off the three 
rivets. 

5 

Then strength of line 00 — 7(9 — 3).^ = 52‘5 tons. 
Strength of three rivets — 23'55. 

Total strength against failure along oo 

- 62-5 + 23-55 - 76-05 tons. 



Finally, suppose cover plates tore along d d, then strength 
- 7(9 -3).2.| - 73-5 tons. 

From the above we see that the weakest section is along 


9 x ll x 7 78- 


3 *-•*■»%. 
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If instead of zig-zag riveting we had adopted chain riveting 
with three rows of three rivets (9 in all) the least strength 
would be (9 — 3) x 7 « 52*5 tons. 

•. efficiency of joint «= = 66*7 %. 

If we had four rows of chain riveting with two rivets in 
each row (8 in all), the least strength would be (9 — 2)1J 
X 7 *= 6125 tons. 

efficiency of joint = = 77*7 %. 

The above shows that the zig-zag riveting is considerably 
more efficient than the chain riveting, and is therefore more 
economical. 

(2) Design a double-riveted lap joint to connect two steel 
plates £ in . thick with steel rivets , the tensile strength of the 
plates before drilling being 30 tons per sq. in.; the shearing 
strength of the rivets 24 tons per sq. in. ; and the compressive 
strength of the steel 43 tons per sq. in. Find the efficiency of the 
joint . (A.M.I.C.E.) 

For £ in. plates Unwin’s formula would give 

d = 1*2 V‘5 = *85 in., say J in. 

The joint is a double-riveted lap, therefore there will be two 
rivets in single shear in a width of plate equal to the pitch.* 

.*• Strength against tearing per pitch 

~ ft (P~d)t 

“ 30 (p - d) ~ = 15(p-d)..(l) 
Strength against shearing per pitch 

2 t rd 2 
® *. „— 



« 1*93 + *87 =* 2*80, say 3 ins. 
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The bearing sires# for a force of 28*9 tons would oe equal 
to 

28*9 

JYT X 2 5=5 33 tons P ers( l- in - 

7 1 

the bearing area of each rivet being -- x ^ = ’437 sq. in. 

o 2 * 


This is less than the allowable value of 43 tons per sq. in., 
showing that a larger diameter of rivet might be used with 
greater economy, but | in. diameter is in most cases more 
suitable in practice. 

The efficiency of joint in this case is equal to 


28-9_ 

30 x 3 x 4 


28-9 

45 


G4-2 % 


The joint then comes as shown in h’ig. 52. 


Rivtfi £ O tarn 




^y(o) A steel-plate tie bar in a bridge is subject to a tension due 
to dead load only of 16 tons. The stress due to live load only 
varies from 36 tons tension to 10 tons compression. The tie 
bar is § in. thick and is to be joined to the side plate of a girder 
by means of a $ in. gusset plate and double-cover butt joint. 
Select suitable working stresses and design the joint, arranging 
the rivets so that the tie bar is weakened by only one rivet section. 
(B.Sc. Lond.) 

The maximum load in this case is 36 + 16 = 52 tons, and 
the minimum load 10 — 10 »= 6 tons. 
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Using the Launhardt-Weyrauoh formula, we have 

“ i 4 ( j + 104) “ ’ 705 ^ 

This gives a tensile stress of 4*93, say 5 tons per sq. in.; 
a shear stress of 3*52, say 3*5 tons per sq. in.; and a bearing 
stress of 7 tons per sq. in. 

According to Unwin’s formula d « 1*2 V *75 ==» 1*04 in., 
but for practical reasons } in. would usually be adopted. 

We now require to find the necessary width of the tie bar. 
Let this be w. 


/ 7\ 3 

Then m w "" g) 4 i® t * ae equivalent cross-sectional area. 

/ 7\ 3 

f to — gj • 4 • 5 must be equal to the maximum pull 


of 52 tons. 




52 x 4 
3x5 


1389 


.-. to = 13 89 -f -875 = say 15 inches. 

The strength of each rivet in double shear is equal to 

^.Q*.3-6 = 4-22 tons. 

. . Number of rivets required for shear — = 12-3. 


We will use 14, as they give the best arrangement. 
The strength of each rivet in bearing is equal to 

7 . 5.7 *“ 4*58 tons. 

4 o 


14 rivets will be ample for bearing. 

The joint is then arranged as shown in Fig. 53. It is very 
important in such joints that the centre line of the rivets 
should eoinoide with the centre line of the tie bar, or else the 
pull in the bar would be eccentric. In such joints, therefore, 
the rivets should always be arranged symmetrically with 
regard to the centre line of the tie bar. 
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(4) Find the number of rivets necessary to the gusset plates , 
etc., at the base of a steel stanchion to the stanchion proper, the 
load carried being 150 tons. The diameter of the rivets is J in. 
ahd the thickness of the plate i in. 

The rivets usually have to be designed in such cases so that 
they will carry the whole load, so that if the stanchion itself 



does not bear on the base plate the rivets will distribute the 
load satisfactorily. 

The strength of each it 

rivet in single shear 4 

The strength of each 7 1 

rivet in bearing 8 * 2 


§) . 5 = 3 01 tons. 
10 = 4*37 tons 


Number of rivets necessary 


150 

301 


= 50 nearly. 


Some Practical Considerations in Riveted Joints. 
—Punching and Drilling of Rivet Holes.— It is quite 

common in this country for specifications to state that rivet 
I 
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holes must be drilled out of the solid. Punching is known to 
injure to some extent the material in the neighbourhood of 
the hole, and is thus often objected to. The extent to which 
punched holes weaken a structure such as a plate girder 
compared with drilled holes does not appear to have been 
satisfactorily determined, although such determination from 
a practical point of view would seem to be absolutely neces¬ 
sary, since there is an increase in cost entailed in drilling the 
holes. In recent years punching machines and means for 
obtaining an accurate pitch of the holes have been improved 
considerably, and when we consider the increased cost of the 
drilling, punching is preferable in many cases. In recent 
years “ gang ” or multiple drilling machines have been 
introduced which lessen the cost of drilling; one great ad¬ 
vantage that drilling possesses is that the plates to be joined 
can be clamped together and drilled right through, thus 
ensuring accurate registering of the holes. A good com¬ 
promise is to punch the hole \ to £ inch less than required, 
and to reamer out to size, the damaged metal being thus 
removed; but this is considerably more expensive than plain 
punching. A method of allowing for the damage of metal 
due to punching which has been suggested, and which we 
consider preferable, is to add | inch to the diameter of the 
hole in calculating the tearing or tensile strength. This adds 
very little to the size of the plate and saves in cost of pro¬ 
duction. The point that should be very carefully seen to is 
that the holes are accurately pitched, so that the holes will 
register well when the parts are assembled, and will not 
require excessive drifting as is the case when the spacing of 
the holes is inaccurate. It is probable that many more 
joints are unsatisfactory because the rivets do not fill the 
holes, owing to the latter not registering accurately, than 
because the metal has been injured ow ing to punching the holes. 

There is considerable friction between the plates in a 
riveted joint, but this is not allowed for in calculations of 
the strength. 
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Pitch and Spacing of Rivets. —In order to prevent 
moisture getting between the plates and causing bulging due 
to rusting, or to prevent local buckling in the case of com¬ 
pression members, it is common to stipulate that the pitch 
of rivets shall not be greater than 6 ins., or sixteen times the 
thickness of the thinnest plate. The designer should re¬ 
member that pitches from 3 ins. upwards, increasing by half¬ 
inches, should be used, and odd fractional pitches avoided, 
except where absolutely necessary. As far as economically 
possible, the same pitch should be used throughout, and in 
many cases, for girder work, etc., 4 ins. is used unless special 
conditions require a different pitch. 


Working Strength of Steel Rivets 


Diana. 

of 

Rivets 
Id ins. 

Area In 
sq. ins. 

Strength 
in single 
shear at 
& tons 
per sq.ln. 


Bearing Strength at 10 tons per sq. 

in. 


Thickness in ins. of plate. 

A 

9 

7 

1 ff 

£ 

0 

T 5 

_I 1 

n 

i 

8 

*1104 

•55 

117 

1-41 

1-04 

1-87 

211 

2-34 

2*59 

2-81 

i 

*1903 

•98 

1*50 

1-87 

2-18 

2-50 

2*81 

3-12 

3*43 

3*75 

8 

•3008 

1*53 

1-95 

2*34 

2*72 

312 

3-51 

3-90 

4-30 

4-68 

i 

•4418 

2*21 

2*34 

2*81 

3-27 

3-75 

4-21 

4-(i9 

5*16 

5*63 

i 

*0013 

301 

2*72 

3*27 

: 3-82 

4*37 

4-91 

5*40 

602 

6*56 

i 

•7854 

393 

312 

| 3*75 

; 4-37 

5-00 

5-62 j 

6*25 

6-87 

7*50 


Thin Pipes and Cylinders. —Suppose that a thin cylinder 
of diameter d. Fig. 54, and thickness i, is subjected to a pressure 
of intensity p. This pressure will tend to burst the pipe along 
a longitudinal section, and the pressure on the ends will tend 
to cause failure across the circumferential section xx. In 
thick pipes the stress will vary across the section, and is dealt 
with in Chap. XVII. 

Longitudinal Section. —Consider a length l of the pipe. 
Then the radial pressure p at any point can be resolved into 
a component o b parallel to any diameter under consideration 
and a component a b normal to it. The resultant normal 
force will be the same as the pressure acting over the 
diameter. 
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If /t is the tensile stress across the section, we hare 

. . Force tending to burst pipe = p x area =* p d l. 

Force resisting bursting *= /, x area. 

=* f, x 2 11 (It on eaoh side). 

• i m ,P dl ' 

' * '* 2 r< 

" . 

This stress f, is often called the hoop stress. 




Via. 54.— Stress®* in Thin Pipes. 


Cibcumfebxntial Seotion. —If // is the tensile stress 
across the section x x, we have 
Force tending to cause failure = p X area of end. 



Force resisting failure ■» // X Area 
■ //Xfil 


(because the pipe is thin). 
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. / ir d* , . 

• V /* .** V ~T~ ~ » d t 
V d 

“ 4. 

- i /«’ 


.( 2 ) 


Therefore the stress across a longitudinal section is twice 
that across a circumferential section; for this reason longi¬ 
tudinal joints of boilers are made stronger than circum¬ 
ferential ones. 

♦ Equivalent Stresses on Strain Theory.— On any small 
cube of the material with sides parallel and normal to x x, there 
will be a hoop stress /„ a longitudinal stress \ /„ and a radial 
stress which is p on the inside and o on the outside of the 
tube and may generally be neglected. 


Strain in longitudinal direction = 


ft _ vjt 
E 2E 




1 

4 


.•. Equivalent hoop stress 


7 

8 


ft 


Similarly stress on circumferential section 



ft 

4 


On the equivalent strain theory, therefore, the pressure on 
the ends strengthens the pipe. 

Numerical Example. —A boiler 7 ft. 6 ins. in diameter has 
to sustain a pressure of 80 lbs. per sq. in. If the efficiency 
of the joints is 70 per cent, and tike safe stress is 4 tons per sq. 
in., find the thickness that the boiler should have and the necessary 
pitch of rivets on the longitudinal butt joint. 

pjd 80 x 90 90 

“ 2 / ” 2 x 4 x 2240 ” 224 
Efficiency of joint — 70 per oent. 
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ml _. , t * 100 90 x 100 , KI70 

Thickness must be —^” 2 24 x "70 “ 57 * m * 

say $ in. 

Diameter of rivets *=* 1*2 V t =» 1 in. nearly. 
Efficiency = 70 per cent. 

.•.^In tension ——-- = *7 
1 P 

i.e. p — 1 = *7 p 

., .’.•8 p = 1 

p = 3*3, say 3£ ins. 

Strength of each rivet in shear = ~ x 1*75 d 2 x 5 

= 6 9 tons. 

5 

Strength of plate per pitch *4 X 2 25 x s 

■ss 5*6 tons. 


56 

/. Number of rivets required per pitch = ^ = 1 (as whole 
numbers only are possible). 

. •. A single row of rivets are required on each side of the 
joint with a pitch of 3J ins. 

Collapse of Thin Pipes under External Pressure.— 

If thin pipes are subjected 
to external pressure there 
will be hoop compression 
stresses which may be cal¬ 
culated by the same formulae 
as we have obtained for the 




Fio. 6B. 


collapse before the crushing 
reached, this collapse being sh 
by buckling. 


hoop tension due to internal 
pressure. If there is any 
inequality in the pipe bend¬ 
ing stresses will be induced 
which will cause failure by 
strength of the material is 
ailar to the failure of columns 


Fig. 55 shows some of the forms of collapse of such tubes. 
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Fairbairn’s Formula. —The first well-known experiments 
on the subject were made about 1860 by Fairbairn. His 
formula is 

806,300 t 21 * 
v ~ Ld 

p — collapsing pressure in lbs. per sq. in. 
d = diameter of tube in inches. 
t = thickness „ „ 

L — length of tube in feet. 


Board of Trade Rule.— 


c . 60000 

Safe pressure = ^ l)d 

- 90000 1 2 
" (L+l )d 


for single-riveted lap-welded tubes 

for welded or double-riveted butt- 
jointed tubes. 


Stewart’s and Illinois Experiments.*— These recent 
experiments were made with great care and proved that 
except for tubes of length less than about 5 diameters the 
collapsing pressure is practically independent of the length, 
so that Fairbairn’s and the Board of Trade Rules are not 
applicable. 

Fig. 66 shows the results of Professor Stewart’s experiments 
for 4 and 7 in. tubes; it is clear from this that beyond a 
certain thickness the collapsing pressure is practically pro¬ 
portional to the thickness. The Illinois experiments confirmed 
this. 

The following formulae are given :— 

Very thin tubes ^ j •< - 03^— 

Brass: p = 25,150,000( (Illinois) 
Cold-drawn seamless steel: p = 60,200,000 (Illinois) 


Stewart finds that the same formula holds for lap-welded 
Bessemer steel tubes. 

* Am. Soc~ Mtch . E. 1906 (Reid T. Stewart); Illinois University 
Bulletin, 1906 (A. P. Carman and M. L. Carr). 
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Tubes in which ^ > ‘03— 

Brass: p = 93365 ^ — 2474 (Illinois) 
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Fig. 56. —Collapse of Tubes. Stewart's Experiments. 
Seamless cold-drawn steel: p = 95520 ^ — 2090 (Illinois) 

Lap-welded Bessemer steel: p = 83270 ~ — 1026 (Illinois) 

- 86670 j - 1386 (Stewart) 











CHAPTER V 

BENDING MOMENTS AND SHEARING FORCES 
ON BEAMS 

Definitions. —The shearing force at any point along the 
span of a beam is the algebraic sum of all the perpendicular 
components of the forces acting on the portion of the beam 
to the right or to the left of that point. 

The bending moment at any point along the span of a beam 
is the algebraic sum of the moments about that point of all 
the forces acting on the portion of the beam to the right or to 
the left of that point. 

As the beam is in equilibrium under the forces acting on it, 
the algebraic sum of the forces at any point, and of the 
moments of the forces about the point, acting on both sides 
must be nothing; so that we shall get the same numerical 
values for the shearing force and bending moment from 
whichever side we consider them, but they will be opposite in 
sign. We will, wherever convenient, consider the shearing 
force and bending moment of the forces to the right of the. 
section, jind we will take an upward shearing force and an 
anti-clockwise bending moment as positive, the downward and 
clockwise being taken as negative. 

Bending Moment and Shearing Force Diagrams.— 
If the bending moment and shearing force at every point of 
the span be plotted against the span and the points thus 
obtained be joined up, we shall get two diagrams called the 
Bending Moment (B.M.) and Shear diagrams, and from these 

dingrft.mil the values of these quantities can be read off at 

121 



122 THE STRENGTH OF MATERIALS 

any point of the span. We will consider the forms of these 
diagrams for various kinds of loading and for various ways of 
supporting the beam, but will only consider beams with fixed 
loads. We will use M, and S, to represent respectively the 
bending moment and shearing force at a point V. 

B.M. AND SHEAR DIAGRAMS WITH FIXED LOADS 

A. Cantilevers,* i.e. beams fixed at one end and free at 
the other, the loads being all at right angles to the length 
of the beam. 

Cask 1. Cantilever with One Isolated Load. —Let a 
cantilever, fixed at the end b, Fig. 57, carry an isolated load 
W at the point a, at distance l from b. Consider any point p 
at distance x from a. 

Then we have S,. — W. 

This is constant throughout the span. 

.'. Shear diagram is a rectangle of height W 
Again M, = W x * 

This is proportional to x. 

.*. B.M. diagram is a triangle whose maximum ordinate is 
W l, this being the bending moment at the point B. 

Case 2. Cantilever with Two Isolated Loads. —Since 
the B.M. and shear at any point are defined as the sum of 
the moments and the forces to the left of that point, it 
follows that the B.M. and shear diagrams for a number of 
loads can be obtained by adding together the diagrams for 
the separate loads. In the present case, in which we have 
loads W 1 and W 2 at distances and l. t from the fixed end, 
the diagrams are obtained by adding together the separate 
diagrams as shown in Fig. 57 (2). 

Cash 3. Cantilever with Uniform Load. —Let a uni¬ 
formly distributed load of to tons per foot run be carried by a 

* According to our convention the shears and B.Ms. for all the cases 
of cantilevers that we consider are negative. There is, however, no 
need to give the sign, unless both positive and negative values ooour in 
the same beam. 
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cantilever ab of span l . Consider a point p at distance x 
from the free end a. Then 



Uniform and isolated Loads 


Fia. 67.—B.M. and Shear Diagrams (or Cantilevers. 


S r =* load on a p 
= vox 

This is proportional to x, therefore the shear diagram is 
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a triangle, the maximum shear occurring at the end b, and 
being equal to or W, if W is the total load on the 
cantilever. 

M, ■■ moment of load to x about P 
x 

W X 2 
" 2 ~ 


This is proportional to x a , and therefore the B.M. diagram 

will be a parabola with vertex at a. The maximum B.M. 

... , , . tv l 2 W l j , 

will be equal to - g ~ or -g- and occurs at b. 


Case 4. Cantilever with Isolated Load and Uniform 
Load. —In this case, as in Case 2, the shear and B.M. diagrams 
are obtained by drawing the separate diagrams in accordance 
with Cases 1 and 3, and then adding them together as shown 
in the figure. 

Case 5. Cantilever with Uniformly Increasing Load. 
—Suppose a cantilever a b carries a load which increases in 
intensity uniformly from the free end a to the fixed end b, 
Fig. 58. This occurs in practice in the case of a vertical wall 
or side of a tank subjected to water pressure. 

Let the intensity of load at unit distance from a be w tons 
per foot run, then the intensity at any point p at distance * 
from A will be equal to to x. The intensity of load at B will 
be to l, and the total load equal 


to l , tv l 2 
2 x 1 = 


W 


S, 


total load to left of 


x 

w x x y 


w x‘ 


P 


Shear diagram is a parabola with vertex at Aj, the 
maximum shear at b being equal to W. 

M, = moment of load to left of p 
w x 2 x to ** 
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B.M. diagram is a curve whose ordinates vary as a^, 
such curve being called a parabola of the third order. 



U)P w l 

The maximum B.M. at b is equal to -g- » -g- 
The diagrams then come as shown in Fig. 58. 
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Case 6. Cantilever with Irregular Load System.— 
Graphical Method. —Suppose a number of loads 0,1, 1,2, 
and so on, Fig. 68, act on a cantilever. To obtain the shear 
and B.M. diagrams set down 0,1; 1,2; 2,3, &c., down a vector 
line 0,6 to represent the forces to some convenient scale, and 
take a pole p at some convenient distance p from the vector 
line 0,6 and join p to each of the points 0 to 6 on the vector 
line. 

Now across the lines of the forces draw a g parallel to P o; 
across space 1 draw a b parallel to p 1; across space 2 
draw 6 c parallel to P 2, and so on until the point / is 
reached. 

Then abcdef g is the B.M. diagram. 

To obtain the shear diagram, project the points 0-6 on the 
vector line across their corresponding spaces, the line through 
the point 0 being drawn right across the span, the stepped 
figure thus obtained being the shear diagram. 

Proof.—C onsider any point p along the span, and produce 
ab and be to cut the corresponding ordinate p t p„ of the link 
polygon at V and c' respectively. 

Now consider the As a p x b' and p 01. 

They are similar, and as the bases of similar triangles are 
proportional to their heights, we have 

?! b' a p, 

0,1 “ p 

.♦. p x r, V = 0, 1 X a p, 

But 0,1 x a P x =* moment of force 0, 1 about p. 

p x Pj b' — moment of force 0, 1 about p. 

Similarly it follows that 

p x b' c’ — moment of force 1, 2 about p, 

and p x c' p 2 = moment of force 2, 3 about p. 

. We see that px p,p, = p (P! b' + b' c' + o’ p 2 ) 

= moment of all forces to right of p about p. 
= M„ 

.'. Since p is a constant quantity, it follows that the ordin- 
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ates of the link polygon represent the bending moments at 
the corresponding points of the beam. 

Now consider the shear S at p. The total force to the right 
of P is 0, 1 + 1, 2 + 2, 3 = 0, 3, and this is obviously the 
value given on the shear diagram. 

Scales. —In all graphical constructions it is extremely 
important to state clearly the scales to which the various 
quantities are plotted, and to see that such scales are con¬ 
venient for reading off. 

Let the space scale be 1 in. = x feet 
and the load scale on the vector line 1 in. = y tons 
and let the polar distance be p actual inches. 

Then the scale to which the bending moments can be read 
off is 1 in. = p X x x y ft. tons. 

p should thus be chosen so as to make this a convenient 
round number. 

To take a numerical example, suppose the space scale is 
1 in. b 4 ft. and the load scale is 1 in. = 2 tons, then if p 
is taken as 2A ins. the B.M. scale will be 1 in. = 4 x 2 x 2i 
= 20 ft. tons. 

If p has been taken as 2 ins. the B.M. scale would have 
come 1 in. = 16 ft. tons, which would not be nearly such a 
convenient scale. 

B. Simply Supported Beams.*— ». e. beams simply 
resting on two supports, the loading all being at right angles 
to the length of the beam. Unless it is definitely stated to 
the contrary, we will always take it that the supports are 
at the ends of the beam. 

In simply supported beams the forces acting are the loads 
and the reactions at the supports, the sum of the reactions 
being equal to the total load, and their values being obtained 
by means of moments. As the ends are freely supported, 
there can be no bending moment at either end. 

We will now consider the following standard cases :— 

Case 1. Isolated Load in any Position. —Let a load W 
be supported at a point o on a beam a b (Fig. 59) of span l % 
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the distances of the point c from b and ▲ being b and a 
respectively. 

Then to get the reaction R* at b take moments round ▲. 

Then R„ x l = W x a 
D W x a 

- —-j 

q. .. i t> w x 6 

Similarly R A « — j — 


Now consider a point p between b and o. 



O 


Fiq. 59.—Simply Supported Beams. Isolated Load. 
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In the case of the cantilever there was no need to dis¬ 
tinguish between positive and negative shear because there 
was no change in direction of the shear; but in the present 
case there is a change in direction, and so we will use the 
rule given on p. 121. 

Now considering the bending moment, 


M f = R„ x x = 


W .a^z 
l 


This is proportional to x , and therefore the B.M. diagram 
between b and c will be a triangle, the B.M. at c being equal 

to . If p were between eand a and at distance x' from 

▲ we should have 


M P - R H (Z - x') - W (Z - - b) 

= R b Z - R b - WZ + W S + W b 
= x'(W-R b ) + W6-I(W- R b ) 

- R a . + W b -1 r a 

_wt£' + Wi-wt 

_ W6z' 

~ l 


This is proportional to x\ and therefore the B.M. diagram 
between A and c is also a triangle, the whole diagram then 
coming as shown in the figure. 

Cash 2. Isolated Load at Centre. —This is a special 

case of the preceding one, in which o = 6 ^ 

W 

Each reaction is now equal to -g and the ma xim um 


B.M. 


W x * f x J WJ^ 

l = 4 


Case 3. Uniform Load over Whole Span.— Let a uni¬ 
form load of w tons per ft. run cover the whole span a b, and 
consider a point o at distance x from b. 

K 
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In this case the two reactions will, from symmetry, be equal, 
and each have the value ^ or ~ 

Then S„ =* R. — vox — w 

This is a linear relation, therefore the shear diagram will 

tv l 

be a triangle as shown, having values ± at the ends and 
changing sign at the centre. 



Fio. 89o. —Simply Supported Beams. Uniform Load. 


Now consider the bending moment. 

M 0 = B i xi-ui*x ~ 

wlx wx 2 w n 

« -- _ - J (lx - *•) 

This depends on x 2 , and therefore the B.M. diagram will 
be a parabola. 

The maximum B.M. will occur at the centre— i.e. when 

l 

" 2 ' 


x 
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Then maximum B.M. = | {(^) - (-)*} = % (£ -~ i) 


w l* wl» Wi 
2 X 4 “ 8 ° r 8 


Case 4. Uniform Load over Portion of Span. —Let a 
uniform load of w tons per foot run and of length e d equal 
to l be placed on a beam a b of span l, and let the centre c 
of the load be at distance a and b respectively from a and b. 

Then, if total load u> Z = W, 


R. 


Wd ^ 

— and R a 
L 


W4 

L 


The shear between b and v will be constant, and will be 
Wa 


equal to 


between d and e the shear will decrease 


uniformly until at E the shear will be equal to 


R. - W 



- W 6 

L 


Rm 


between e and a the shear will be constant and equal to 
— Wb 

—-—*, the shear diagram then coming as shown on the 
L 

figure. 

The point k at which the shear is zero can be found as 
follows. Let it be at distance x from the centre c of the 
load. 


Then S* * R„ — w — x^ = 0 
W a wl 

i.e. —-2~ + wz = 0 

w l 


The B.M. diagram can be drawn by setting up a length 

W l 

c a f « -g , ♦. e. the bending moment at the centre of the 
short span s d, then produce c a f to g, making f a equal to 


Wa _ 

w l 

wla 

L ** 

2 

L 

al _ 

«G 

- a \ 

17 ~ 

L/ 
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c 8 f and join o to E a and D a , and produce to meet the reaction 
verticals in a 8 and b 2 . Join a 8 b 8 , and we then have the B.M. 
diagram as shown. 

To prove that this gives the correct diagram, consider the 
bending moment at a point at distance x from the centre of 
the load. 


ThenM x 
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Then since curve 

is a parabola— 

FC 2 -ON 

- f— l V 

FO, 

W l 

T - ON 

\0 2 D a / 

X 2 

W l 

” l* 

8 

4 

W l _ 

W1 4 x* 


■S -ON = 


or o n = 


W1 


8 X l* ~ 

Wi s 

2 r 


wx* 

21 


NP = P J — JO + ON 


Wo (6 — a;) 


Wo 

L 

Wo 

L 

Wo 

L 

Wo 

L 


(6 - x) 
(6 - x) 
(6 - x) 
(b - xf 


W 

2 

W 


WJ 

8 ' 


a -») 

>V /x* J 4 P 
1 V 2 8 + 4 “ 

ff-T+s-) 

(4 -'* + *’) 

5«- *)' 


/ X'N 

2 J 


W 

1 

W 

2 i 

w 

2 


Wx* 

21 


Comparing this with (1) we see that n p gives the B.M. at 
the given point. 

We shall prove later (p. 149) that the B.M. is a maximum 
at that point of the span where the shear is zero, and so the 
vertical through K will give the maximum ordinate of the 
B.M. diagram. 

Alternative Construction. —The following alternative 
construction is usually more accurate in practice. On a hori- 

W 06 

zontal base A, B lf Fig. 60, set up 0 , M equal to-, i. e. the 

L 

B.M. due to an isolated load W placed at c, the centre of the 
load. J oin m a 2 , m b 2 , cutting the verticals through e and d in n 
and D respectively, and Join n d. On e,d 2 draw a parabola 

WI 

E a q D a of height equal to -g- (the B.M. due to a uniform 
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load on a span e d), then the B.M. diagram comes as shown 
shaded. If it is desired to have the diagram on a straight 
base, the parabola may be drawn on the inclined base N d as 
indicated in dotted lines. The proof of this construction is 
left as an exercise to the student. 

Case 5. Irregular Load.—Graphical Construction.— 
Let a number of loads W v W 2 , W 3 , and W 4 , be placed any¬ 
where along a span a b. Number the spaces between the 
loads and set down, 0, 1; 1,2; 2, 3; 3, 4, as a vertical vector 

__i_ 



FlQ. 60.—Alternative Construction for Uniform Load ovei 
Portion of Span. 


line to represent the loads to some convenient scale, and in 
any position take a point p at convenient polar distance p 
from the vector line, and join p 0, P 1, P 2, etc. 

Across space 0 then draw a b parallel to P 0; across space 1 
draw be parallel to p 1 and so on until e / is reached, this 
being parallel to P 4. 

Join a /, then the figure a, b, c, d, e, /, a, will give the B.M. 
diagram for the given load system. 

Now draw p x parallel to a /, the closing link of the link 
polygon then on the vector line, 4 x = R„ and x 0 = R,. 

To draw the shear diagram, draw a horizontal line through 
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x right across the span: this gives the base line for shear. 
Now project the point 0 horizontally across space 0; project 
point 1 across space 1 and so on, the stepped diagram thus 
obtained being the shear diagram. 

Proof. —Produce the links cb, d c, e d, f e back to meet the 
vertical through a in b\ c', d\ e\ and let the first link a b 



Fio. 61. —Graphical Construction for Shear and B.M. Diagrams. 

produced meet the last link e f in y. Then the point y is 
the point through which the resultant of the loads acts. 

Now the triangles abb' and 0 p 1 are similar. 

. ab' 0,1 . 

\ P 

• cs h ' ^ ^l X 

P P 

_ moment of first load about a 

... ' 
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similarly b' c' = 
and so on 


moment of second load about ▲ 


a e' = ab' + b' c' + c' d' 4- d' e' 

__ sum of moments of loads about_A 

.. V 

but R b X L = sum of moments of loads about a 
R tt x L 
V 

Now consider As ae' f and x4p; they are similar: 
a e 4 x 


ae= 


4 x = 


p x ae 


R. 


Similarly x 0 = R A 

Now consider any point r along the span. 

S* = R„ — W 4 

= 4x — 3, 4 = 3x 

but the ordinate s of the shear diagram is equal to 3 x , and 
therefore the stepped figure gives the correct shearing force at 
any point. 

Let the vertical through r cut the B.M. diagram in Rj R a 
and f e produced in e 2 . 

Then by exactly similar reasoning as before 
moment of R„ about r 


Ri e 2 — 


Rj> e 2 — 


moment of W 4 about R 
V 


Rj Rf — Rx ^2 ““ Ra 

mom ent of R, — mo ment of W 4 about r 
V ~ 

an M* 

- P 

• *. M a mm p X Rj Rj 

The ordinate of the B.M. diagram represents the B.M. 
at any point. 
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Scales. —As in the case of the cantilever (p. 126), if 
1" => x feet is the space scale and 1" «= y tons is the force 
scale, and if the polar distance is p actual inches, then the 
vertical ordinates of the B.M. diagram represent the bending 
to a scale 1" = p x x x y ft. tons. 

Note. —In this construction the bending moment R, Rj 
is measured vertically and not at right angles to the closing 
line o /. 

Case 6. Irregular Load—Overhanging Ends. —The 



Fio. 62.—Beam with Overhanging Ends—Graphical Construction. 

construction just described is equally applicable to the case 
where the ends are overhanging. Fig. 62 shows such a case. 
Set out the loads down a vector line as before and take any 
pole p. Now draw a b parallel to P 0 across space 0, i.e. 
between the support vertical and the first force line. Then 
draw b c parallel to P 1 across space 1 and so on, the last link 
e / being drawn between the last force line and the reaction 
vertical. Joining a j we get the B.M. diagram as shown. 

To get the shear diagram draw p 6 parallel to a /, then the 
horizontal through gives the base line for the shear between 
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A and B. The shears in the end spaces will be equal to the 
end forces 0, 1 and 3, 4 respectively, as shown on the figure. 

This graphical loading is applicable to all kinds of loading , 
and any of the previous standard cases can be worked by its 
means. In the case of a continuous load the latter should 
be divided up into a number of small portions, and the load 
in each portion treated as an isolated load acting down the 
centre of such portion. 



Fig. 63.—Simply supported Beam with Uniformly Increasing Load. 

Case 7. Uniformly Increasing Load.— Suppose a beam 
A B carries a load which increases in intensity uniformly from 
the end B to the end a. Let the intensity of the load at unit 
distance from b be w tons per ft. run; then the intensity at 
any point p at distance x from b w ill be equal to w x (Fig. 63). 
The intensity of the load at a will be equal to w l , and the 

total load W will be equal to w l x \ 
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The resultant load W acts through the centroid of the load 
curve, i.e. at distance * from a. 

O 


R, = 


vv 


3 

t» 2W 
R a - 3 

Then S r = total load to right 
W w x* 

“ 3 2 

This depends on x * and therefore the shear curve is a parabola 
The point Oj is obtained as follows— 

-1-1' 

W .T* W W P 


X 2 — 


3 ' 

P 

3 

l 

V 3 


2x3 


•577 l 


M r = lt n x x — 


t/- x* 


x 

3 


W x 
3 


w x •’ 


This depends on x 8 , and so the B.M. curve is a parabola of the 
third order. 

The maximum B.M. occurs at the point of zero shear (see 
p. 149), i.e. when x = J ~ 

*. Maximum B.M. — '^7 — M ^ 

3^3 18 V3 

. WIi 1 _ 1 \ 

**3\/3 9 V 

^ 2 Wf _ 2 WiV3 

"* 9 3 ~~ 27 

- 128 Wi. 

The B.M. and shear curves then come as shown in the figure. 
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Cass 8. Uniformly Loaded Beam with both Ends 
Overhanging. —Let a beam of span l be loaded with a uniform 
load of tv tons per foot run, and let it overhang a distance 
x at eaoh end, the distance between the supports being l. 

The overhanging portions act as cantilevers, and the shear 
and B.M. diagrams for such portions will be as shown. The 
B.M. for the centre portion will be a parabola drawn on the 
base shown dotted, the resulting curve being as shown cross- 
hatched. 

UfTona ber ft. 

OOOOQOCiOQQQQQQOQQQCQO. 



Fig. 63a.—Uniformly Loaded Beam with Overhanging Ends. 

If the load on the oentre portion of the span were removed, 
the B.M. diagram would consist of the two end parabolas 
and the dotted line. This B.M. is opposite in direction to 
that due to the centre portion, and therefore on replacing the 
centre load and drawing the parabola, the resulting curve is 
the difference between the two as shown. 

To find the value of x to get the least resultant B.M. we 
proceed as follows. 

As x increases, the B.M. at the supports increases and the 
resulting B.M. at the centre decreases, so that the least 
B.M. will occur when the support B.M. is equal to the centre 
B.M. 
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The support B.M. *= 

The centre B.M. = ~ 

• o 2 

T# ji , wx 2 wl 2 W X 2 

If these are equal 0 ~ = ©- 0 - 

O 6 


l 

X = - 

2 \/ 2 

. _ l 

• • l“Z + 2x-—T" 

+ V"2 
1 2 


, , V 2 2 -f V 2 

2 



« 2 - V2 = *586 


This gives the position at which the legs of a trestle table 
should be placed to give the maximum strength to the latter. 

Case 9. Uniformly Loaded Beam with One End 
Overhanging. —A beam a b, Fig. 64, of span l is supported 
at one end a and overhangs the support c at the other end; 
we wish to find, with a uniformly distributed load, the position 
of the support o which will be most economical—t. e. give the 
least bending moment. 

If the length of the overhanging portion b o is l 2 and the 
distance a o is l lf the B.M. diagram will be as shown shaded in 
the figure; the portion B l d is a parabola tangential at b x and 
is the familiar diagram for a cantilever with a uniformly dis¬ 
tributed load ; the portion a g o x is a parabola of height W ~* 

o 

the usual one for a freely supported span a o ; and a x d is a 
straight line. 

The maximum positive B.M. will be given by kj, which 
will be equal to — since the B.M. between the point 
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▲2 and the point b of contraflexure will be the same as foi 
a freely supported beam of span AjB, and the maximum 
negative value is given by c* d. Our problem resolves itself 
into find the position of o to make j k or Oj d the least 
possible. 

Now, if you move the point c to the left, o x x> will increase 



and kj will decrease, whereas if c moves to the right the 
converse happens. If, therefore, c 1 d «kj, movement of 
o will increase one or the other, so that the least value of 
either occurs when they are equal. 


This gives 


w (l x — a) 1 w Z a 2 
8 * 2 


i.e. (l x - a) 2 -4 f 2 2 
or - a) - 2 / 2 . 


a) 
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Again, by the property of the parabola 

2 ~%) .< 2 > 

'this can be found by taking the B.M. at e for the span 
A} Cj; also by similar As. 


c x D 

. w l 2 2 L — a 

i.e. bp = - 2 2 x 


Combining (2) and (3) we get 


h~ “) 


wlf l x — a 
2 * 1 “ 


or, a — 


Putting this result in (1) we get 

li~ l f = 2Z, 

i.e. — 2Z 2 — / 2 2 = 0 ..(5) 

The solution of this quadratic equation gives, taking the 
positive root— 


i 1 = ^ h - V l 4 -- = 1 + V~2 = 2-414 


_ h + ^2 


= 1 + 2-414 = 3-414 


° r ’ l * ~ 3 T 4l4 


». e. l 2 = *203 l 


In this case the maximum B.M. will be equal to 
wl 2 2 w x (*293 L) a w l 2 
2 " 2~~ ~~ 23*3 

It will be of some interest to compare this result with that 
which would occur if each end were overhung and the sup¬ 
ports were placed so as to give the least B.M. for this condition. 

In this case the best condition is given when the overhang 
is *207 l. This gives a maximum B.M. equal to 

w x (*207 l)* w l* 

-*2- 46-6 appr0X - 

which is half that for the previous ease. 
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Steps in Shear Curves.—In practice it is impossible to 
get absolutely sharp steps in shear diagrams, because the 
load cannot be transmitted at a mathematical point, but 
must be distributed over a short length. This has the effect 
of slightly rounding off the corners of the shear diagram as 
shown exaggerated in dotted lines on Fig. 65a. 

Numerical Examples.—(1) A freely supported beam of 
20 ft. span carries a uniformly distributed load of 5 tons , and 
isolated loads of 3 and 2 tons, at distances respectively of 4 and 
5 ft. moment from the ends (see Fig . 65). 

We have first to get the reactions R* and R B . 

Take moments round b. 

R a X 20 = 5 x 10 + 3 x 16 + 2 x 5 
= 50 + 48 + 10 = 108 

R a = 2Q = 5*4 tons 
R b =10 — 5*4 = 4*6 tons. 


The shear diagram then comes as shown in the figure, the 
amounts of the steps being equal to the isolated loads. The 
point at which the shear is nothing is found as follows— 

Let it be at distance x from b. Then 


S, 


0 = R 
= 46-2- 

= 2*6 - 


2 — w .x 
5 x 
20 
x 


x 

• _ 
• • 4 


2*6 


x = 10 4 feet. 


The B.M. at this point will be a maximum, and will be 
equal to 

M* - R, x 10*4 - 2 (10-4 - 6) -i . ^ 

- 47*84 - 10*8 - 13*52 
= 23*52 ft. tons. 

The B.M. diagram will consist of a parabola for the uni* 
formly distributed load, the mu. ordinate of whioh is equal 
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5 x 20 

to —q— = 12*5 ft. tons. The B.M. diagram for each of 
o 

the isolated loads will be a triangle, the respective heights 

being -go-= 9'® tons, and -“ 7*5 ft. 

tons. Combining these three figures we get the B.M. diagram 


sTons Zlons 



Fig. 65. 


shown on the figure, and on scaling off the maximum ordinate 
it will be found to be 23*5 tons. 

Note. —In all constructions where diagrams are going to 
be added together, such diagrams must of course be drawn 
to the same scale. 

(2) A girder of 24 ft. span is supported at one end , and rests 
on a column at a point 6 ft. from the other end . The girder 
carries a uniformly distributed load of 6 tons and an isolated 

load of 2 tons at the free end . Draw the shear and B.M. curves . 
L 
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To find the reactions take moments round a (Fig. 65a). 
Then 

18 R, - 6 x 12 + 2 x 24 - 120 
R, = = 6$ tons 

R, ■■ 8 — 6J ■■ 1J tons. 
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The shear at o will be = 2 tons. It then increases until the 
point B is reached, when its value becomes equal to 3*5 tons. 
It then suddenly changes sign to a value 3*17 tons and then 
decreases uniformly to the end a, where the value comes 1*33. 
The shear diagram then curves as shown in the figure, the 
dotted lines indicating what occurs in practice owing to the 
impossibility of getting the loads and reactions concentrated 
on a mathematical point. 

Considering first the B.M. for the isolated and uniform 
loads separately, the B.M. curve clue to the isolated load will 
come as shown in the figure, the B.M. at b being equal to 6 x 
2 =* 12 ft. tons. Now, considering the uniform load, the 
diagram for the portion b c will be a parabola with vertex 

wl* 1 6 a 

at o, the ordinate b x d at b x being = g 55=5 4 x 2 “* * ® 

tons. Then between b and a the B.M. curve due to this 
overhanging load will be the straight line a 1 d, as such over¬ 
hanging load requires an isolated balancing load at a. 

The B.M. curve for the portion a b will be a parabola of 
nil 2 1 IS 2 

central height ** 5=5 4 x 5=8 10*12 ft. tons, the shaded 

portion being the resulting curve for the central and over¬ 
hanging portions of the uniform load. Combining these 
diagrams we get the resulting B.M. curve as shown, the 
max. B.M. occurring at b, and being equal to 10*5 ft. tons. 

Relation between Load, Shear and B.M. Diagrams. 
—Let a o' d' b, Fig, 66 , represent the load curve on a span a b. 
Take any point P along the span, and consider a short 
piece 0 D of the load, the centre of which is at distance x 
from p. 

Then the shear at p due to this piece of the load will be equal 
to the area of the portion 0 d of the load curve. Therefore the 
total shear S F at p will be equal to the area of the load curve 
up to that point. 

But a sum curve * is such that its ordinate at any point 

• See p. 162. 
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represents the area of the primitive curve up to that point. 
Therefore the shear curve is the sum curve of the load curve. 

Suppose b' F k o a' is the sum curve of the load curve. 
Now consider the B.M. at p. 



Fig. 66.—Relation between Load, Shear and B.M. Diagrams. 


The B.M. at p due to the portion o n of the load 
= given portion of load x x. 

Now if E and f are the corresponding points on the shear 
curve, the difference of the ordinates at e and f gives the 
load on the portion o d. 

Load on portion o d > i f,. 

B.M. at p due to portion od <=eF[ x *. 

Shaded portion e f f, b, represents the B.M. at p due 
to the portion o d of the load. 
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Total B.M. at p =» M r =» area of shear diagram up to p. 

Thus the B.M. curve is the sum curve of the shear curve . 

So that by drawing the sum curve B J H of the shear curve 
we‘get the B.M. curve. 

Scales. —If 1" = x tons per foot is the scale of the load 
curve, and p x is the polar distance measured on the space 
scale for obtaining the shear curve, then the scale of the 
shear curve 1" = p x x tons. If p 2 the polar distance from 
which the B.M. curve is obtained, measured on the space 
scale, the B.M. scale will be 1" « p 2 Pi x f°°t tons. 

Point of Maximum B.M.—If the B.M. is a maximum, the 
tangent to the curve at this maximum must be horizontal, 
and therefore the corresponding ordinate on the shear diagram 
must be zero in order for the line through the pole to be also 
horizontal. 

Thus we get the rule that the maximum B.M. occurs where 
the shear is zero. 

The base lines s s and m m of the shear and B.M. curves 
depend on the manner in which the ends are fixed. If one 
end is free, the shear and B.M. at this point are zero. If 
one end is freely supported the shear at this point will be 
equal to the reaction, and the B.M. will be zero. 

The above relations are expressed mathematically as 
follows : Let the load at any point at distance x from the 
origin be F (x) 

Then the shear at the point will be = f . F (a:) d x + c x and 
the B.M. will be = J J F (x) d x + c x x + c 2 . 

The integration constants c x and c 2 depend on the manner 
in which the ends are fixed, and correspond to the base lines 
above referred to. 

A Template for Bending Moment Diagrams.— For 
Various Cases of Uniformly Distributed Loads.— In 
designing beams carrying uniform loads it is necessary in 
order to draw the Bending Moment diagrams to draw para¬ 
bolas ; the usual procedure is to draw the parabolas for the 
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special arrangement of the loads and for the particular 
manner in which the beams are supported, this involving 
a good deal of geometrical construction. A template oan, 
however, be used to serve for a large number of cases in 
the following manner— 

On a base ▲ B, Fig. 67—for convenience say 5 ins. long— 



draw by the usual construction a parabola ado with vertex 
at A, the height b o being for convenience equal to A B. 

A template of the form A B o d can then be made, a 45° 
set-square being a convenient form to cut it from. A pro¬ 
jection is preferably provided as shown to avoid a sharp point 
which is liable to break off. By means of this template and 
a suitable choice of scales, the Bending Moment (B.M.) 
diagrams for a large number of cases can be then drawn as 
follows— 
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Cash 1. Cantilever fully Loaded.— Draw the span e f, 
Fig. 68, to a suitable scale, so that e f is not larger than a b ; 
erect a vertical at the fixed end F and place the template on 
the.paper with the point a coinciding with the free end E and 
draw in the curve to the point o where it meets the vertical 
through b. The B.M. diagram is then as shown shaded. 

Scales .—If the intensity of the load is w lbs. per foot run, then 
the B.M. scale will be the square of the space scale multiplied 

by Take for instance the oase where the space Beale is 



1 in. — 2 ft. and the load is 1000 lbs. per foot run; then B.M. 
scale is 1" - - —£ ■ ■■ ^ X ) - 10,000 ft. lbs. 

Case 2. Simply-supported Beam fully Loaded. —In 
this case, Fig. 69, we draw e, Fi to represent the span and 
we draw as before a vertical Fj o x at one end; the template 
is then placed on the paper with the point a coinciding with 
the point e x at the other end of the span and the curve is 
drawn until the vertical is cut to the point c^. Now join 
o x Ex, the B.M. diagram then coming as shown shaded, the 
Bending Moment at any point h being found by projecting 
vertically and measuring the height x as shown. 

The scales are obtained as previously described. 
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Case 3. Uniformly-loaded Beam Overhanging the 
Support at one End. —In this case, Fig. 70, we place the 
template on the paper with the vertex of the parabola at the 
overhanging end f 2 and draw in the curve until we meet at 
l the vertical through the other end e 2 ; then join l to the 
other support point K, the shaded area giving the B.M. 
diagram, the Bending Moment at any point being read off 
by projecting vertically as explained in the previous case. 



At points such as m where the B.M< diagram crosses itself, 
the Bending Moment changes sign; this of course corresponds 
to a reversal of the tension and compression flanges of the 
beam. 

Case 4. Uniformly-loaded Beam Overhanging at 
each End. —To obtain the B.M. diagram in this case with 
the aid of the template, we place the template on the paper 
with the vertex of the parabola coinciding with one end e $ 
(Fig. 71) and draw the curve until we meet the vertical through 
the other end at Q. 
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Join Q to the mid-point B of the span, the line Q a cutting 
the vertical through the support p at the point s. Finally 
join s to the other support point N, the B.M. diagram then 
coming as shown shaded in the figure. 

Case 6. Uniformly-loaded Continuous Beam of Two 
Equal Spans. —We can get the B.M. diagram in this case 
with the aid of the template by placing it on the paper with 
the vertex coinciding with the end support e 4 and drawing 
in the curve until it intersects at the point o 3 the vertical 
through the centre support o s ; then by reversing the template 
and commencing the curve at the other outside support e 6 
we shall get the reversed curve going from g 3 to E t as shown 
in Fig. 72. 



A length g 3 t is then set down from o 3 of length equal to 
$ g 3 f 4 and, by joining t to e s and e 4 , we get the B.M. diagram 
as shown shaded in the figure. The student should check 
the correctness of this method after reading Chap. XV. 

The scales are obtained as previously explained. 

Numerical Example.— Take a continuous beam of two equal 
spans each 16 ft. long, each span being covered by a load of 
1500 lbs. per foot run. 

Taking a linear scale of 1" 4 ft., e 4 f 4 will be 4 ins. 

Then the B.M. scale will be, as explained above, 

1 " - **-* J ®“ _ 16 x ** 1800 - 60.000 ft. 11*. 

If the distance g 3 t be measured, it will be found to oome 
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equal to ‘8 inch with a template of the dimensions suggested 
in Fig. 67. 

Maximum B.M. -‘8 X 60,000 — 48,000ft. lbs. 

The B.M. at any other point v can be obtained by reading 
off the vertical ordinate x to this scale. 


In the case of a beam supported freely at one end and 
securely fixed at the other, the B.M. diagram will come the 
same as one-half of that shown in Fig. 72, the point e 4 being 
the freely-supported end and the point r 4 the fixed end. 

A number of other cases might be given, but we think 
that the above are sufficient to show that a template of thin 
kind would be of considerable assistance to draughtsmen for 
obtaining the B.M. diagrams for a variety of cases. 

In some respects the template would be more easy to make 
if it were made of the shape adob,, Fig. 67, because the con¬ 
vex curve can be somewhat more readily shaped. If, instead 
of the given dimensions for a b and b c, other values are taken, 
the rule for scales must be correspondingly amended, bearing 


in mind that B o should represent —for the B.M. scale to 


be equal to the square of the space scale when w *= 1. If b o 
has not this value, then the B.M. scale will vary in the inverse 


ratio. 


B.M. AND SHEAR DIAGRAMS FOR INCLINED LOADS 

In all the cases that we have considered up to the present 
all the loading has been at right angles to the length of the 
beam. We will now consider some cases in which this is not 
the case, and will take both horizontal beams with non- 
vertical loads and sloping beams. The principal difference in 
this case is that there will be thrust in the direction of the 
beam, and we shall have a curve of thrust in addition to 
the curves of shear and B.M. 

The general rule is to resolve all forces, including the 
reactions, along and perpendicular to the beam. From the 
forces along the beam a curve of thrusts can be drawn, and 
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from the forces perpendicular to the beam the curves of 
shear and bending moment are drawn in the ordinary manner. 

We will define the thrust at any point of a beam as the 
sum of the components in the direction of the beam of all 
the forces to the right of it, remembering that if the thrust 
is negative it becomes a pull. 



Fio. 73.—Beam with Inclined Loads. 

Cask 1. Horizontal Beam Freely Supported sub¬ 
jected to Inclined Loads. —Let a beam a b have inclined 
forces F x and F, (Fig. 73) meeting the centre line in o and d. 
Let the end a rest on a free support and let the end b be freely 
supported, but prevented from longitudinal movement as 
shown. If the resultant of F x and F t acted towards the end 
A, then this end would have to be prevented from movement. 
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Resolve the forces F 1 and F a into vertical and horizontal 
components W x W 2 and Q 2 Q 2 respectively. 

Then R B will be inclined, the vertical component W B being 
that found by considering the forces W 2 in the ordinary 
way and the horizontal component Q„ being equal to Q 1 + Q t . 

The reaction R A will be vertical, and will be obtained by 
considering the forces W x and W 2 in the ordinary way. 

If the resultant of F t and F 2 were found it would pass 
through the intersection of R A and R H , since three forces in 
equilibrium must pass through a point. 

The shear and B.M. diagrams are then found in the usual 
way for weights W x and W 2 , and are as shown. 

The thrust diagram is obtained by plotting up at each 
point the value of the thrust, and this comes as shown. The 
same method applies for any number of loads, two having 
been chosen to give simplicity of figure. 

Case 2. Inclined Beam with Vertical Loads.—Re¬ 
actions Parallel. —Let an inclined beam a b (Fig. 74) be 
supported freely at a and pin-jointed at b. Then if it be 
subjected to vertical forces F 1 and F 2 at c and d, the reaction 
at a, and therefore also that at b, must be vertical, their 
values being found in the ordinary manner. 

Now resolve the weights and reactions along and per¬ 
pendicular to the beam, obtaining weights W„, W x , W 2 , W A , 
and thrusts Q H , Q t , Q 2 , Q A . 

Then the B.M. diagram can be drawn either on a sloping 
base a B or the projected horizontal base a 1 b v 


M d 

, * DB 

but -j 

l i 

W H X D B 


= W.XDB 


^ R. 

~ W B 
5=3 Rn h 


We see that for a sloping beam with vertical reactions 
the B.M. diagram is the same as for a horizontal beam of the 
same span as the horizontally projected length of the sloping 
beam. 
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The B.M. at a point p, for example, is obtained by drawing 
a vertical through it, a b representing the B.M. 

The shear and thrust diagrams are obtained as shown, and 
will be easily followed from the figure. 



Thruat Dta 


Fio. 74.—Inclined Beam with Lower End freely supported. 


Case 3. Inclined Beam with Vertical Loads—Top 
Reaction Horizontal. —In this case the resultant load must 
first be found. Let this resultant act down the line x x 
(Kg. 76). The reaction R b at B must be horizontal, so draw 
B X horizontal, then if this meets the line x x. R. must also 
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pass through x, so that by joining a x we get the direction 
of R A . The values of R 4 and R tt are then found by a triangle 
of forces a, 6, c. 

. Now resolve the weights and reactions as before along and 
perpendicular to a b. The perpendicular components will be 



Fig. 75. —Inclined Beam with Top End freely supported. 


the same as before, and so the B.M. and shear diagrams will 
be the same as in the previous case (Fig. 74). 

The thrusts will be different, and will be as shown on the 
figure, which will be clearly followed. 

Case 4. Sloping Cantilever. —This is worked in a similar 
manner. Consider, for example, a uniform load of intensity 
w on a cantilever of length l at an inclination 6 (Fig. 76). The 
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B.M. curve will be a parabola. Its maximum ordinate will be 
^ >ecause the total weight will be w l, and it acts at 
a distance ? from the abutment. The shear diagram 


» 



Fia. 76. 


will be a sloping straight line, the maximum shear being w l 
cos 0; the thrust diagram will also be a sloping straight line, 
the maximum thrust being w l sin 6. 



CHAPTER VI 


GEOMETRICAL PROPERTIES OF SECTIONS—AREA, 
CENTROID, MOMENT OF INERTIA, AND RADIUS 
OF GYRATION 

Before considering the relation between the Bending 
Moment and the stresses in a beam, we will consider some 
geometrical properties of sections which, as we shall find 
later, are involved in that relation. 

The Determination of Areas. — (a) Mathematical 
Method. —If F (x) represents a function of x and the graph 
of the function be drawn, then the area between graph and 
the axis of x is given by the expression 

A — f F (x)dx 

In practice, in the determination of areas, this method may 
become practically unworkable if the equation of the curve 
cannot be simply expressed or if the integration cannot be 
performed. When these conditions occur we have to rely 
on the planimeter or on the following. 

(6) Graphical Method. —If a curve be plotted on a hori¬ 
zontal base and a new curve be drawn, such that its ordinate 
at any point represents the area of the given curve up to that 
point, the new curve is called the Sum curve or Integral 
curve of the given curve, which is called the Primitive curve. 

The sum curve can be obtained graphically as follows : Let 
a o d, Fig. 77, be any primitive curve on a straight base a b. 
Divide a b into any number of parts, not necessarily equal (but 
for convenience of working they are generally taken as equal). 
These so-called base elements should be taken so small that 
m m 
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the portion of the curve above them may be taken as a straight 
line. About 1 cm. or *4 in. will usually be a suitable size and 
in most cases a smaller element 11 will come at the end. Find 
the mid-points, 1, 2, 3, etc., of each of the base elements and 
let the verticals through these mid-points meet the curve in 
1 a, 2 a, 3 a, etc. Now project the points on to a vertical 
line A E, thus obtaining the points 1 6, 2 6, 3 6, etc., and join 
such points to a pole p on a b produced and at some con¬ 
venient distance p from a. Across space 1 then draw a d 



parallel to p 1 b ; d e across space 2 parallel to p 2 6 , and so on, 
until the point n is reached. Then the curve a d e . . . n is 
the sum curve of the given curve, and to some scale b n 
represents the area of the whole curve. 

Pboof. —Consider one of the elements, say 4, and draw / o 
horizontally. 

Now A f,g t o is similar to the A p, 4 6, a 

g_o 46, a 
‘ ’ /o“ pjT 

but pa = p an d 4 6, a *» 4, 4 a 
/ o x 4,4 a area of element 4 of curve 

P 


•'•go 


P 
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cj* -1 | . area of element 3 of curve , 

Similarly / q —- - -and so on 

• •. Ordinate through g *= g o + f q + . . . 

__ areaof first four elements of curve 
V 

. •. The curve a d e ... n is the sum curve required. 


Then if b n be measured on the vertical scale and p be 
measured on the horizontal scale, the area of the whole curve 
will be equal top x Bn. 

It is obviously advisable to make p some convenient round 
number of units. 

The sum curve obtained by this method may have the same 



operation performed on it, and thus the second sum curve of 
the primitive curve is obtained, and so on. 

If the operation be performed on a rectangle, the sum curve 
will obviously come a sloping straight line, and if the sum 
curve of a sloping straight line be drawn, it will be found to 
be a parabola. In the case in which it is required to apply 
this construction to a curve which is not on a straight 
base, the curve is first brought to a straight base as 
follows— 

Suppose A e b d, Fig. 78, is a dosed curve. Draw verticals 
through A b to meet a horizontal base a' b'. Divide the curve 
into a number of segments by vertical lines at short distances 
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apart, and Bet up from the base a b lengths a v b v etc., equal 
to the vertical portions a, 6, etc., on the curve. Joining up 
the points thus obtained we get the corresponding curve 
a' c x b', on a straight base. 

(e) Simpson’s Rule. —Divide the base into an even number 
of equal parts (eaoh equal to o) and measure all the corre¬ 
sponding ordinates. 

Then area of curve is equal to 

- O / ^ w * ce 811111 °* -l f° ur times sum of __ sum of first \ 

3 \odd ordinates even ordinates and last ordinatesJ 



(d) Parmontieb’s Rule. —Divide up base and measure 
ordinates as above, then area of curve is equal to 

a sum of odd _ C / / seeond _ first \ / last preceding 1 
x ordinates Inordinate ~ ordinate / \ordinate ordinate J) 

First Moment of an Area.—Let a small element of area 
a of any figure be situated at the point p, Fig. 79, and let x x 
be any straight line or axis. Then if p n is drawn perpen¬ 
dicular to x x, a x p n is the first moment of the element of 
area about the given line. Now, if the whole figure is divided 
up into elements of area such as a, and the moments of each 
element be taken about x x and the whole of these moments 
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be added together, the resulting sum is called the first moment 
of the area. 

. The first moment of the whole area is the sum of 
quantities such as a x P N. This is expressed symbolically as 
follows— 

First moment of whole area = 5 (o x p n). 

Now the centroid or the first moment centre of an area is 
defined as the point at which the whole area can be con¬ 
sidered concentrated, in order that its moment about any 
given line will be equal to the first moment of the area about 
the same line. 

Thus if o is the centroid of the area, and o J is drawn 
perpendicular toxx, and the area of the whole figure is A, 
we have 

A x o j « 2 (a . p n) 

• oj« 2(a - PN) 

. .oj-- A - 

This will not determine the exact position of c, but only its 
distance from the given line x x. If the exact position of the 
centroid is required we must also take moments about some 
other line, not parallel toxx, then the distance from the two 
lines will determine its position. 

In connection with the centroid it should be noted that 
the position of the centroid depends solely on the shape of 
the figure, and not on the position of the axes about which 
moments are taken. As in the case of forces, we have positive 
and negative moments in areas, the moment being positive 
when the given element of area is above or to the right of the 
given axis, and negative when it is below or to the left. 

First Moment about Line through Centroid. —Now 
consider the first moment of an area about a line c c, Fig. 80, 
through the centroid. The moments of elements of area above 
the line such as that at p will be positive, and the moments 
of elements of area below the line such as that at p' will be 
negative. 

Now in this case o j is zero, and therefore A x c j will also 
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be zero, and therefore we have the rule that the first moment 
of any area about a line through its centroid is zero. 



Position of Centroid with Axes of Symmetry. —Suppose 
an area has an axis of symmetry Y y, Fig. 81. Then this line 



Fig. 81. 

divides the area into two exactly similar halves so that 
corresponding to each element of area at p having a positive 


GEOMETRICAL PROPERTIES OF SECTIONS 167 


moment about Y Y we have an equal element at p' having an 
equal negative moment about y y so that the total moment of 
the area about Y Y is zero, or y y passes through the centroid. 

. If the figure has another axis of symmetry x x, the centroid 
also lies on this line, or we have the rule that the centroid of a 
figure is at the intersection of two axes of symmetry. 

For the determination of the position of the centroid for 
various cases see pp. 175-189. 

It should be noted that the centroid of an area is the same 
as the centre of gravity of a template of the same shape as the 
area. 

Second Moments or Moments of Inertia. — The 

(force (/) 

product of a «! - by the square of its distance r from a 

[volume ( v)j /"force 

given point or axis is called the second moment of the 
about the given line or axis. [volume 

Now, in considering rotating bodies the second moment of 
the mass has to be considered, and this quantity has been 
given the name of the moment of inertia. In the application 
of the second moment to the strength of materials we shall 
have nothing to do with inertia, but the tei in moment of inertia 
has been generally adopted, and so we shall use it; but we 
must remember that it is really a borrowed term and quite 
an unsuitable one. 

Application to Areas.— If an element of area a is situated 
at the point P, Fig. 82, and p n is drawn perpendicular to a line 
x x, then the second moment of this element of area about the 
line x X is equal to a x p n 2 . If, as in the case of the first 
moment, we divide the whole area up into elements and take 
the second moment of each, we see that the second moment of 
the whole area about x x is the sum of the second moments of 
the elements. The letter I is alw ays used to denote the 
second moment, the line x x, about which the moments are 
taken, being indicated by writing it 1^. 

Thus we see I xx *= 2 (o x p n*). 
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In the same way, considering the line y y, we have 
I„ - 2 (a X P M*). 

Now suppose k is such a point that the whole area can be 
considered concentrated there so as to give the same second 
moments about x x and y y as the second moment of the 
area about these lines. 

Then A x K q* — I„ 
and A x K e* «= I TT . 

Then the point k by analogy might be called the secondroid 



of the area with regard to the axes X x and Y Y. The point 
of importance with regard to the secondroid is that its position 
depends on the position of the lines about which the moments 
are taken, whereas the position of the centroid does not 

RADIUS OF GYRATION 

Now, the distances of the secondroid from the lines x x and 
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y y are called the second moment radii or radii of gyration 
about the given lines, and are written k, and k, respectively. 
We have 

. A &,* = I„ = 2 (a x P N*) 

or *'-V'A~ 

A ky* ■» I„ = 2 (a X P M*) 



Now, in practice it is nearly always the second moment 
about a line through the centroid that is required, and this is 
obtained as follows— 

Given the Second Moment or Moment of Inertia or 
an Area about a given Line, to find it about a Parallel 
Line through the Centroid. 

Suppose we know I IE . 

Now, I„ «■ 2 (a x P N*) 

= 2 [a X (P 8 + 8 N)*] *> 2 [a X (P 8 + d,)*] 

— 2 [a . (p s* + 2 p s . d r + d,*)] 

= 2 (a . P 8*) + 2 (a . 2 P 8 . d«) + 2 (a . d,*) 

Of the terms on the right-hand side 
2 (a x P s)* =» Li (which is required) 

2 (a . 2 p s .d.) = 2 d, 2 a . p s 

•“2d, (first moment of area about line o x o, 
through centroid) 

■= 2 d, x 0 
= 0 

2 (a . d*) = d,»2a 

= d* (area of whole figure) 

- d *. A 

We have I„ = I„ + A d* 
or I„ =» I„ — A d * 

Similarly L, — I„ — A d,* 

* The Momental Ellipse or Ellipse of Inertia.—The 

principal axes of a section are defined as two axes at right 
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angles through the centroid, suoh that the sum of quantities 
such as a x p m, p n, or the product moment as it is called, is 
equal to zero. 

In the case of sections with an axis of symmetry, such axis 
determines one of the principal axes. 

Let x x and Y Y, Fig. 83, be the principal axes of a section 
and let k x and k y be the radii of gyration about the two axes. 
With o as centre draw an ellipse, o x being equal to k v and o Y 





Fio. 83,— Momontal Ellipse of Ellipse of Inertia. 

being equal to k L . Then this ellipse is called the momental 
ellipse or dlipse of inertia. 

To obtain the radius of gyration k, about a line z z passing 
through o at an angle 6 to x x, draw z z a tangent to the 
ellipse parallel to z z, and draw o Q perpendicular to it. 

Then o q — k, 
for I„ = 5 a . p R* 

= 2 a (p s — s b)* 

= S « (P 3 — N T)* 

= 2 a (y cos 0 — x sin ')* 

=» 2 a. X* sin* 0 + 2 a y 2 cos* 0 — 2 2 X y sin 0 cos 0 
■* sin* & 2 a. x* + cos* 0 2 « y* — 2 sin 6 cos 6 2 * y 
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Now, 2 x y is the product moment, and as x x and y rare 
the principal axes, this is zero. 

I** — sin 2 0 2 (a . x l ) + cos 2 0 2 (a y % ) 

* = I„ sin 2 0 + I xx cos 2 0 

••• A k* = A k* sin 2 0 + A k/ cos 2 0 
k* = A r 2 sin 1 0 + k , 2 cos 2 ^ 

and therefore from the properties of the ellipse o q is equal to k g . 
A rather more convenient construction (see Fig. 84) is to 



Y 

Fig. 84. 


draw a circle with radius k r and draw od at right angles 
to z z to meet the circle in d. Draw d e horizontally to 
meet the ellipse in e, then o e =* k t . If many values are 
not required, the ellipse need not be drawn at all, but instead 
draw a second circle with radius k v ; then draw f e vertically 
to meet d e in e, thus fixing the point e. 

To find the principal axes in the case where there is no axis 
of symmetry, the procedure is as follows— 

(a) By graphical methods or by calculation first find the 
value of the product moment and the radii of gyration about 
any two axes through the centroid at right angles. 
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Let the produet moment be A p 2 and the radii of gyration 
k x and 1%. 

Then the angle of inclination 0 of the principal axes to k m or 
k ¥ are given by the relation 

un 2 * - uy^sf 

(b) By graphical methods or by calculation find the second 
moments of the given figure about lines x x and y Y at right 
angles to each other and passing through the centroid and 
find it also about a third line z z at 45° to the other two. 

Then if 6 is the inclination of the principal axes to x x and y y 


tan 2 6 
or tan 2 6 


I.+±-21. 

i,-i; 

k* + k*-2 k* 

*.* - V 


Condition that Product Moment is Zero. —It can be 
shown that the condition that the product moment about two 
lines is zero is that such lines form conjugate diameters of the 
momental ellipse. 

A numerical example on the momental ellipse will be found 
on p. 242. 

Second Moments about any Two Lines through 
the Centroid at Right Angles. —A property of the second 
moments of a figure that is sometimes useful is that the sum 
of the second moments of an area, about two lines at right 
angles through the centroid, is equal to the sum of the second 
moments about any other pair of lines at right angles through 
the centroid. 

Second Moment or Moment of Inertia of Figure 
about an Axis perpendicular to its Plane. —The second 
moment or moment of inertia of an area about an axis o 
perpendicular to its plane is called the polar second moment 
or moment of inertia, and is equal to 2 a . p o a . 

Let any two axes x x and Y Y at right angles be drawn 
through o, and let perpendiculars p n, p m be drawn to these 
axes, Fig. 86. 
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Then p o* — p n® •+• n o* 

= P N* 4- P M 2 

2 a . P O* — 2 a . P N* + 2 a . P M* 
= Lx + Irt 



Fio. 85. —Polar Moment of Inertia. 

Therefore we have the following rule— 

The polar second moment, or moment of inertia, about an 
axis perpendicular to the plane of any area, is equal to the 



sums of the second moments about any two lines at right 
angles, drawn through the axis in the plane of the area. 

The Determination of Centroids, Moments of 
Inertia, and Radii of Gyration. —(a) Mathematical.— 
Consider the ourve of a function y «* F ( x ). 
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Then considering a strip of width d x parallel to the axis of 
x, Fig. 80 

Area of curve — / F (x) dx 

First moment of area about o y = J ~F (x) d x x x 

Second moment of area about o Y = J ~F (x)dx x x a 

Consider, for example, the parabola y z = 4 a x, and take the 
area between the curve and the axis of x. Fig. 87. 



B • 

2 aS f x*dx £ 2 a*. | x* J 


a* b* 


Now 2 a* b* = H 

2 

Area of curve = g b h, Fig. 87. 

First moment about or * J*zydz *= J*2 a* z* d z 

■ B 

■* 2 a* rl d x = £ 2 ol . ^ J 


4 . , 2 . 


2 jjS w Q 

distance of centroid from o Y = \ -=■ * b 

B H 0 
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Second moment about o y >=» J * 1 y dx =• J~2 a* xldx 

B B 

~2aS fx'dx = 


a* b* 


B 3 H 


. 2 _ 

• • A/ t —• i) 

§ BH 

or A, =* \/f B. 

If the second moment is required about the base x z, we 
proceed as follows— 

r 2 3 

I,„ = y B 3 H 

I,,. = I„ —A.d* 

2.2 9 b* 

— 7 H B 3 ’ B H ‘ 25 


I„ = Ioc + Ad , 3 
6 


2 3 

= 7 HB 3 


25 HB * + 75 HB> 


hb .{-^50} =hp 3.| 


80 

>r» 


16 

106 


II B* 


A list of values of second moments, etc., for common figures 
will be found on p. 186. 

It often happens in practice that the mathematical method 
is unworkable, in which case the following graphical methods 
are necessary. 

(6) Graphical. — First and Second Moment Curve 
Method. —(1) Centroid .—Suppose we have any area prqs, Fig. 
88, and any two parallel lines x x and Y Y, at distance h apart. 

Draw a thin strip of the area parallel to x x and of thickness 
t and let its centre line be p Q. From one of the ends of this 
centre line, say Q, draw a perpendicular Q m to Y Y and from 
the other end draw p n perpendicular to x x. 

Join m n and let it cut p Q in and produce m q to cut 
XXiniiB 
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Then the As p u <j x , u n l are similar. 

. P«i m PQ 

PN ML k 


PQi 


PQ . PN 

h 


Multiplying through by t we have 

* pq x I x pn area of strip pqxpn 

P Q, X * - J - A 

. - ,. - , . First moment of strip about xx ., v 

Area of portion PQ t of strip = -j £ -(1) 


jr. n _ B 



Flo. 88. —Graphical Determination of Centroid and Moment of 
Inertia, etc. 


Now divide the whole area up into strips and join up all 
the points corresponding to Q lf thus obtaining the First 
Moment Curve R Qx s. 

Then the area to the left-hand side of the first moment 
curve will be the sum of the areas of portions of strips such as 
p Q|. Call this the First Moment Area (Ax). Then we have 
a Sum of first moments of strips about x x 


First moment of whole area 
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. *. First moment of whole area 
or distance of centroid from x x 


A jA 


First moment about x x 
area of figure 


A 1 h 
A 


( 2 ) 


Draw any vertical line F B to cut x x in f and y y in b, and 
through f draw any inclined line, on which set out f a equal on 
some scale to A, and f a x equal to A x . Join a b and draw 
a x o parallel to it, then the centroid lies on a line through o 
parallel to x x or Y Y, 


For 


CF 
F B 


F Or J 

Fa 


or 



And this by relation (2) above gives the distance of the centroid 
from x x. 

(2) Second Moment .—If the second moment is required 
about the line x x draw q x m x perpendicular to Y Y and join 
Mj n, cutting p q in q 2 and let m x q x produced cut x x in l x . 
Then the As p n q 2 , m 2 n l x are similar. 


. PQ 2 = N L x = PQj 
' ’ PN M x L t h 


*. p q 2 


P Qi X P N 

h 


Multiply through by t , then we have 

, PQiXlXPN 

PQ 2 x/ = ——^- 

, , ., . . area of strip pq xpn 

But we have seen that pq x x < =-v-——- 


. area of strip p q x p n 2 
pq 2 X t «-Jf—-- 

. . second moment of strip p q about x x 

Area of portion p q . 2 of strtp =----. .(3) 


Now repeat this construction for each of the strips and join 
up all the points corresponding to thus obtaining the 
second moment curve R Q s s. 

ft 
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Then (he area to the left-hand side of the second moment 

curve will be the sum of the areas of portions of strips such as 

p Qj. Call this the second moment area (A s ). Then we have 

A _ Sum of second moments of strips about x x 
Aa _ 

_I„ 

“ A 2 

I„ = A 2 A 2 .(4) 


Some care is required in determining which area to read as 
A x or A a . It does not matter whether the verticals are drawn 
downward from p or from q, but when the moments are re¬ 
quired about one of the lines, say x x, read, for the first 
moment area, the area on that side of the first moment curve 
from which the perpendiculars are drawn to x x, and in 
drawing the second moment curve draw from the first moment 
points, such as Q lt perpendiculars to the other line Y Y, again 
reading the area to the side from which the perpendiculars 
were drawn to x x. 

Now, on the line f a set out f a 2 equal to A t on the same 
scale to which the other areas w r ere drawn, and join a x b, 
drawing a 2 d parallel to it. 

On df describe a semicircle, and draw a line c E parallel 
to x x to meet it in e. 

Then c e will be equal to k > the radius of gyration about c o. 


I k * 

A n 

A . C F " OF 


Proof— 


FD 
F B 

F 1) 


Fa 2 
f a, 


_ A, 

“Ax 


A x A 2 


h x I„ 
h* 

Ax CF 

h ~ 


Now 


FD ___ FE 
FE ~TC 
F D . F 0 

• *. FD 

• # .'F E 


F E # 
F E a 
OF 

K 
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Now F E 2 = F C 2 + C E 2 

k* = C E a + d* 

CE 2 = k x 8 — d M 2 

But we have already shown that 
k? = k* - 

• ••OB* £ f . 

Numerical Example. —Graphical Determination of Radius 
of Gyration of Rail Section about Centroid . 



Fig. 89 shows the graphical determination of the radius ot 
gyration about the centroid parallel to the base of a British 
Standard 85 lb. flat rail section. 

Since the section is symmetrical about a vertical centre line, 
the first and second moment curves need be drawn only for 
half the section, this simplifying the construction considerably. 
The lines x x and Y Y are taken as the horizontal lines, touching 
the section at top and bottom. 
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The areas A, A 1# A 2 are next found by planimeter or by sum- 
curve construction. (To avoid complication of figures, the 
sum curves for the first and second moment curves are 
omitted.) The first and second moment areas are to the left 
of the curves. 

When multiplied by two, because only half the section was 
considered, we get 

A * 8*36 sq. ins. A, *= 4*02 sq. ins. A* ■■ 3’05 sq. ins. 

To the side of the figure a vertical f b is drawn between the 
x x and y y lines, and the points a, a v a % obtained as shown. 



Fio. 90.—Moment of Inertia of Rectangle. 

Then by joining a b and drawing a x c parallel, we get the 
point c, o F giving the distance of the centroid from x x ; and 
by joining a x b and drawing a 2 d parallel, we get the point d. 

On D f a semicircle is drawn, and c B is drawn horizontal 
to meet the semicircle in e. 

Then o e = k, which on measuring will be found to be 
1*91 ins. 

This construction should be gone through as an exercise. 

Application of ^lbove Method to Case of Rectangle.— 
Let a B o d, Fig. 90, be a rectangle of base b and height A, and 
take the lines x x and Y Y through c d and b a respectively. 
Then the first moment curve will be the diagonal bed, while 
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the second moment curve will come a parabola bid, so 


that 


Aj — 
Aj = 


bh 

2 

bh 

3 


d. 


T b h i n 

In = -g X h 2 = 

A! x A bh .h 
A “ T bh 


bh* 

3 

_ A 
“ 2 



Fio. 91.—Mohr’s Construction for Moment of Inertia. 


A d x * 

bh 3 b'h.h* _b h* 

** 3 4 ~ 12 

Alternative Graphical Construction—Mohr’s Method. 
—The following graphical method for obtaining the second 
moment about the centroid is in some cases more convenient 
in use than the one previously given. Divide the area, Fig. 91, 
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into a number of small strips of equal breadth, parallel to 
the direction about which moments are taken, and draw the 
centre line of each of said strips. Then if the strips are suffi¬ 
ciently small (we have only taken a few strips in the figure to 
avoid complication) the lengths of these centre lines represent 
the areas of the separate strips. Now, on a vector line, to 
some scale, set out 0,1,1,2,... 6,7 to represent the area of each 
strip, and take a pole p at distance = | total area 0, 7 from 
this vector line. Then anywhere across space 0 draw and 
produce a line a h parallel to 0, p ; across space 1 draw a b 
parallel to p 1; across space 2, b c parallel to p 2, and so on 
until the point g is reached. Then draw the last link g h 
parallel to the last line p 7 to meet a h in h. 

Then the line c c through the centroid passes through h, 
and if a is the area of the shaded area, and A is the area of the 
figure, 

I,, of figure — A x a. 

Proof. —Consider one of the elemental areas, say 0, 1, and 
produce a b to meet the horizontal through h in b 1 . Then, by 
the law of the link and vector polygon construction, treating 
the areas of the elements as forces, 

b'h = moment of first force about o o x — r — i— - 

polar distance 

= 0,1 x x x . . . \ - 

| total area 

- 0, 1 x x x ^ 

Area of A a b' h ■■ \ b' h x x 

_ 0, 1 x x 2 x 2 
“ 2 A 

second moment of element about o o 

“ j 

. •. Area of shaded figure - a - "^moment of figure about oo 
i. e. A a =* second moment of figure about o o. 
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The proof that h determines the centroid is based upon the 
fact that in the link and vector polygon construction the 
meet of the first and last links determines the resultant, and 
in'this case the centroid is where the resultant of the separate 
areas considered as forces act. 

* Equivalent Centroid and Second Moment of 
Heterogeneous Sections. —Suppose that the cross section 
of a beam is composed of two materials for which Young’s 
modulus is not the same, and let Young’s modulus for one 
material B be m times Young’s modulus for the second 
material C. Then in the case of direct stress we have seen 
that the material B behaves as if it were replaced by m times 
its area of the material C. In the case of a beam the same 
relation holds, so that we may replace the material B by an 
area m times as wide, the width being taken parallel to the 
line about which moments are taken. 

Then if A is the area of material B, and A x that of material 
C, the equivalent area of homogeneous material C is given by 

A a = A x + m A 

To obtain the distance d of the equivalent centroid from a 
line x x, take first moments of the separate areas about x x 
and let them be M and M x respectively. 

Then equivalent first moment of the second material is 

M, = M x + m M 
M, + mM 
*** ® = A x +¥A 

To obtain the equivalent second moment about a line x x, 
take the separate second moments about x x and let them be 
I and I x respectively, then the equivalent second moment of 
the second material is given by 

I* — Ii + m I 

We shall give numerical examples and further explanation 
of this when dealing with Hitched beams and reinforced 
beams. 
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The above reasoning may be shown graphically as 
follows— 

Let abod (Fig. 92) represent any area which has em¬ 
bedded in it two bars x and Y of different material. For 
considering the moments about any line such as D B shown 
dotted, make a strip e f of the same depth as x, and of area 
equal to (m — 1) area of x and also a strip a h of area equal to 
(m — 1) area of Y. 

Then the equivalent first and second moments of the 





heterogeneous section about the given line will be the same as 
a homogeneous section of form aefbghod. 

We take E F = (m — 1) area of x because the bar already 
occupies an area equal to its area, so that equivalent area 
of second material = [(m — 1) f 1} area of x = m x area 
of x. 

Calculation of Moment of Inertia and Radii of 
Gyration of Sections used in Constructional Work.— 
The moments of inertia of sections composed of sections of 
known moment of inertia are found by adding up the moments 
of the separate parts, or subtracting when the area consists of 
the difference of known areas. 






Abba, Position of Cbntboid, and Moment of Lnebtia of Common Fiqubbs 

(See Fio. 93) 
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The following examples should make the method of calcula¬ 
tion clear for any such case. See Figs. 93 and 94. 




Via. 94.—Momenta ot Inertia, eto. 
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(1) Box or 1 Section. —-These are geometrically equi¬ 
valent as far as the line o o is concerned, because if the box 
section be cut in half vertically and the two halves be turned 
back to back, we get the I section. 

b h» - (b - 2 tj (h - 2 0* 

12 


Then I„ 


(2) Hollow Circular Section. 

L* - ^ (D* - V*) 


When the thickness of metal is small and equal to t, this 

. , x x ir D 8 1 

approximates to I ce «■ —^— 


(3) Channel Section (neglecting inclination of sides and 
rounded comers).—-Consider the section shown in Fig. 94 (3). 

Area «A-3'6 x 476 + 6 06 x -376 + 3*6 x 476 
■■ 5*219 sq. ins. 


To obtain distance d, of centroid from X x take first moments 
about x x. Then 
A x d M 


.. .. 3-6 , 6 06 x 376 x -376 , 3 6 X *476 x 3 5 

*« 3 6 X 476 X ~ 2 ~ H-2-1-2- 


2-910 + *354 + 2-910 
6176 


d. 


6-219 


6175 
1185 ins. 


Second moment about i x = 1„ 

•476 x 3-6* 5 05 x -375* , -475 x 35* 

• " • 3 "** 3 ’ + 3 

«= 6-775 + 089 + 6-775 - 13 639 in. units. 

I„ ■= I xx — A 

13-639 - (5-219 X 1-185*) 
mm 13-639 — 7"323 **= 6-316 in. units. 

.*.*„ = 1010 


(4) Cast-Iron Beam Section. 

Area = A = 2 X l‘J + 7 x 1 + 6 x 1J = 19 sq. ins. 
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Moments round base 

Ad.-3 x 9-25 + 7 x 5 + 9 x *75 

, — 27*76 + 35 + 6*76 *= 69*6 in. units. 

= ” 3 668 

. t 6 x 3*668* 6 x 2*168* 2 x 6*342* 1 x 4*892* 

3 3 + 3 3 

«= 219*95 in. units. 

(5) Built-up Mild Steel Column Section. —Composed 
of two 10 x 3$ x 28*21 channels and four 12 in. x $ in. 
plates. Required to find k x and k v . From the Table of Stand¬ 
ard Sections we obtain the following information concerning 
the Channel Sections— 

Area of each 8*296 sq. ins. 

I about centroid parallel to x x *= 117*9 in. units 
X f , f t Y Y = 8 194 ,, i) 

Distance of centroid from web = *933 in. 


• •. Total area of section = (4 x 12 x J) + (2 x 8*296)= 40*592 sq. ins. 

Moment of Inertia about X X. 

2 channels, 117*9 each «= 235*8 

2 pairs of 12 x J in. plates about centroid = *--- = 2*0 

1 z 

A x d* for two pairs of plates > 2 x 12 x 5 5 2 = 7261 

Total .. .. .. = 963*9 in. units 



Moment op Inertia about Y Y. 

4 plates 12 x J about centroid ** “ ?88*0 

2 channels about centroid «* 2 x 8194 = 16*4 

A x d* for each channel = 2 x 8*296 x 3*183* = 168*5 
Total. .. = 472*9 


/ 472*9 _ 
V 40*592 “ 


3*41 ins, 
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(6) Built-up Beam Section. —Composed of two 14 in. x 
6 in. x 46 lb. I beams and four 14 in. x f in. plates (Fig. 95). 
Required I xx . 

From the Standard Seotion Tables we obtain the following 
information concerning the I beams— 

Area of each ■■ 13*53 

Ixx 99 99 == 440 5 

Mean thickness of each flange = *698 in. 



I„ of whole Section (not allowing for Rivets).— 
Ixx of two I beams = 2 X 440*5 = 881 

I of two pairs of plates about centroid = x ^5)* ■■ 4*8 

A d 1 for two pairs of plates «4 x 14 x|x 7*625 2 » 2035 

o 

Total . « 2920-8 

Allowance fob Rivets (neglect I of each rivet-hole about 
its centroid). 

Area of each hole *= (2 x + *698) = 1*704 

O O 

Diet, of centroid from x x ■» 7*278 
I„ _ 4 x 1*704 x 7*276* - 300*8 
Nett I„ - 2920*8 - 380*8 - 2580 
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(7) Built-up Sections—Approximate Method. —The 

moment of inertia of built-up sections can be found approxim¬ 
ately by adding the moment of inertia of the I beams or 
channels to A d 2 for the plates, d being taken as the distance 
from the centre of one set of plates to x x and the nett area 
of the plates being taken for A. 

Taking the section of the previous example, we then get 
I vx as follows— 

I xx of two I beams = 2 x 440*5 = 881 
A cP for plates = 4 x |(l4 - 2 X |) X 7625 2 = 1781 

Total approximate I M = 26(52 in. units 



CHAPTER VII 

STRESSES IN BEAMS 

We have seen in a previous chapter how the bending 
moment and shearing force at different points along a beam, 
loaded in various manners, can be found; our next problem 
is to find the relations between these quantities and the stresses 
occurring in the beam. 

We shall get a good preliminary idea of the stresses occurring 
in beams by considering a model devised by Professor Perry. 
Suppose that a beam fixed at one end carries a weight, W 
(Fig. 96), at the other end, and that it is cut through at a 
certain section. Then the right-hand portion can be kept in 
equilibrium by attaching a rope to the top and passing over 
a pulley, a weight W being attached to the other end of the 
rope, and by placing a block B at the lower portion of the 
section and a chain A at the upper portion. Then the pull in 
the rope overcomes the shearing force; and the block b carries 
a compressive force c, and the chain a carries a tensile force T. 
Since these are the only horizontal forces, they must be equal 
and opposite, and thus form a couple. Then the moment of 
this couple must be equal and opposite to the couple, due to 
the loading, which we have called the bending moment. 

In the actual beam, owing to the deflection which takes 
place, the material on one side of the beam will be stretched, 
and the material on the other side will be compressed, so that 
at some point between the two sides the material will not be 

strained at all, and the axis in the section of the beam at which 

192 
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no strain occurs is called the neutral axis (N.A.). We see, 
therefore, that: The neutral axis is the line in the section 
of 'a beam along which no strain , and therefore no stress , 
occurs. 

In an elevation of a beam there is also a line of no strain or 
stress, which may also be termed a neutral axis. These two 
axes are really the traces of a neutral surface . 

If we know the manner in which the strain varies from the 
neutral axis to the outer sides of the beam, from a knowledge 
of the relation between stress and strain we can find the 
stresses at different points across the beam, remembering that 
the total compressive stress must be equal to the total tensile 



stress, and the moment of their couple must be equal to the 
bending moment. The moment of the couple due to the 
stresses is often called the moment of resistance . 

Assumptions in Ordinary Beam Theory.—We will first 
make the following assumptions with regard to the bending 
of beams, and from such assumptions we will deduce a relation 
between the maximum stresses, due to bending at any cross 
section and the bending moment— 

0 
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(а) That for the material the stress is proportional to the 

strain, and that Young’s modulus (E) is equal foi 
tension and compression. 

(б) That a cross section of the beam which is plane before 

bending remains plane after bending. 

(c) That the original radius of curvature of the beam is very 
great compared with the cross-sectional dimensions of 
the beam. 

We will also for the present restrict our investigation to the 
case of simple bending, i. e. that in which the following con¬ 
ditions hold— 

(1) There is no resultant thrust or pull across the cross 

section of the beam. 

(2) The section of the beam is symmetrical about an axis 

through the centroid of the cross section parallel to 
the plane in which bending occurs. 

To get a clear idea of the stresses in beams it is absolutely 
necessary to have a clear idea of the assumptions involved in 
formulating any particular theory, and of the effect of such 
assumptions on the results. 

Let a b, Fig. 97, represent the cross section of a beam which 
has been bent (the amount of bending having been exagger¬ 
ated). Before bending, the line a b had the position of a x b u 
so that B B x represents the maximum tensile strain, and A A t 
the maximum compression strain. From our assumption ( b ), 
called Bernoulli's assumption , a x b 1 and a b are both straight 
lines. The neutral axis then passes through c, the point of 
no strain, and it follows from the above assumptions that the 
strains are proportional to the distances from the N.A. From 
assumption (a) it follows that the diagram of intensity of 
stress is also a sloping straight line, A a b 2 , the portions b s o 
and ca 2 being continuous, because Young’s modulus is equal 
in tension and compression. 

It is clear that the maximum stresses in compression and 
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tension occur at the points A and b, and let these be /« and /, 
respectively, d c and d, being the distances a j£and b o. 

Position oi Neutral Axis. —Now consider an element of 
area a at a point p at distance p n from the N.A. 

Then the stress at the points p is equal to p, p, 



But 


Pi p 2 


AA, = U 

ac d. 


Pi p» 



X P x 0 


— 3 X PK 

d, 

Stress carried by the element — a x ~ x p w 

.*. Total stress carried by section above N.A. «=2 ax|xPN 

*= h-2 a x px 
d t 

■= 3 x first moment of area above N.A. about N.A. 

Similarly if an element of area at a point p x be considered, 

we see that 
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Total stress carried by section below N.A. 

** 4 X first moment of area below N.A. about N.A. 
d t 

But we have seen that the total tension T must be equal to 
the total compression C, and it follows from assumptions 
(a) (b) that 

U Ji 

d L dt 

we see that the first moment of the areas above and below 
the N.A. about the N.A. are equal and opposite in sign. 
Therefore, the total first moment of the whole area about the 
N.A. is zero. But we have seen that the first moment of an 
area is zero about a line through the centroid. 

Therefore, in simple bending with the given assumptions , the 
neutral axis passes through the centroid. 

The Moment of Resistance (M R.)—We have proved 
that the stress carried on an element a of area about a point 

p is equal to a x — x p n 

The moment of this stress about the N.A. 

«= stress x p n 

*= a x j XPN 2 
a 


Total moment of all the stresses over the cross section 

«= 2 aJj- X P N* 

d c 

b J'S(«xps1 


— (second moment of whole area about the N.A.) 

_/«I- 

d c 

But the total moment of all the stresses is the moment of 
the couple, which we have called the moment of resistance. 


we see that M.R. 


d% 
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The moment of resistance must, as has already been shown, 
be equal to the bending moment, which we will call M. 


M 


(J OI tj I 

d, d, 


( 1 ) 


It will be seen that I, d e and d, depend merely on the shape 
of the cross section, and ^ and ^ are called the compression 


modulus and tension modulus respectively of the section, and 
are written Z c and Z,. 

Thus our relation becomes 

M =/,Z f = /, Z,.. (2) 

In practice we usually want to know /, and /, which give the 
maximum stresses across the section, and so we will write the 
result as 



/. = 


M 

z; 


(3) 

(4) 


In the case where the section is symmetrical about the N.A., 
d t is equal to d„ so that Z. and Z, are equal. In this case, 
therefore, f, = /„ and we may write the relation as 


/ = 


M 

Z‘ 


For values of section moduli for British Standard Beam 
Sections, see Appendix. 

Unit Section Modulus; Beam Factor.—If instead of 

Z 

taking the section modulus as Z we took ^ and called it the 

“ unit section modulus,” the quantity would be rather more 
useful and probably more easy to conceive to those who find 
difficulty in purely mathematical conceptions. 

We should then have 

Z I M 

Unit compression section modulus *= z e ^ ^ ^ 

k 2 

tt tension ,, ,, 1=1 ~ d 

z, and z, then become lengths 
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equations (3) and (4) give— 


/..A 


M 

2 , 



*•% 


z, and %t can be found graphically by setting out o D, 
Fig. 97 a, horizontally to represent k, the radius of gyration 



of the section about the N.A., joining bd,ad and drawing lines 
d E f d F respectively at right angles to them. Then o e, o f 
are z t and z e respectively. 

Take, for example, the As oed, bod; they are similar. 

.CD BO . _ OD* k % 

■'oi"od ' bo “<£“**• 

z Z 

Beam factor .—The quantity j ^ for a symmetrical 
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section, or —for a beam of asymmetrical section whose 

safe bending stresses are the same in compression and tension, 
is a,measure of the value of the section as a beam and may 
be called the beam factor . Take, for instance, the 15" x 6 * 
standard I beam (Appendix). Z = 83 9 and A = 17 3. 


beam factor 


83-9 

15 x 17*3 


For the 10* x 8 * standard beam Z = 69 0, A =* 20*2. 


beam factor 


69-0 

10 x 20-2 


•*. the 10 * x 8 * is a more economical section. 

A rectangular section would give a beam factor » $ *■ *167. 


Numerical Examples. —The following numerical examples 
will make it clear how the stresses in beams loaded in given 
manners can be found, and how a safe load can be found for 
a beam of given span and section. 

( 1 ) The five sections a, 6 , c, d, e, Fig . 98, have each an area of 
4 sq. ins. Find their relative strengths as beam for tlbe same 
span , if they are of the same material . 

We have seen that M =* /Z. Now if all the beams are 
loaded in the same way, M will be proportional to the load they 
can carry, and as / is the same for each, we see that their 
relative strengths as beams depend on their values of the 
modulus of each section. For table of second moments, 
see p. 185. 


Section a. 

T bh' _ 2 x 2 * 
1 " 12 ~ 12 



2 x 2 3 2 x 8. 

~ 12 x 1 “ 12 

« 1-33 in. units. 
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Fxa. 98.—Example* of Beam*. 
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Section b. This is composed of two triangles. 
bh 9 

.•.1 = 2 x -p,, h in this case being the height of the triangle. 

• T _ 2 2-828 x 14 14* 

12 

d = 1-414 

7 _ 2 x 2 828 x 1-414* _ 2-828 
1-414x12 “ 3 

= -943 in. units. 

Section c. 

T _ 7rjj 4 _ *_x 2-26 4 

1 64' 64 

d = 113 
„ n x 2"26* 

64 x 113 
= 113 in. units. 

Section d. 

2x4* 2 x -8 x 2 - 5 * 

1 " 12 12 
= 10-67 - 2 08 = 8-69 
d = r 
. y_8"59 

= 4 29 in. units. 

Section e. This is composed of three rectangles. 

T -75 x 2* , 2-5 x -4* , ‘76 x 2* 

... I-j 2 +“12 “ + 12 

= -6 + 013 + -6 
= 1 013 
d = 1" 

.Z = 1013 in. units. 

We see, therefore, that the order of the sections, from 
strongest to weakest, is d, a, c, e, b. 
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We may take it, as a rule, that the strongest beam for a 
given area of cross section is that which has a depth as great 
as is practically possible, and which has as muoh as possible 
of the metal at the outer portions of the beam. 

(2) A girder of 20 ft. span carries a uniformly distributed 
load of 10 tons , and a central load of 4 tons. Find a suitable 
British standard beam section for the girder if the maximum 
stress is to be 7 tons per sq. in. 

Its maximum B.M. due to the uniform load will be equal to 
W l 

-g- (see Figs. 59, 59a, Cases 2 and 3) 


10 x 20 x 12. „ 

■»-g-in. tons 

■■ 300 in. tons. 


The maximum B.M. due to the central load 


Wii 

' 4 


4 x 20 x 12 

“ 4 

■■ 240 in. tons. 


These both occur at the same point, so that the maximum 
B.M. due to both loads ■* 540 in. tons. 


Now 


M 

». e. 540 
Z 


/ Z 
7 Z 
540 
'7 


77*14 in. units. 


On referring to the table of standard sections (Appendix), 
we see that the section having the nearest modulus to this is • 
a 14 x 6 x 57 lb. section for which Z «■ 76*12, and we will 
adopt this section as being sufficiently strong. 

(3) A tank which weighs \ ton and measures 10 7 x 6 7 x 3 
is filled with water , and carried on three girders placed length¬ 
wise, so that each girder takes an equal weight. If (he girders 
are 6* x 3* x 12 lb . Standard Beams find the maximum stress 
in each. (.A.M.1.CJ1 . Altered slightly.) 
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Weight of water in tank - * 62 5 tons 

«■ 5 02 tons. 

Total weight carried by girders = 6 02 -f- *5 5'52 tons 

Maximum B.M. on each girder =» x — — 

DO 

= 27'6 in. tons. 

Z for a 6" x 3" x 12 lb. beam is 6'736 in. units 
27*6 

.*./*= — 41 tons per sq. in. 



Cost Iron 3eam 

Flo. 99. 

(4) A cast-iron beam is the shape of an inverted T, 9 ins . deep 
over all , width of flange 6 ins., thickness of web and flange 1 in. 
If its length is 12 ft . find what weight at the centre will coast a 
tensile stress of 1 ton per sq . in. in the flange . What wovld the 
maximum compressive stress then be? ( A.M.I.C.E.) 

First find the centroid and second moment of the section. 
(See Fig. 99.) 

Area of section *» A ■» 9 x 1 + 5 x 1 = 14 sq. in. 

9 1 

1st Moment about base = A d = (9 x 1) x g + 2 (2$ x 1) x| 

- 40'5 + 2-5 _ 43 

4.Q 

d ■=» ^ ■» 3 07 ins. 
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„ , T 1 x 9 3 , 2 x 2J x l 3 

2nd Moment about base = I* == —g-h-g- 

= 243 + 1-67 = 244-67 

2nd Moment about parallel line through centroid 

— I f = I x — A d 2 

= 244-67 - 14 x 3-07 2 
= 244-67 - 132-07 
« 112*6 in. units. 

112-6 _ 112-6 
“ 9 — 3 07 ~ 5-93 
= 18*99 in. units. 

,, 112*6 . ., 

Z, = = 36*67 m. units. 

Safe B.M. in tension = f t x Z t 

= 36*67 in. tons. 

Neglecting weight of beam itself, if central load is W, the 
VV l 

maximum B.M. is - 
4 

Maximum B.M. = - = ^^- 5 -* ----- = 36 W in. tons. 

4 4 

ut _ 36-67 _ 1-02 tons. 

*'• V 36 

The compression stress = f fL— =■ 1 ‘93 tons per sq. in. 

(5) A fliiched beam consists of two timbers , each 9 ins. thick and 
16 ins. deep , and a steel plate placed symmetrically between them , 
the steel plate being 8 ins. deep and f in. thick. If E for timber is 
1,500,000 per sq. in. and for steel 30,000,000 lbs. sq. per in. 
find the maximum tensile stress in the steel plate when the maximum 
ensile stress in the timber is 1000 lbs. per sq. in. 

Determine also for the same intensity of stress in the timber the 
percentage increase of load the flitched beam will carry as com - 
pared with the two timbers when not reinforced with the steel 
plate. ( B.8c. Lond.) 

Using the notation given on p. 183, we see that 

_ 30,000,000 
m ~ 1,500,000 = 


20 (see Fig. 99). 
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The steel plate is equivalent to a timber 20 times as 
wide, t. e. a timber 15 x 8 ins. 

. For the equivalent section of timber for the whole 
ditched beam I a 

2 x 9 x 16 3 (16 — f)JP 

* 12 + 12 
« 6,144 + 608 
— 6,752 in. units. 

For the timber beam not reinforced I = 6,144. 

When the stress in the timber at the outside of the section 
is 1000 lbs. per sq. in., that 4 ins. below the N.A., i. e. at the 
maximum depth of the equivalent timber plate, will be 

X 1000 = 600 lbs. per sq. in. 

But steel carries 20 times the stress in the timber for the 
strain. 

Stress in steel — 20 x 500 = 10,000 lbs. per sq. in. 

For the flitch beam the equivalent modulus is 


= 844 in. units. 


•*. Safe B.M. in ft. lbs. 


844 x 1000 


= 70,333 


6 144 

For the plain timber beam Z = — = 768 in. units 

o 

<3 t TtTiir • tL 1 L 768 X 1000 ... nAA 

Safe B.M. in ft. lbs. =- ^5 - = 64,000 

.*. Increased B.M. carried by ditched beam = 6,333 

.'. % increase - x 100 = 9-9 % 


We shall have further numerical examples on the stresses in 
beams at various points in the book. 

Approximate Value of Modulus of I Sections. —In 
practice girders are usually made of I section, because the 
most economical section is that in which as much as possible 
of the metal is placed in the edges or flanges. In this case an 
approximate formula for the modulus of the section can be 
found as follows ; Let d (Fig. 100) be the distance between the 
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oentre of flanges of the section, the thickness of the flanges 
being t. Then if b is the breadth of the flanges, and t x the 
thickness of the web, we have 

T _ B (D _ (B - t x ) (p - Q 3 m 

12 “ 12 . { ' 


12 I=b(d 3 +3b*<+3 d(*+< 3 )— (b— tj) (D 8 -3D*i+3D< 3 -< 3 ) 
- B (6 D *t +2 P)-\- t x (D 3 - 3 D H + 3 D f* - t*) 

121 a A f, , 2fi\ , M ( , 3 f t*\ 

•** “ 6b< ( 1 + 6 d 3 ) + <i(d- 3 < + — - 5 *)-•••( 2 ) 

Now if I is small compared with d, t a and t* are negligible, 



Fiq. 100. 


,.^-6»« + l , D (.-V). 


NowZ 


_I_ „ . ? ^ „ 21 21 / j _ f\ nearly 

£+_' » + « D (, + |) °)°“ y 


since t is small compared with D, 
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■«{® B ‘ - ^- 3 « 1 - «i + 3 J i-} 


•(4) 


*» ^ |6 b t + (d — t) | to a first approximation, 

neglecting all remaining terms containing t* or t t v 
Now b X I " area of one flange = A 
and t 1 (d — t) =* area of the web =» a 

Z=3DA + a g D 

- d ( A + b) .< 5 > 


Therefore we get the following rule : The modulus of an I 
section beam is approximately equal to the depth between the 
centres of the flanges multiplied by the area of one flange plus 
one-sixth of the area of the web. 

Discrepancies between Theoretical and Actual 
Strengths of Beams. —Many practical men have expressed 
considerable surprise that in testing beams the actual and theo¬ 
retical breaking strengths do not agree. A number of beams 
are tested, and a tension test is also made from the same 
material, and it is found that the load which, on the ordinary 
bending theory, should cause the breaking stress in the beam, 
does not cause fracture, the amount of additional load depending 
on the shape of the cross section. This was the origin of the 
old “ beam paradox,’’ it being thought that the material must 
be stronger in bending than in tension. In fact, for cast- 
iron beams, an old erroneous theory which, for a rectangular 


beam, made M 


/ x 6A a 

4 


... . / x 6 A* 

instead of -— 5 — 

D 


agrees con- 


siderably better with the breaking test than the modem 
theory. 

Now this discrepancy in the case of ductile metals is due to 
the fact that the ordinary bending theory is not applicable to 
breaking stresses, and no one who appreciated the value of 
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the assumptions made in obtaining such theory would expect 
the theoretical and actual breaking strengths to agree. This 
is because the stress is not proportional to strain after the 
elastio limit is reached. 

Some experimenters who have measured the deflections of 
beams have stated that for mild steel the stresses at the elastio 
limit do not agree, but that is due to a confusion between the 
elastic limit and the yield point, and to the fact that the 
deflections were not measured with sufficient accuracy. In 
Chap. I we saw that for a tension test of mild steel the 
elastic limit and yield point were quite close to each other; 
but in bending this is not the case, the yield point occurring at 
a considerably later point than the elastic limit. Considerable 
error, therefore, arises if the yield point in bending be taken 
instead of the elastic limit. If the latter be carefully measured 
it will be found that the stresses in tension and bending at 
the elastic limit agree very closely. This point is proved, 
incidentally, in the Andrews-Pearson paper on Stresses in Crane 
Hooks, referred to in Chap. XIX. The reason for the yield 
point coming some distance after the elastic limit in bending is 
that only the material at the extreme edges has been stressed 
up to the yield point, and the whole section will not yield until 
the material nearer the centre has become stressed up to the 
yield point. 

We see, therefore, that there is no discrepancy between theory 
and tests so long as the conditions laid down in formulating 
the theory are fulfilled. If those conditions do not hold 
beyond a certain point, then, after that point, we must get a 
new theory if we wish to calculate the stresses. 

These so-called discrepancies between theoretical and actual 
strengths of beams point to the desirability of choosing the 
working stresses for ductile metals in terms of the stress at the 
elastic limit, and not of the breaking stress—as we pointed out 
in Chap. III.—because if the working stress in a beam is, 
say, one-half of the stress at the elastic limit in tension, then 
twice the load on the beam will cause the elastic limit in the 
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beam; if, however, the working stress be taken as one-fourth 
of the breaking stress in tension, four times the load will not 
caue^e failure, the exact load to do this being more, and 
depending on the shape of the section. 

Cast-Iron Beams. —The discrepancy in the case of cast- 
iron beams is due to the fact that the stress-strain diagram is 
not a straight line except for very low stresses, and that for 
given strain the stress is appreciably less in tension than in 


Co»r>biresstoi7, 



Tension. 

Fio. 101. 


compression. The result of this is that the stress diagram 
becomes more like that shown in Fig. 101; the neutral axis 
becomes raised above the centroid and the diagram is curved. 
In this figure the actual stress is shown about one-half of the 
calculated stress. This effect will be most marked in sections 
such as rounds or diagonal squares with a large amount of 
metal in the web; it is least in I sections with the com¬ 
pression flange smaller than the tensile, t. e. the discrepancy 
between theory and practice is least in a well-designed section. 

* Diagonal Square Sections. —It is an interesting fact 

that we can obtain as follows the apparently paradoxical 

P 
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result that by cutting away part of a beam of diagonal square 
section we increase it strength. 

Referring to Fig. 101a and the table on p. 185 

p4 

I,,, of whole section = —- 

(V 2) 4 .12 

D 4 

*“ 48 


Z of whole section = 


D 4 D 

48 * 2 


D* 

24 



centroids) + 2 . d* ^ ^ (to bring to N.A.) 


I of remaining section =»i^ — ~ — 2 d*^~ — 


d« r 

, 16 d 4 

2d 2 D 2 .48 / 

. 4 AM 

~ 48 \ 

_ 3d 4 

4 D 4 V 

‘-sJr 


Z of remaining section 


-- D< fl 

16 d 4 

24 d 2 /. 

4 d\*i 

48 (d — 2 d) \ 1 

1 

•col 

1 

D* V 

1 3d/ / 


2 

Z of remainin g section 
Z of original section 
d / 16 d* 24 d*(. 4 d\*\ 

d - 2 d \ 3 d* d» A ” 3 b/ / 
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Now let - x 

■ Th “ “ - ( rrui {' -Hr - *“■(■ - t)’} 

- (1 J 2 ^y {1 - 24 a;* + 64 *» - 48 **) 

=» 1 + 2 x — 20 x 2 + 24 a; 3 

-(1 — 2 x) (1 + 4x — 12 x 2 ) 

- (1 -2x)*(l + 6x) 

This is a maximum when =0 

a x 

«. e. 2 - 40 x + 72 x 2 = 0 
i. e. 1 — 20 x + 36 x 2 = 0 
ft. e. (1 — 18 x) (1 — 2 x) = 0 

From this x = or £ and the maximum is for x =* 
because clearly x = £ reduces the section to zero. From this 
we see that the strongest section is obtained by removing 
one-eighteenth of the depth from the top and bottom, t. e. one- 
ninth of the depth in all. 


When 


1 


_/8\* 4 __ 256 
• ~ \9/ • 3 ~ 243 


1053 nearly 


Therefore the section f of the depth of the original section 
appears to have a strength 1*053 times as much, t.e. about 
5*3 % increase. The additional strength is, however, only 
apparent, because when failure starts at the edges we arrive 
at the stronger section. 

We do not know of any accurate tests that have been made 
to find to what extent this result holds in the actual beam. 
In a cast-iron beam of the original section under test a small 
crack will start on the tension side which will have the effect 
of cutting off one edge only. A complete study of this 
problem on a modified theory for cast-iron beams will be 
found in a paper by Mr. Clark in Proc . Inst . C.E. (1901-2). 
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* Influence of Shearing Force on Stresses in Beams. 

—It must be remembered that up to the present we have 
considered only the tensile and compression stresses due to the 
bending moment. Besides these stresses there are tangential 
stresses due to the shearing force. The resultant stress at any 
internal point of the beam is the resultant or principal stress 



B.M ancL'Shear stresses "Resultant 

Fia. 102.—Principal Stresses in Beams. 



of the tangential and direct stresses, which resultant is found 
as shown in Chap. I. We shall deal in a subsequent chapter 
with the distribution of the shearing stresses across the. 
section of the beam, but for the present we will assume that 
the shear stress is a maximum at the centroid and diminishes 
to zero at the extremities. Fig. 102 shows diagrammatically 
the shear and direct stresses across the cross erection of the 
beam and also the resultant stresses which, as will be seen, 
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are parallel to the centre line of the beam at the extremities 
and are perpendicular to it at the centroid. 

If the principal stresses at various depths be found for a 
number of cross sections at various points along the span, and 
the directions of principal stress be joined up by a curve, we 
get a number of lines showing the manner in which the direc¬ 
tions of principal stresses vary from one point to another. 
Such curves will be found in Rankine’s Applied Mechanics, and 
are of the form shown in Fig. 102a. 

In practice it will be found that, except for very short beams 


AO AO, 



carrying heavy loads, the maximum tensile or compressive 
stress due to bending moment is usually greater than the 
maximum shear stress, so that the consideration of stress due 
to bending moment is, as a rule, considerably more important 
than that of the shear stresses. 

* Moment of Resistance in General Case.—To follow 
the correct theory of beams it is not necessary to make any of 
the assumptions previously given, and we will now find the 
moment of resistance in the most general case. To investigate 
this, we must suppose that we know by experimental or other 
means the shape after distortion which is taken up by a cross 
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section of the beam which was originally plane. We must also 
know the relation between stress and strain for the material of 
which the beam is composed. 

Let a b, Fig. 103, represent the elevation of a cross section 
of a beam which after bending is strained to the shape doe. 
Then from the stress-strain curve and from the shape of the 
cross section draw a curve of stress d' c e'. This is obtained as 
follows: let a 6 be any ordinate of the strain diagram; then 
from the stress-strain curve find the stress corresponding to 
this strain, and multiply the stress by the breadth of the beam 
at the given point, and plot this equal to a f V to some con¬ 
venient scale; joining up points such as b' we get the stress 
diagram. 

Now let the area of the stress diagrams be Q and T and their 
centroids G x and g 2 . Then, of course, in simple bending Q and 
T will be equal, and if q is the perpendicular distance between 
the centroids, the moment of resistance will be equal to T x q 
or Q X q. 

If the reader fully follows this general method with regard 
to the stresses in beams, he should not have the difficulty 
commonly experienced in following the more particular 
theories. 



CHAPTER VIII 

stresses in beams—( continued) 

•REINFORCED CONCRETE BEAMS 

Thebe are many formulas for the strength of reinforced 
concrete beams, such formulae being deduced from certain 
assumptions with reference to the distribution of stress in the 
bent beam. 

We will consider three methods of calculating the stresses in 
reinforced concrete beams, working in each case the case of a 
rectangular section, this being most common, and in all three 
we will make the following assumptions— 

(1) That a section of the beam which is plane before bending 
remains plane after bending. (Bernoulli’s assumption (see 
p. 194).) 

(2) That the beam is subjected to pure bending, t. e. that 
the total compressive stress is equal to the total tensile 
stress. 

Standard Notation. —Throughout the treatment we will 
adopt the following notation (see Fig. 104). 

_ Young’s modulus for steel or other metal _ E, 
m ~ Young’s modulus for concrete — 
t =■ Tensile stress per sq. in. in reinforcement. 
t e = „ „ „ concrete, 

c = Compressive stress per sq. in. in concrete 
A, = Area of cross section of reinforcement. 

A, - „ „ „ concrete. 

b mm Breadth of beam. . 

210 
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d t =* Total depth of beam. 
d * Depth of beam to centre of reinforcement, 
n = Depth from compressive edge to neutral axis (N.A.). 
(d—n) = „ „ centre of reinforcement to neutral axis. 

= Ratio 

r =» Proportional area of reinforcement to area above 



I g * Equivalent moment of Inertia of section. 



Fio. 104.—Notation for Reinforced Concrete Beams. 


First Method—Ordinary Bending Theory.—The first 
method which we will consider is one which is not much used in 
practice because it gives safe loads which are lower than tests 
show to be necessary. It is, however, the general method 
applicable to beams formed of two elastic materials, and serves 
as a useful and instructive introduction to the subject. 

According to this method, we assume that the reinforced 
beam behaves exactly as an ordinary homogeneous beam with 
the reinforcement replaced by a narrow strip m times the area 
of the reinforcement, and at constant distance from the N.A. 

We showed how to find the centroid, moment of inertia, and 
radius of gyration of such an equivalent homogeneous section 
on p. 183. 

In the general case, let n (Fig. 105) be the distance to the 
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neutral axis (equivalent centroid), and I K the equivalent mo¬ 
ment of inertia about the centroid. 


. 

.(i) 

M n 

.(2) 

c i. . 

m M (d — n) 

t _ . 

. ••(?) 


where M is the bending moment. 


b 



Fig. 105.—Reinforced Concrete Beams. Method 1. 

In the case of the rectangular beam we then get the following 
results— 

Equivalent area of section = b d t -f (m — 1) A t .(4) 

As explained on p. 184, it is (m — 1) A T , because when we 
take away the reinforcement and replace it by m times its 
area of concrete, we have first to fill up the hole in which the 
reinforcement was, and this takes once A T , so that remaining 
additional area » (m — 1) A T . 

Take moments round the top, then we have 

n\bd, + (m- l)A t } = ~^ + (m - 1) A,d 

-£* + (m-l)A t d 

•*' ” ” b~d~+(m-l)A,~ . (5) 

This fixes the position of the neutral axis. 
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Taking second moments about the neutral axis, we have 
I = ^t 3 + b &- w ) 3 + (m - 1) A t (d - n)*.(6) 

In this formula we neglect the second moment of reinforce¬ 
ment about its own axis. 

Numerical Example. —Take the case of a beam 6 ins. wide 
and 12 ins. deep, the centre of the reinforcement being 2 ins. from 
the bottom and the area of reinforcement *= 1*44 (see Fig. 106). 



Fio. 106. 


Taking m = 16, we get 

_6xl44 + 2xl4x 1-44 x 10 
n “ 2 (72 +~14 IT 1-44) 

■« 6‘87 ins. 


d, - n) = 12 - 6*87 - 6*13 

= 648 + 270 + 197 =. 1115 nearly. 


Taking a safe stress of 100 lbs. per sq. in. in tension for the 
concrete, 

Safe B.M. - -ff- aVli - - 1820 ft. lba. 

5*1 6 X 12 

Then t. — comp, stress in concrete — —^ ~ “ 134 lb./in.* 
Then* = Tensile stress in steel — —— 916 lb./in,* 
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It will be seen that we have taken t t *= 100 , which is higher 
than usually allowed for concrete in tension; but if the con¬ 
crete cracked the steel would still hold, and so we are justified 
in using a higher stress. 

The above example shows that on this method of calculation 
the beam is not very economical, as the steel is very little 
stressed and the concrete has only a small stress in compression. 

For this reason it is usual in practice to neglect the tensile 
stresses in the concrete, that is to say that it does not matter if 
the concrete does crack. Practice shows that such cracks, if 
present, do not matter so long as the adhesion between steel 
and concrete is good, and the tensile stress in the steel and the 
compressive stress in the concrete are within safe limits. 

We should like in this connection to point out that to neglect 
the tensile stresses in the concrete does not, as some writers 
state, increase the factor of safety. We shall see later that 
neglecting such stresses we get a much larger safe B.M. on the 
beam, and thus reduce the factor of safety. 

Strength of Same Beam not Reinforced. —To serve as 
a useful comparison we will find the strength of a 12 ' x 6 ' 
concrete beam without reinforcement. 

If not reinforced, t. - g -^ 123 = 144 

12 

In this case we must take safe t, 50 lb./in. f 

Safe B.M. = — - 600 ft. lbs. 

Therefore, calculating by our first method, the reinforced 
beam is roughly three times as strong. It would cost roughly 
twice as much, so that we see there is 60 % saved. 

Second Method—Straight-line, No-tension Method. 
—This method we name as above, because the additional as¬ 
sumptions are indicated by such name. 

We will now make the following additional assumptions— 

(a) All the tensile stress is carried by the reinforcement. 
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(6) For the concrete the stress is proportional to the strain. 

(c) The area of reinforcement is so small that we may assume 
the stress constant over it. 

Fig. 107 shows the section, strain diagram, and stress 
diagram. 

We will first give the usual treatment which is based upon 
argument from first principles. 

In accordance with our first assumption a vertical plane 
section becomes an inclined plane section a' b', the neutral 
axis (N.A.) being at the point o. 



Fig. 107.—Keinforoed Concrete Beams. Method 2. 


What we first require to determine is the position of the 
N.A. 

Now A a' and D d' represent the maximum strains in the 
concrete and the steel respectively, and since the line a' b' is 
assumed straight, these strains are proportional to their 
distances from the neutral axis. 


We have 


max. strain in concrete 


max. strain in steel 
but max. strain in concrete = 

and max. strain in steel ■= 


• * {d - n) 

nt **mc(d — n) 


n 

(d-n)' 
c 

K 

t 

E. 

c E, _ m c 

t ’ e, r 


•(7) 


.(8) 
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, nt 

d-n =- 

m c 

. d — n -^ 

\ rn c.J 


This determines the distance from the N.A. when both c 
and t are known; but this will not always be the case. If the 
reinforcing bars are of given size, then t will depend on that 
size, and to determine the position of the neutral axis, we 
proceed as follows : The stress diagram shows the distribution 
of stress in the cross section. Since we have assumed the 
stress proportional to the strain, the stress diagram for the 
concrete will be a triangle. It will be seen therefore that the 

c 

mean compressive stress is g, and since the compression area 

is b n, we see that the total compressive stress is % cb n. 

As the stress in the steel is assumed uniform, we get that 
the total tensile stress in the steel is t A,, and if the beam is 
subjected to pure bending these must l»c equal. 


t A, = t> cb n , 


. c 2 A t 
t.e. - = 
t b n 


Comparing this with equation (8) we get 

2 A, ^_n_ 

bn m(d — n) 
bn 2 = 2 rn A, (d — n) 


• 6 ft 2 = 2 m A r d — 2 m A t n 

b » a + 2 m A,. n — 2 m A t d «= 0. 

The real solution of the quadratic equation gives 

in A, ( . If, 2 6d \\ 

sj). 
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Since all the quantities in this expression are given, this 
fixes the position of the neutral axis. 

We may write this 



*=* { Vm 2 r 2 + 2mr — mr\ .(13) 

For m = 15. This gives— 

r =- 

•007 
•010 
•015 
•020 

These values are plotted on Fig. 108. 

Moment of Resistance.— We can now find comparatively 
simply the moment of resistance. The resultant compression 
acts at the centre of gravity of its triangle. 

Therefore the distance between the resultant compressions 

and tensions is d — 

If C and T represent these resultant compressions and 
tensions, we have that the moment of the couple due to the 
resisting stresses, which is called the moment of resistance, 


is given by 

MR = c(i-j) 

= * c b n (d — .(14) 

or,MR = T(i-|) 

— t A, (d — .(15) 


And this moment of resistance must be equal to the maximum 
bending moment for the loading. 


•365 

•417 

•483 

•530 
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Numerical Example. —Take the same section as worked by 
the previous formula (see Fig , 106); and take c = 600 lbs. 
per in.* 


Then equation (12) gives 
1-44 x 15 


6 

mm 5*61 inches. 
* 10 - 6*61 - 


l , 2 xjB x 10 a 
1 + 1 : 44 x 15 J 


4*39 inches. 


Then M.R. or safe B.M. considering the concrete is equal to 
— ^ — x 5*61 |4’39 + £ 5*61 j in. lbs. 

- J’j®? x 5-61 x 8 13 = 5,700 ft. lbs. nearly. 

Comparing this with the safe B.M. by the first method we see 
that the present is more than three times as much. 

M R 

Stress in steel is then equal to —> - 

- l^TxVfs " 5720 lb *- P" in -' 

Assuming a span of 10 ft., the max. B.M. if the load is 
W x 10 

uniformly distributed is —g— ft. lbs. 


W x 10 
8 


5700 


.\ W = 4560 lbs. 


This includes the weight of the beam, which is roughly 

-- x 150 lbs. ■» 750 lbs. 

Safe load uniformly distributed = 4,560. — 750 

= 3,810 lbs. 


It will be seen from the stress in the steel that the area of 
reinforcement is more than it need have been. By combining 
equations (9) and (10) we could have found the value of A, to 
give the stress in the steel, say 16,000 lbs. per sq. in., when the 
compressive stress in the concrete is 500 lbs. per sq. in. 
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The above formula gives results which are in fairly good 
agreement with tests, and is the one most largely used in 
practice. 

Alternative Treatment for Straight-line, No-Ten¬ 
sion Method. —The following treatment follows more nearly 
the ordinary method of dealing with beams than the above, 
but it is not nearly so often used in this country. We shall, 
however, find it very useful in the case of beams other than 
rectangular ones with tension reinforcement only and so we 
give it here; its value has been scarcely sufficiently ap- 


L --<- h 



predated. Fig. 109 shows the section of the beam and 
also the equivalent section. 

We find the position of the neutral axis for the equivalent 
section by the rule given on p. 196 that the total first moment 
of the cross section of the beam about the N.A. is zero. 

Tt 

bn x g — 1st moment of compression area about N.A. 

— m A ( (d — n) = 1st moment of equivalent tension area 
about N.A. 

- m A, (d - n) - 0 ..(16) 

or 6» , + 2 mA t » - 2mA,d »0 [of. p. 221],. (12) 

This is the B&me relation as before. 

Q 
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Equivalent moment of Inertia of the section 
- I. = 3 + m K (d — »)» 

= —(d — n) [from 16 above] 

b n 2 


(*-$) 


Now M = 


6 n 2 
2 
c L 


.(15a) 


[compare ordinary bending formula p. 197] 

3 ) 

2 n 

= lcnb(d-l) .( 10 ) 

This agrees exactly with our previous result. 

Considering the stress on the reinforcement 

m (d — n) 

c_ t 

n ~ m (d — n) 
n 1 


M 


.(166) 


or 


as before. 


1 + 


m c 


This is used if A, is not given. 

Case in which Stresses are given and Area of Steel 
has to be found. 

1 


In the case we have n 1 


1 + 


m e 


Suppose for instance t = 16,000 and c «= 600 and m 
1 9 

«i - - 


16 


1 + 


16,000 
600 X 16 
36 4, 


25 


•36 
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Then from equation 10 we can calculate the necessary area 
of reinforcement by the relation 

c bn 

~2T 


At — 


• £ 


r — 


cn x _ 600 x *30 
2 1 “ 2 x 16,000 


•00675 


In this case the moments of resistance given by equations 
(14) and (15) will be equal and 

MR = 6006 x -36f(d--I2rf) 

2 

= 95 6 d a 
SafeB.M. = 95 6 d* 


The coefficient 95 is called the resistance modulus and 
can be plotted in very convenient form as in Fig. 108. These 
curves may be likened to the tables of section moduli for steel 
sections. 


Numerical Example. — A reinforced concrete beam is 
required to carry a bending moment of 240,000 in. lbs. Design 
the section for stresses c = 600, t = 16,000, assuming that the 
breadth of the beam is 10 inches . 


By equation (11) d = 


nr 

V 956 

/ 240,000 

V 95 x 10 


15*9 inches. 



= -00675 


A, = 00675 x 15*9 x 10 
= T07 sq. inches. 


Adopt 2 — f* bars [giving an area 1*2]. 

Third Method—General No-tension Method. —In this 
method we will, as before, assume that all the tensile stress is 
taken by the steel, but we will assume that the stress-strain 
curve for conorete is not straight but some other curve. 
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In this way we get the stress diagram, Fig. 110, from the 
strain diagram. 

Suppose that its area = k . c . n and that its centroid is at 
distance y from the top. 

Then, as in equations (8), (9) we get 

(d — n)m.t 

n - . — 

d 



Now, since the total compressive stress must be equal to the 


total tensile stress, we have 

* A* = & & nc ..(10) 

. «. = (d-n)mk, 
kbn 

kbit* = m A,(d - n) 

kbn* + mA,n — m A,d = 0 .(17) 

.o* 

.<“• 

Then moment of resistance 

■» M.R. -■ t A, (d — y) for tension.(20) 


— k b n c (d — y) for compression .. (21) 
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Numerical Example with Stress-strain Curve Para¬ 
bola. —Take the section that we have worked for the 
previous formulae. (See Fig. 106.) 

If the stress-strain curve is a parabola tangential at the 
compression edge we have 

*-} 

3 n 


For the given section n • 


*. d — n 


VU x 15/ 

2 |e ' 

- 5-12' 

: 10 - 612 


4.2.10.6 


_ A 

1-44.3 J 


Safe M.R. for concrete 

= | X 6 x 5-12 x 600 (4-88 + 3-20) in. lbs. 

“ 3 x 12 X 6-12 x 60° x 8 08 ft. lbs. 

«= 6,900 ft. lbs. nearly 
Then stress in reinforcement 


6,900 x 12 
1*44 x 8*08 


7,120 lbs. per sq. in. 


It will be seen that this method gives higher values still for 
the safe bending moments. The stress-strain curve for con¬ 
crete, although nearly parabolic, would not have the vertex of 
the parabola at a stress of 600 lbs. per sq. in. 

From the above we think that it should be clear that there 
is not much difficulty in finding the stress in reinforced concrete 
beams so long as we know accurately the properties of the 
concrete, and are clear as to what assumptions we are making. 

Reinforced Concrete T Beams.—Reinforced concrete 
floors usually consist of reinforced slabs with reinforced 
beams at definite intervals in a longitudinal direction, the 
whole being monolithic. Fig. Ill shows a section of such a 
floor, which may be regarded as a number of T beams. The 
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reinforcing bars a in a transverse direction in the slabs 
are arranged as shown to take the tension at the top 
where the bending moment reverses, due to the slabs being 
continuous. 

It is usual to take the effective breadth of the flanges of the 
T beams as less than B—J to f B—because the concrete be¬ 
tween the beams acts as a short beam in a direction at right 
angles, and so the centre portion is comparatively highly 
stressed for this reason. 

We will now consider the stress in the beam, adopting the 
no-tension, straight-line method. 

Case 1 . If d t > n we get the same rules as given in method 
( 2 ) for rectangular beams, b, being substituted for 6 . 



Fio. Ill 


Case 2. If d, < n we proceed as follows— 

As before we have from a consideration of the strain diagram 
^ (d — n ) me 


n 


1 + 


me 


Now consider the total stress diagram, Fig. 112, i.e. hori¬ 
zontal lengths of compression figure compressive stress per 
sq. in. x breadth of beam. 

Now total compressive stress on the section 


area (kdh-hfo) 
cb,n 
2 


(b. ~b,)x x 
-2-* i'* 


'{fc» 


(b, - 6 r ) 

» J 


But C — T = t A,. 
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.-.I A, 

. C 2 A, 


.( 22 ) 


(6, — b r ) a. 2 ) 
n / 


» 


n|6, n — 


2 A t m (d — n) 


(6, - b.) (n - rf,) 2 




| = 2 A r m (d — n) 


n{b r n +2d, (6, - 6,) + ~ (6, - &,)} - 2 A r m (d - n) 
i. o. 6*n a + 2 n {A t m + d, (6, — 6,} = 2 A r m d + (&,— /> r ) d? (23) 



From this quadratic the value of n can be found. 

Then if the centroid of the compressive stress-strain curve 
area is at distance a from the centre of reinforcement 
Safe B.M. = C xa 

Let the centroid of the compressive stress strain diagram be 
at distance y from the top. 

Now this centroid is the same as the centre of pressure on a 
similar body subjected to fluid pressure, the N.A. being the 
water line. In this case it is easily shown that 

__ 2nd Mt. of ar ea above N.A. about top. 
y ~~ 1st Mt. of area above N.A. about top. 

&, n 3 _ Q± r b> ) x * * 

3 3 

** b t n a (6, — b r ) x a 
2 2 

This enables us to find a. 


(24) 
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Many writers neglect the rib,».e. neglect the portion feq 
of the stress diagram, and others further assume y =» *4d 

^the extreme limits between which y must lie are and 7 ^ 

This avoids the quadratic equation and makes the calculation 
much easier. 

We may put b r «=» 0 in equation (23) 


4r 



We then get at once 


» = 


2 m A t d + b, d? 

2 (m A t + b, d,) 

d, /3n — 2d\ 


a then becomes equal to d — ^ 


Considering compression we have 
Safe bending moment » C. a 




(26) 


(26) 


Alternative Treatment. —Applying the method of the 
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equivalent section we have (Fig. 113) a much simpler 
treatment. 

Moment of equivalent section about N.A. » 0 

• i a® . . (a d|)^ . ., . 

l. e. b, -g — (6, — b r ) '—g—= m A, (d — n) 


This gives the same quadratic as equation (23) 

b, n* (6, — b r ) (n — d.) 3 
3 3 


I. 


+ m A, (d — »)*... .(27) 


neglecting the rib we should have 

n* 6. (» - d.)* 

‘ 2 2 


m A, (d — ») 



This gives as before 
n 


2 m At d + ft, d, 1 
2 (6. d, + m A,) 


Having found I, we have as before 


Safe B.M. 


d. 


for concrete 


< 1 . 


m (d — n) 


for reinforcement 
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Numerical Example of T Beam. —Take the T beam of 
section shown in Fig. 114. In this case we will not assume the 
area of reinforcement (A,) to be given, but will calculate it so 
as to give 

c = 600 lbs. per sq. in. 
i tm 16,000 lbs. per sq. in. 
m — 15 

Then we have n =-- — 


15 

16,000 
15 jt 600 


5 4 ins. 



Fia. 114. 


. •. From equation ( 22 ) 

16,000 A r - ~ (5-4 x 48 - 3S g. 4 1-92 } 

A t =» 4*38 sq. ins. 

.*. Adopt, say, 3 bars If* diameter. 

Then working by the equivalent moment of Inertia 

I, = 15 X 4-49 x 9'6 2 + 48 x ^ - —3 —* 
- 8,641 

.*. Safe B.M. = 600 - 960,000 in. lbs. 

For other cases of reinforced concrete beams the reader is 
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referred to the author’s Elementary Principles of Reinforced 
Concrete Construction (Scott Greenwood & Son, London). 

COMBINED BENDING AND DIRECT STRESSES 
If the loading on a beam is such as to cause a direct stress 
in addition to bending stresses, then the resultant stresses 
across the section will be obtained by adding together the 
separate stresses. Let b d, Fig. 1 15, represent the elevation 
of a section of a beam, c being the centroid of the section 



whose area is A and whose compression and tensile moduli 
are Z c and Z«, d being the compression side and b the tension 
side. 


Then, if the direct force is a thrust Q, there will be a uniform 

compression stress of over the section. If the bending 

moment is equal to M, the maximum compression and tensile 

stresses due to bending are equal respectively to ^ and 

A Z, 

Therefore we have 

Resultant maximum compressive stress ■■/,*= ^ .. (l) 

Resultant maximum tensile stress « ~ ^ . (2) 

A A 


The distribution of the combined stresses across the section 
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is then as shown in Fig. 116, f h representing the maximum 
compressive stress, and o e the maximum tensile stress. The 
neutral axis then is at the point N, where the stress is zero. 

If the direct force is a pull T instead of a thrust Q, we have 

T M 

Resultant maximum tensile stress = /# =* j ^ .. (3) 

M T 

Resultant maximum compressive stress = /, = ^ — ^ . (4) 

Stresses obtained from Line of Pressure.—If the 
resultant force across the cross section is R, Fig. 116, and the 



line of pressure cuts d b produced in l, the load point , then 
resolving R along and perpendicular to the cross section we get 
a shearing force S and a thrust Q. 

In this case M = Q x cl*Q x* 

and if c d ~ d t and c b = d c 


we have 


Z t 

Z, 


I _ A k* 
d c d c 

I _ A** 

dt d% 


where 1c is the radius of gyration about a line through the 
centroid parallel to the neutral axis. 

# \ We have from equations (1) and (2) 

, Q . Q 
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U 



Q .xd, Q 
A 4* A 


Q (xd, 
A l k* 


■) 


( 5 ) 


.... ( 6 ) 


Or if the resultant normal component is a pull T, equations 
(3) and (4) become 



Position op the Neutral Axis.—T he position of the 
neutral axis n can be found as follows— 

Let it be at distance y from o. 

Then stress due to bending =* 

Q.xy 
~ AF 


At this point the stress due to bending is exactly equal to 
the direct stress. 


. Q ^xy Q 
• * A k % = A 


or xy = k 2 



The following numerical examples will make the question of 
combined direct and bending stresses clear; further examples 
will occur in the course of the book. 

Numerical Examples. — (1) A tension rod is a flat bar 8 
inches wide and 1 inch thick: owing to bad fitting, the line of pull, 
instead of passing along the geometrical axis of the bar, lies J of an 
inch to one side of it, in the plane which bisects the thickness of 
the rod . Determine the maximum and minimum stresses set up 
in this bar in a section at right angles to the line of pull when the 
putt is 36 tons. 
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Show by a sketch the actual distribution of the stress across the 
section. (BJSc. Lond.) 

T 36 

In this case the direct stress = -* = „—=■ = 4‘5 tons per sq.in. 

A o X 1 

The B.M. is equal to T X x, and the second moment is equal to 
1 x 8* 128 

12 " 3 

I _ 128 i _ i6 
A ~ 3 X 8 “ 3 
T 


i* 

A 


(* + ?) 


- M(l + ! X 4 X *) 

3 

■ 4*5 x 1 ^ =» 5*344 tons per sq. in. 

<•- 10 * -0 


4*5 


a - o 


13 

4*5 x = — 3*656 tons per sq. in. 


The distribution of the stress is then as shown in Fig. 117. 

(2) A hollow circular column has a 'projecting bracket on which 
a load of 1 ton rests. The centre of this load is 2 feet from the 
centre of the column. External diameter of column is 10 inches , 
and thickness 1 inch . What is the maximum compression 
stresst (A.M.I.C.E,) 


In this case A - j (10* - 8*) «= 28-28 

I *= — 8 4 ) = 289 - 8 in. units 

••• **-»»- 1026 
•••/•- 2 (*+ 2 ) 

“88 T 2l( 1 + ~ms) 
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FiQ. 117.—Combined Bending and Direct Stress. 
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28-28 
Q fxd, 


== *448 ton per sq. in. 


— 2gr 2 8 = 379 ton per 8< 1' in - 

The distance of the N.A. from the centre of the section is 


then given by y *= — 

X 


— -427 in. 


The distribution of stresses is then as shown in Fig. 117. 

(3) A built-up crane jib is in the form of a curved girder, and a 
horizontal section near the base is a hollow rectangle. The out¬ 
side dimensions of this rectangle are 54 and 36 inches, and the 
larger and shorter sides are 1 inch and 2 inches thick respectively. 
Find the maximum tensile and compressive stresses induced in 
the material when a load of 25 tons is suspended from the end of 
the crane, the horizontal distance of the load from the centre of 
the section being 60 feet. Show by a sketch how the intensity 
of stress varies across the section. (B.Sc. Lond.) 

It will be noted that in this question no means are given to 
connect the plates of the rectangle, such means being necessary 
in practice. 

Proceeding as in the previous example, we see that 
A - 2 (72) + 1 (100) - 244 sq. ins. 

, _ - U8.200 

*. t' - - 484*6 


484-5 


600 x 27> 


x 34-5 — 3*62 tons per sq. in. 


<600 x 27 


3‘33 tons per sq. in. 


Fig. 116 shows the manner in whioh the stresses are dis¬ 

tributed. 
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• BEAMS WITH OBLIQUE LOADING 

In obtaining our formulae for the stresses in beams, we 
assumed that “ the section of the beam is symmetrical about 
an axis through the centroid of the cross section parallel to 
the plane in which bending occurs.” 

We saw in dealing with moments of inertia, or second 
moments, that an axis of symmetry is called a principal axis 
of the section. Our assumption, therefore, is equivalent to 
saying that one of the principal axes lies in the plane of loading 
of the beam. 

When such is not the case the loading is said to be oblique 
and we proceed as follows or in the alternative method given 
on p. 244. Draw the momental ellipse for the beam, x x and 
y y (Fig. 118) being the principal axes, and let z z be the trace 
of the plane of loading. Then the neutral axis mil be the 
diameter of the ellipse conjugate to the plane of loading . The 
plane of bending will be at right angles to the neutral axis. 

This is proved as follows— 

Consider an element of area at the point p of a section 
(Fig. 118), and let P N and p m be drawn perpendicular to the 
plane of loading and neutral axis respectively. Then the 
intensity of stress at p is proportional to p m, the distance 
from the neutral axis, so that if c is a constant we may write 

f r » c x P M. 

The moment of the load over the area about z z is equal 
to / F XaXPN = C Xa XPM X PN. 

Now since z z is the plane of loading, the moment of all the 
stresses over the section about z z must be zero, since the 
couple to the stresses must also be in plane z z. 

2/, X o X PN — 0 
t.«. ScXaXPM X P N = 0 
t.6. 2a.PM X PN = 0 

But 2 a. P M . P N is what we have previously called the pro¬ 
duct moment , and it can be shown that if the product moment 
of an area about two lines is equal to zero, such lines must be 
conjugate diameters of an ellipse. 

E 
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Therefor© to find the neutral axis draw a chord the diameter 
conjugate to z z. To do this draw a chord parallel to z z and 
bisect it and join o to the point of bisection. 

Now suppose the radius of gyration about the N.A. is k H . A . f 



Flo. 118,—Stresses due to Oblique Loading. 


and d t and d t are the distances from the extreme points of the 
section to the compression and tension sides respectively. 
Then the moduli are 

A k * T 

7 _ A K v.k. _ ■*•*.*. 

Z ~ d ~ 

A b * T 

_ A A. _ a w.a, 

---- — a- — 

d, d, 
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Then the maximum compression and tension stresses are 
obtained by the relations 




M 

Z, 


Numerical Example. — A 5" x 3" x unequal angle section 
is loaded on the small side with the long leg downward . Find 
the safe bending moment for a stress of 7 tons per square inch. 

From the tables of standard sections we see that for this 
section the maximum and minimum values of the radius of 
gyration are 1*69 and *65 inches, the principal axes being 
at 19*° to the vertical line z z, which is the trace of the plane 
of loading. 

The momental ellipse is now drawn (to twice the scale in 
Fig. 118), the major axis being equal to twice k„, and the 
minor axis equal to twice k„. 

By the construction previously given we get the diameter of 
the ellipse conjugate to z z. This gives the neutral axis. To 
obtain k, t draw a tangent to the ellipse parallel to the N.A. 
and draw a line from o perpendicular to this axis. This will 
be found to be *88 inch. Now measure the distances d c d, 
from the neutral axis to the extreme fibres of the section and 
these will be found to be 1*80 and 1*83 inches respectively. 
The area of the section is 8*75 sq. ins. Therefore we see 



3*75 x 88 s 
1*80 


_ 3 75 x ' 88 * 
“ 1 83 


1*01 in. units 
1*59 in. units 


.*. Tf safe stress = /,=/, = 7 tons per square inch 

Safe B.M. - 7 x 1*59 = 1113 in. tons.(1) 


If we had taken the N.A. at right angles to the plane of 
loading, as in the case of a symmetrical beam, we should have 
had k « 160, d. - 1*73, and d, - 3 27. 
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This would give Z« 


Z, 

Safe B.M. 


3*75 x 1-60* 
1*73 

3*75 x 1*60* 
3*27 


5*55 in. units 
2*94 in. units 


7 x 2*94 — 20*58 in. tons 


(2) 


(In finding the safe B.M. we, of course, consider only the 
least modulus if the working stresses are the same in tension 
and compression.) 

We see from comparing results (1) and (2) that a very large 
error is made by failing to find the true neutral axis. This 
error is very commonly made by practical designers. 

A similar allowance should be made for symmetrical sections 
where one of the principal axes does not coincide with the 
plane of loading. Such cases occur in practice in plate girders 
where the wind is blowing on one side while the load is crossing, 
and in sloping bridges where the cross girders are placed with 
their flanges at the same inclination as the main girders. 

* Alternative Treatment for Oblique Loading.—In 
some cases it is much simpler to proceed by what is known as 
the u principle of superposition .” 

Let X be the angle of inclination of the plane of loading to 
the principal axis and let x, y be the co-ordinates referred to 
the principal axes of the point at which the stress is required. 

Th,,, , . MrinXj, + McosJu*. (7) 


We shall show later that this comes to a simple result in a 
common case. 

Let v N (Fig. 119) be the neutral axis and let » be the 
perpendicular distance of a point r from it; then /, «= stress 
at p — m . n where m is a constant. 

Then M sin X =«■ component of M about x x =* 2 / . a . y 

■« 2 m . ny a (1) 

but » »P8 - PB — 8»»PB — Q T y COS a — X sin a 


Msin X *■ m cos a 2 y*a — msin a 2xy .a .(2) 

but 2 * y . a product moment about principal axes =* 0 
M sin X — m cos a 2 y* « — m cos a I„.(3) 
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Similarly M cos X =» component of M about y y 
— 2 f a .x 

«= 2 m [y cos a — x sin a) x . a 
«■ m cos a 2 a; y a — w sin a 2 x 2 a 



■■ o — m sin a 
■* — m sin a I Tt 


•••Dividing (3) by (4) 

tan X 


— cot a I, 


( 4 ) 
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From (3) and (4) m 


This enables us to calculate the position of the neutral axis. 

M sin A. — M cos A 
I^cosa I„ sin a 
/ = m n = m (y cos a — x sin a) 

— my cos a — m x sin a 

M sin A y cos a _ / — M cos A x sin o''. 
* = I„ COS a V I„ sill a / 


_ M sin A . y M co s A . x 


...-(7) 


Numerical Example.— Take, for instance, the obliquely 
loaded column shown in Fig. 120. Loads of 30 and 40 tons 
respectively are transmitted at a and b, the resultant of which is 
a load of 70 tons acting at d. 


The following are the properties of the section— 

A = 28 59 sq. ins. 
k xx — 4 45 ins. 
k„ — 3 39 ins. 

Measurement gives z o x = A = 110'4° 

M sin A = 70 x o d sin A = 70 x E o = 70 x — > y 5 - 

= 220 in. tons 

(This is the same as 40 x o b) 


M cos A = 70xor>cosA«= — 70xde = 70x|x 2-72 

= — 81’0 in. tons 
(This is the same as 30 x o a) 

The maximum stress occurs at the top left-hand corner for 
whioh y = 5'5, x <** — 6 ins. 


*. Max. bending stress = / 


220 x 5 5 81-6 x 6 

28-69 x 4-45® + 28-69' x 3'39* 


- 214 + 149 
= 3-63 tons per sq. in. 
70 

Direct stress = ggrgg =" 2*45 tons per sq. in. 


• • 


combined stress = 6 08 tons per sq. in. 
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Simplified Result in Special Case.—In the case, as the 
above, where the oblique loading is caused by two bending 
moments in the principal axes, M sin X and M cos \ will be 
the separate bending moments in the two axes and we thus 
get the following rule— 



Fig. 120 . 


Calculate the stresses at any point for each bending moment 
separately about the corresponding neutral axes; then the . total 
stress for the two bending moments will be the sum of the separate 
stresses. 
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DEFLECTIONS OF BEAMS 


Wb have found the relation which exists between the 
stresses in a beam and the bending moment; we now want 
to find the relation between the deflections and the bending 
moment. 

Let o o', Fig. 121, represent a short length of the centroid 
line of a beam, the original curvature of which was negligible, 
and which has become bent to a radius of ourvature R. This 
radius R is that which agrees with the very short length o o', 
and is not the same all along the beam. If the assumptions 
that we previously made with regard to the stresses in beams 
still hold, b f and a e are straight lines after bending, and they 
meet at o, the centre of curvature of c o'. Draw b' f' parallel 
to a E. Now consider the segments B b' o' and o o' o. 


cr /I • 11 B B 0 c' 

Since $ is very small - 7—7 =» — 
bo 00 

b b' b' o' _ 
oc' “ co " R 


(1) 


But a b' represents the length of a b before bending occurs 
b b' increase in length , . . 

" ~ o n gSa lengtl T" " stram m A B 


We have 


A B 
But A B‘ 
B B' 


0 0 


00 ' 

strain in ab 


g, where / is the 


stress along ab. 
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Putting this in equation (1) we have 


/ 

E 


d 

E 

E 

E 


But we have already shown that 

_ fl 

d 


M 



M 

I 


.combining these results we have 

/ M E 
~d I “ R 


( 2 ) 


(3) 



This is the complete relation between the stresses in beams, 
the bending moment, and the radius of curvature. In practice 
we do not so much want to know the radius of curvature at 
various points of a beam, but we require the deflection, and 
so we will next find the relation between radius of curvature 
and deflection, and then find the deflections for various kinds 
of loading. 

Our investigation now divides itself into two parts according 
as we oonsider it from the graphical or the mathematical 
standpoint, and we will deal with it in this order. 
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INVESTIGATION FROM GRAPHICAL STANDPOINT* 

Preliminary Note on Curvature.—Let a b (Fig. 122) 
represent any curve, and let p p } be points on it at a short 
distance a apart. Draw tangents p q, p x q 4 to meet any base 
line making angles 6 and 0 1 with it, and draw lines perpen¬ 
dicular to the tangents, then the point of intersection of these 
. perpendiculars is the centre of curvature of the short arc p r v 



or 


Then the angle subtended by F P x at the centre will be 
equal to (6 — OJ. 

if B is the radius of curvature B x (0 — 6j) = a. 

• u =_— - 

• e - e l 

6 -Ji = J_ 

S R 

Then ~ is called the curvature at the given point , or rather 

R 

0 •— 0 

the curvature is the value which - 1 approaches as s 

gets smaller and smaller. 

Mohr’s Theorem. — Now imagine a b to be a cable 
loaded vertically in any manner, and let the load between 

* The reader may take either the mathematical or the graphical 
reasoning. Each is complete in itself. 



DEFLECTIONS OF BEAMS 


25] 


! the points P, p x be equal to w. Then it follows from 
, the laws of graphic statics that the cable takes up the 
shape of the link polygon, for the load system on it, 
' drawn with a polar distance equal to the horizontal pull 
> in the cable. 

Now let the tension in the cable at the points p, be T, T v 

Then the horizontal components of these tensions must be 

equal, since there is no horizontal force on the cable; let this 

horizontal component be H; the difference between the 

vertical components of the tensions must be equal to w , the 

load between the points. 

/. We have H = T cos 0 = 1\ cos B x 

w = T sin 6 — Tj sin 0 X 

. H sin 0 H sin 0, 

l. e. w =- x- - & 

C08 0 COS 

= H (tan 0 — tan 6 t ) 

Now if 0 1 and 6 are small, as they will be when considering 
beams, we may say tan 6 X = 0 X and tan 0 = 0 
. . •. We have w = H (0 — 0 X ) 

• m _ H (0 — 0 t ) 

* * 8 B 

_ H 
~ R 


But 


w 

8 


load per unit length of the cable = say p. 


II 

• P=R 

_ P 
R ~ H 


(4) 


Now return to the case of the beam, 

1 M 

From equation (3) -g ■* .( 5 ) 


The quantity E x I depends solely on the shape and 
material of the beam, and is called the “flexural rigidity.” 
Then if this flexural rigidity is constant throughout the span, by 
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comparing statement A and equations (4) and (5) we see that: 
A loaded beam, takes up the same shape as an imaginary cable of 
the same span which is loaded with the bending moment curve on 
the beam, and subjected to a horizontal pull equal to the flexural 
rigidity (EI). 

This is Mohr's Theorem, and the deflected form of the 
beam is called the elastic line of the beam. We see, therefore, 
that to obtain the elastic line of a beam our procedure is as 
follows— 

(1) Draw the bending moment curve for the beam. 

(2) Divide this curve up into narrow vertical strips, and set 
down mid-ordinates on a vector line, and take a polar distance 
equal to the flexural rigidity (E I). 

(3) Draw the link polygon for this vector polygon, and 
reduce it to a horizontal base, then this link polygon gives the 
elastic line to a scale which we shall determine later. 

For the present we will assume that the section of the beam 
is uniform along its length, or rather that the flexural rigidity 
is constant. We shall see later how to proceed when such is 
not the case. 

Standard Cases of Deflections.—In certain speoial 
cases we can calculate the maximum deflections by reasoning 
based on Mohr’s Theorem, and we will deal with such cases 
now (Fig. 123). 

(1) Simply Supported Beam with Central Load W.— 
Let ab represent a simply supported beam of span l with a 
central load W. 

Then adb is the B.M. diagram, the maximum ordinate 
W l 

being equal to —. Let Aj c t Bj be the elastic line of the beam; 

then, according to Mohr’s Theorem, the shape of this elastic 
line is the same as that of an imaginary cable of the same span 
loaded with the B.M. curve and subjected to a horizontal pull 
equal to the flexural rigidity. 

Now consider the stability of one half of this cable. It is 
kept in equilibrium by three forces: the horizontal pull H 
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at the point o,; the resultant load P on half the cable; and 
the tension T at the point a v 
Take moments about the point a x , then we have 
HxUPxy 

• 8- Pxy 

In this case P «=* area of one-half of B.M. diagram 
1 l W l WZ» 

“ 2 ‘ 2 X 4 " 16 

y = distance of centroid of shaded triangle from a 



Fio. 123.—Deflections of simply supported Beams. 


L 

~ 3 

H = El 

.. VV P l WP 
* * 16 X 3.El! " 48El 

(2) Simply Supported Beam with Uniform Load.— Let 
ab represent a simply supported beam of span l, with a 
uniformly distributed load W. 

The B.M. diagram is a parabola, the height being equal to 
W l 

~g-* Then considering the stability of half the imaginary 
cable, we have as before 

S - 


P x y 
H 
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In this case P *» area of one-half of B.M. diagram 
12, Wl YVZ* 

“ 2 ’ 3 1 X 8 “24 



H = El 


W l* 51 6 W P 

24 • 16 E I = 384 El 


(3) Cantilever with an Isolated Load not at Free 
End. —Let a cantilever of span l (Fig. 124) carry a load W 
at a point at distance l from the fixed end a. 

Then the B.M. diagram is a triangle, a d being equal to 
W /, a 1 b 2 represents the elastic line of the beam and the 
imaginary cable. In this case we must imagine the load as 
acting upwards. 

The cable is horizontal at a v 

Take moments round B lf then we have as before 
H x 8 — P x y 

. s = - x v 

’ * H 

In this case P =» area of B.M. curve ago. 

Wl. I WjP 
“ 2 “ 2 


l 

y = L- 3 - 

H = El 



In this case it should be noted that the portion of the beam 
beyond the load is straight. 

(4) Cantilever with an Isolated Load at Free End.— 
This is the same as the previous case when l ■» l, 

Wl V j A 

2 E I \ L ~ 3 / 

W L* 

3 E I 


8 


• • 
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(5) Cantilever with Uniform Load from Fixed End 
to a Point before the Free End. —Let a b be a cantilever 
on span L, and let a load W be uniformly distributed from A to 
a point c, l being the length of A c. 

Then as before 



In this case P = area of B.M. curve acd 
_ 1 W l , VV l* 

- 3 2 1 6 




(6) Cantilever with Uniform Load over Whole 
Length.— This is the same as the previous case when l = l. 


8 - 



Wl ! 3l Wl* 
“ 6 El ' 4 “ 8EI 


* (7) Simply supported Beam with Isolated Load 
anywhere. —The reasoning in this case is somewhat long, but 
should not otherwise present any great difficulties. 
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The first important point to notioe is that the maximum 
deflection will not occur under the load, so that, as it is the 
maximum deflection that we nearly always require, it is of 
very little use to find the deflection directly under the load as 
is commonly done. 

We have seen that the ordinate of the bending moment 
curve or link polygon of a beam is a maximum where the shear 
is zero, so that treating the B.M. curve as a load on the beam, 



Fio. 125. 


the deflection will be a maximum where the shear due to this 
load is zero. 

Let a load W be placed at a point o on a beam a b of span l. 
Fig. 125, o being at distances a, b from a and b. Then abb 

W ab 

is the B.M. diagram, o X being equal to — j —. The total 

load represented by this 6.M. diagram treated as a load will 

v. i* a - Wfll l W ab 

be equal to the area of the A a b b = — j— x -g ■» — g- • 

It acts at the centroid a of the A. 
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The vertical through this point o is at distance | f c 

O 

from c, F being the mid-point of the beam, so that the 
distance of this centroid from the end b is equal to 


b + 


«->)- 


l , A _ Q + b) 
3 ,1 ‘ 3 ” 3 


The reaction at a due to this imaginary load is equal to 
Total load w (l + b) _ W a b (l + b) 

T 3 21 ’ 3 

Now let the deflection be a maximum at the point d at 
distance x from a. 

Then the shear at this point is zero. 


».e. 


». e. 


or 


R - 4 . K H 


Wab fl + b 


21 


- 


!>\ _ x 
) 2 


Wbx 

l 


0 

0 


o(l + b) _ . 
3 x 


= v /a (/ + 6) 


.(1) 


The maximum deflection 8 is then obtained by considering 
the stability of the portion a x d of the imaginary cable. 

P y 

Then we have as before 8 = -jj- 
In this case P = area akh 

W bx x Wbx* 

“ l 2 “ 21 

Wb.a(l + b) W ab {l+ b) 

“ 6/ ~ 


if 


2 

V~3 X 


la (l + b) 
'S 3 


2 
3 
EI 

Wo6(l + i) 
0 1 


y 

W b fa (I + b)\* 
TWTl \ 3 J 


a (l + b ) 
3 


1 

El 
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This can be put into somewhat simpler form for use by 
putting 

a = al. Then b = (1 — a) l. 



Fia. 126 .—Deflections of Beam*. 


♦ (8) Beam uniformly loaded from one End to the 
Centre. 

The B.M. diagram for this loading is given by the curve 
dtoe (Fig. 126), the curve dtq being a parabola tangential 
to the line e o. 

We have first to find where this maximum deflection will 
occur. We do this by the rule that the Maximum Bending 
Moment in a beam occurs at the point where the shear is zero. 
We will treat the diagram doe therefore as the load on the 
beam. 

If s.G be produced to H f the curve d t o will be a parabola 
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tangential at o, and it is most convenient in the present pro¬ 
blem to consider the B.M. diagram as made up of the difference 
between the triangle dhi and the parabolic segment dgh. 

The first step is to find the imaginary reaction B, at e. To 
do this we consider the area of the triangle as a force P 2 acting 

down its centre of gravity, which is at distance ^ from d. • 

__ _ . , w Z 3 

Then P, -» area of Adhe = Jdii.de = 

The area of the parabolic segment will be considered as an 
upwardly acting force r t passing through its centre of gravity 

l 

which will be at distance g from d. 

Then P 2 — area dioh = Jhd.dk 

iv l 2 l tv l a 

” 3~x~8 " 2 “ 48 

To get the imaginary reaction R. at e, take moments 
about D. 

Then P.-J — Pi| = R..« 

• * R « “ 3 8 

wl* wl* _ 7 wl* 

“ 48 8 x 48 “ W. (1) 

Suppose that the maximum defiection occurs at a point 
x at distance x from the centre. 

Then the imaginary shearing force S at this point = 0 
Shear at n ■» R g — area nqk + area qto 


7 wP 

t ol( 


) W X* X 

384 


8 2 

+ 2 3 

7 wl* 

wl 1 

l* , , , ,\ , 

wx* 

384 

" 10 ( 

+ lx + x*J + 

"6 

7 wP 

wP 

wPx wlx * 

wx* 

'384 

64 

“ 16 16 

+ -Q- 

wP , 

10 X* 

wPx wlx * 


384 + 

~~Q~ * 

“TT “ 16* 
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If this *= 0, we have on dividing through by and re¬ 
arranging the terms, 

64x» - 24x*l - 24x1* + l 8 - 0 

« 6 4 (f)’-24(|) , -24(f)+l-° .(2) 


This is a cubic equation that cannot be solved by direct 
methods. 

We must proceed by trial as follows — 

If * = 0, left-hand side, which we will call y= + l 
Ifx=ll y= 064- -24 - 24 + 1 =- 1-676 

If * = 061 y = 008 - 06 - 12 + 1 = - -262 

If x = 041 y = 0041 - 038 -96 + 1 =+ 006 


If the values of y are plotted against x it will be found that 
y = 0 for x mm -04061 approximately, and for all practical 
purposes we may take x = -041. 

Having determined the point of maximum deflection, we 
have next to calculate the value of the deflection 8 at this 
point. 

We first find the imaginary Bending Moment M t at the 
point N 

M x ■■ R,+ x\ + moment of section qiq 


— Moment of A q n e 
7 tvP 


384 


Ml + x 


_?J X 
8 X 


. 'tel 
•641 x -j x 


041 

3 

641 

‘2 


. wP { 00984 + 0000001 + 00328} 
i *00666 to l* 

M, *00656 wl* 

17“ U . 


x + 


041 

4 


(3) 


As an interesting comparison, let us suppose that the whole 
load were spread right over the span. 


Then 8 


6 Wl 8 
384 El 


, according to the well-known formula. 
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In this case W ■» 

. 6 wl* *00661 tvl 1 

'"mEl" El " . (4) 

We see therefore that we shall only make a slight error— 
which is practically negligible considering the necessary devia¬ 
tions from theoretical conditions which occur in practice—if 
we treat for deflection purposes the present case as being the 
same as for the same load spread over the whole span, re¬ 
membering that the maximum deflection occurs at *64 l from 
the unloaded end. 

Graphical Construction for any Loading. —Let aob 
be the B.M. curve for any given load system. Divide the 
base into a convenient number of equal parts and let e be 
the length of each base segment. The number is such that 
each piece of the B.M. diagram is approximately a rectangle. 
Now set down the mid ordinates of each section diminished 

in the ratio - on a vector line. These ordinates are diminished 
n 

in order to keep the vector diagram of a workable size. 

Now let the space scale be 1* *= x feet, and let the B.M. 
scale be 1 M *= y foot tons. Then considering any section of 
the B.M. diagram, say 2, 3, the area of this section is e x mid 
ordinate. Therefore, on given scales, one inch in height of 
mid ordinate, since the area of each segment is proportional 
to the height of the mid ordinate, represents e X x x y square 

ft. tons. Since each portion of the vector line is ^ of the 

ordinates, the portion 2, 3 of the vector line represents the 
area of its corresponding section of the B.M. diagram to a 
scale •= « x e X i X y square ft. tons. Now calculate 
the length of E I on this scale. This will be too large for 

E I 

practical use, so take a pole p at distance —, where r is some 

convenient whole number. With this pole P, draw the link 
polygon a' c' b', then this the elastic line of the beam for 
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the given loading, or,'more strictly speaking, a'c'b', when 

reduced to a horizontal base, would give the elastic line. 

The scale to which the deflections are to be read is then 

obtained as follows— > 

If the polar distance were taken equal to E I, the deflections 

would be to the space scale 1* ■= x feet, but as the polar dis- 

EI x 

tance is —, the deflections will be to a scale V «= — feet. The 
r r 

following numerical example should clear up the difficulty 

as to scale— 



Numerical Example. —A 16* x 6 * x 62 lb, rolled steel 
joist of 24 ft, span carries a uniformly distributed load (in¬ 
cluding its own weight) of 8 tons, and also an isolated load of 
6 tons, at a point 6 ft, from the left-hand support . Find the 
maximum deflection (Fig. 128). 

In this case E = 12,500 tons per sq. inch. 

I = 725'7 inch units. 


El 


12,500 x 725*7 
144 


62,080 sq. ft. tons. 


First draw the B.M. diagrams for each of the loads, taking 
as linear scale, say 1* « 4 ft., and for the B.M. scale, say 
V « 20 ft. tons. Now divide the B.M. diagram into a con¬ 
venient number of equal parts, say 12, and draw the mid 
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ordinate of each part, treating these as force lines, then set 
these ordinates down a vector line, 0, 1, 2, etc. .. 12 to a 
reduced scale, say one-fourth for convenience. 

Then 1 in. down the vector line represents ^ ^ = 

160 sq. ft. tons, because each base element is \ in. 

62 qco 

•\ E I on this scale = - * A = 303*7 ins. 

IbU 



FlO. 128.—Example on Deflections. 


393*7 

This is obviously not convenient, so take = 6*56ins 

Then 1 in. on the link polygon represents ^ in. deflection. 

The maximum ordinate of the link polygon will be found to 
be *58 in. 


Maximum deflection = *58 x *8 == *46 in. 


Allowance fob Deviation of Cross Section. — The 
cases up to the present have all been on the assumption that 
the section is constant, or rather that the Moment of Inertia, 
1, is the same all along the span. If such is not the case, the 
deflection can be found accurately by first altering the B.M 
curve to make up for the variation in the section as follows— 
Suppose abo (Fig. 129) is the B.M. curve on any beam 
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adb, and suppose that I*, is the maximum moment of inertia 
or second moment of the section, this occurring at the point 
D. Then take any point along the beam at which B.M. is x y 

X Y X I 

and moment of inertia I x and find x y x so that iYj = —I-°- 

Do this for a number of points along the span, and join up 
the points thus obtained, and we get the corrected B.M. curve 
from which the deflections can be found by the construe* 
tion given above. The value I 0 is taken in obtaining the 
expression E I for this construction. 

Deflections of Girders of Uniform Strength and 
Constant Depth.—If the cross section of a beam varies so 
that the maximum stresses are constant along the span, 


c 



then the modulus of the section must vary in the same way 

as the B.M., and so the ratio ^-is constant. If the depth of 

M 

the girder is also constant, then the ratio ^- will also be 


constant. 

The corrected B.M. diagram will in this case be a rectangle, 
and the deflection can be found by Mohr’s theorem as 
follows— 

As in the several previous cases we have 

* - ?-y 


In this case P will be equal to L and y since the curve 


E I 

L. 

2 


is a rectangle. 

Ml* 
“ 8EI 
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W i, 

In case of uniform loading M = -g— 

. W L 8 

* ’ 8 ~ 64 El 


In case of a central load M = 


8 - 


Wl 

4 

Wl 3 
32 El 


Another simple proof of this relation will be found on p. 272. 
Further numerical examples will be found at the conclusion 
of this chapter. 


DEFLECTIONS FROM MATHEMATICAL STANDPOINT 
From equation (3) ^ ~ 

Now when R is great, as it will be in this case, we have 

1 _ d ±y 

R~ ix* 

. d*y_M 
• * dx*~EI 


= slope of beam == j* 


y « deflection of beam 


M d x 

e r 


Mdz 

El 


Now consider the following standard cases (see Figs. 123, 
124). 

(1) Simply Supported Beam with Central Load W.— 
Consider a point Q at distance x from the centre of the beam. 


Then M 


W _ x 

/£(!-*) 


W lx 
4 


W x* 


+ °i 




w lx* 
8 


Wz* 

12 


+ 0,1 + c, 
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The slope is zero when x ■= 0 c x = 0, and the deflection 


is zero when x — ± ~ 


WZ» WP , 

s- f c a = 0 


32 

o t 


96 
-WP 
48 


Then maximum deflection occurs when x = 0 

c. WP* 


Then 8 


El 


48 El 


(2) Simply Supported Beam with Uniform Load.— 
Taking a point as before at distance x from the centre, we 
hare 

-km 

“ 2 (2 — — 2 + *) 

- 5 ( 5 -**) 


/\K J wl 2 X W X 3 , 

Mil = i-r +Ci 

as before c 2 = 0 
wl % x 2 WX A , 

= IT "* 2T + c * 


■» 0 when # = ^ 


wl 4 

wl * 


64 

384 


wl A j 

re - n 

5 wl* 

l 384 J 

~ 384“ 


Then the maximum deflection occurs when rr « 0 
. *_ c 2 5 w l* 6 WP 

’ * d ** E I 384E I ~ 384El 


* The minus sign indicates only that the deflection is downward, and 
need not be employed in calculations. 
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(3) Cantilever with an Isolated Load not at Free 
End.—Take a point q at distance x from load. 

M-Wx 


Slope x EI 


'/ 


M dx 

Wx* 


+ °i 

\ 

/ 


~ 2 

When x'ssl, slope = 0 

W? 

• • 0,=-s- 


W P 

E I X slope under load = ^ ' 


deflection 


r rnd„ 
-J J E I 

-( 


Wx 8 , W P x 


f C 2 ) X E J 


When x = 1, deflection = 0 

WP W l 3 -WP 

* * C *-~6 - 2 _= 3 

Deflection under load, where x = 0 

W l 3 




1 


EI 


_ c * 

EI 

Deflection at free end 

■■ deflection under load + slope under load (t — l) 
«|”WP Wl» 




_ ^/Pl P\ 

“ Ell 2 6/ 

WP ( l\ 

" 2 EI \ 37 


or neglecting the minus sign, which indicates only that the 
deflection is downward, we get 

WZ 2 / V 


Maximum deflection ■» 8 


2 E 




(4) Cantilever with Isolated Load at Free End.- 
This is obtained by putting Z ■= l in the above case, 

Wl» 

3 EI 


i. e. 8 
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(6) Cantilever with Uniform Load from Fixed End 
to a point before Free End. 


In this case M = — 


102 ? 


Slope x E I = j ~M d z 


WX? . 

-g- + O, 

When x = /, slope = 0 

• • 0l ~ 6 
wP 


. •. EI X slope under load = — 5 - 

0 


El x deflection 


-//MJ: 


102 J 4 , WPX , 

+ - — + c a 


24 1 6 

l 9 deflection = 0 

_14; Z 4 w l* — wl x 

" 2 ~ 24 ~ 6 “ 8 

E I X deflection under load, when x *■ 0 

-wl* 


When x 
c* 


*C 2 = 

E I x deflection at free end 
— wl* 


8 


8 


+ slope under load x EI x (l — l) 


— wP( l L l \ 

~~2~ 14 + 3 3/ 


■ W_P / L _ l_ 1 

~2 13 12 / 

• w P 


6 

• W P 


(* -1) 


*. Neglecting — sign we have 
. W l* 


6 E 


K--i) 
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(6) Cantilever with Uniform Load over Whole 
Length.—This is the same as the previous case when l = L. 



WL’/_ M 
6 EU 4/ 


W L* 


(7) Simply Supported Beam with Isolated Load 
anywhere. —Let a load W be placed at a point c on a beam 
a b, Fig. 130, of span l t and let it be at distance a l from the 
end a, the distance from the end b being (1 — a) l. 



Fio. 130. 


Consider a point at distance x from a between a and o. 
Then M x = R A x = W (1 — a) x 

• t? t _ w /i_\ ~ 


W (1 - a) * 


• EI — = W(1 ~ a) * * + c 


W(L-a).¥’ + CiI + C! 


(1) 

( 2 ) 

(3) 


Now consider a point at distance x x from a between c 
and B. 

Then M u — R A x x — W (r, — a l) 

- W(1 - a)x x - \\x x + Wai 

*Wal-Wa^ 

.*.EI^ = W«i-War, 

CL X x 


(4) 
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El|| = W alx x - Wa| + C, 


.(5) 


„ T XV a l #,* W a a - , 3 , 

Ely- 2 _L- 6 -L + 0,^ + 0* ... .(6) 

In equation (3) when x = 0, y = 0 

. *. c 2 = 0 

In equation ( 6 ) when x — l, y = 0 

Wal » WaP 

—g-g-h c 3 / + c 4 = 0. 


— WaP 

D4 =» '« *“ C3 / • 


.(7) 


These two equations representing the elastic line on either 
side of the load have the same slope and the same ordinate 
when 

X = X l =» a l 

putting in these values in equations (2) and (5) and equating 
we have 

W(l-a)a*P , _ „ 7 o l9 W a 8 P , _ 

-i- j-L - + 0l = W a“ <2- 2 — + C S 

Wa»P , 

Ci = — 2 — + c 3 .( 8 ) 

Putting in value x — x x =* a Jin equations (3) and (6) and 
equating we have 

W (1 — a) a 9 P , W a 8 P Wa*P, 

' + 0 .-I —g--- 6 -+ 0 ,»( + c. 

. , W.'P , _ , W«P . , 

Ci a l — g b a 4-g— — 03 * 

W a* I* WaP , 

Cj a = g-g-h C s (a — 1) 

W a* I 2 W a i* 


3 - 

. „ _ _ Y fal l Wa«P Wa'P 

* * c > 3 3 2 + 2 

'-"•'■(s+a-l) 

- (2-3a-^ a*) 

„ -WaP (l ^ a) ( f , a) . (9) 
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equation (3) becomes 


Ely 


W (1— a) X* WaPx 


6 


- (1 ~ «) (2 - a) 


.( 10 ) 


Assume a > then the maximum deflection occurs between 

a and 0. y is a maximum when = 0 

dx 

. W (1 - a) 3 ** Wal• 

». e. when —*— -•;— (1 — a) (2 — u) = 0 


t. e. when x* - 


l a (2 - a) 

* a/ -3- 


( 11 ) 


i. e. z 

Putting this value in equation (10) we have 

(j-j) 


wp n-a) i a (2 - a) ^ 
3 (1 a) \- 3 / 


i 


•( 12 ) 


» W P (1 - a) (2 a - ! 

orS - 3 EI - {— 3 - j . 

The deflection under the load is obtained by putting x ■* a l 
in (10). 

mu ™ r w (1 - o) a* P W a* P 
Then E I y = —1— A —- A - (1 - a) (2 - a) 


6 

W a* P (1 - a) 


6 


6 

[a - 2 - a] 


.*• y = - 


W ,P P (1 - a) 

3 E I 


(13) 


Deflection of Girder of Uniform Strength with 
Parallel Flanges.—If the section of a girder varies along 

M 

its length so that the stress is constant, then ^ is constant, 

M 

so that if the depth is also constant -j is also constant. 

Assuming also that E is also constant we have 
1 M 

U ■* jj j <■ constant, 
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Wherever 


El 

M 


is constant, the beam bends to an are of 


a oirole. 

Let Fig. 131 represent a beam bent to an arc of a circle. 
(N.B.—The beam is shown vertical instead of horizontal for 
convenience of figure.) 

Then, if 0 is the centre of the circle and c d the deflection 
of the beam, we have from the property of the circle 
0 D (C O + 0 D) = A 0* 



As o d is very small we may write 

S.SR-d)’- 


NOW g 


JL 

' 8R 
M 
‘ E"I 
M P 


P 

4 


This result agrees with that obtained on p. 264 by reasoning 
from Mohr’s Theorem. 

* Resilience of Bending.—The work done in bending a 
beam to a given stress may be obtained as follows— 

The work done by a couple in moving through an an gla is 
equal to the product of the moment of the couple into the 
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angle turned through. Therefore, if a short portion of a 
beam subjeoted to a bending moment M is bent to a slope 

S t, the work done in bending is ~, because M gradually 

increases from 0 to M. 

.*• Total work done in bending over whole beam 

'M di 
2 


■r- 


Now 


di 


1 


^ , ». e. = rate of change of slope 

M 


• P 
but g 

• P 


■/ 
M 
* EI 


2 B 


d x 


M* 


d x 


' J' ^ EI' 

If the B.M. is constant , and the section is rectangular , then 

P ..ML fdx- utL 

2EI J ax ~ 2El 


But M* = 

P 

Now I 
P = 


/» I* 


<i* 

/*I. L 

2.E.d* 

6 ft® . ft 
T2’ d “ 2 

/» 4 x 6 ft® x L 
E’ 2 x 12 x ft* 

JL . V 

6E 


Where V is the volume of the beam. 

P /* 

? 6 E 


Resilience 


If the load is central and the section is rectangular .—Consider 

one -halfof the beam, then x is the distance from the abutment. 

T 
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™ War 
M = 


p_ rwix 

2 ~ J 2 El 


■/ 


W* x* dx 
8 El 


W 2 L 3 
" 192 E 1 

p^WVL^l 8 
1 9GE1 2" 


Now M at centre = 


■y 


. P _ /•I’-L 

• • r ~ 6 . EI. d 3 
/ 2 IL 
“ 6 E ' d> 


, , _ A A 3 , 

As before 1 ^ 


A 

o 


/ 2 4 A A 3 . L 

G E ' 12 A* 

P 


18 E 


Resilience = v 


.V 

P 

18 E 


Numerical Examples on Deflections, etc. 

(1) A girder has a span of 120 feet, and has to support a 
uniformly distributed load of 1| tons per foot run. What depth 
must the girder have in the centre if the maximum deflection 
is not to exceed of the span ? The maximum stress in the 
flanges is not to exceed 6| tons per sq. in. and E is 12,000 tons 
per sq. in. ( B.Sc. Lond.) 

This question is not quite clear, because if the depth is not 
the same throughout, we cannot calculate the deflection 
until we know the way it varies. 
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We will assume the depth constant— 

xt * * xr W l 1J X 120 x 120 . 

Now at centre M =* -g~ =* -*-g-ft. tons 

. 27,000 in. tons. 


M 


If maximum stress = 8} tons per sq. in. since / = % 


Z 

Now 8 


27,000 . 


6* 

6 W L* 
384 El 
L 


in. units. 


.ft. 


. 1? 

* * 10 ” 
I - 

Now 2 — 
D = 


1,200 10 

6 x 150 x 120 x 120 x 120 


384 x 12,000 I 
405,000 in. units. 

D 
2 

2 1 2 x 4 05,000 x 6-6. 

2 W nrr ArtA ' m3. 

30 x 6-5 


X 1,728 


where D = depth. 


12 


27,000 
- 16*25 ft. 


This is a greater depth than would be usually adopted in 
practice for a solid web girder. 

(2) A cast-iron water pipe , 10 inches external diameter and 
\ inch thick, rests on supports 40 feet apart . Calculate the 
maximum stress in the outer fibre of the material when empty 
and when full of water , also the corresponding deflections . 
(A.MJ.C.E.) 

T • T W (D 4 ~ d 4 ) 7T (10 4 - 9 4 ) 

In this case I = —-—^-- = -V_ - i 

o4 o4 

«= 168*8 in. units. 

„ I 168*8 00 _. 

Z = p = g - « 33*76 in. units, 
o o 

Volume of pipe ■■ ? ^100 — 81^ x « 4*14 cub. feet. 

= ? • ^4 X 40 - 17 67 cub. feet. 


Volume of water 
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.*. Weight of pipe — u> = ^ ^2 240^^ = '832 ton. 

Weight of water = w y = ^ 240^ ~ ” ^ ton. 

.*. W = w + u>! =■ 1324 tons (about). 


.*. Max. stress when empty 

M ^ -832 x 40 X 12 
Z 8 x 33-76 

„ * #n 148 x 1324 

Max. stress when full = --• 

Taking E as 8000 tons per sq. in. 

s . . 5WL» 

8 when empty - m m 


« 1*48 tons per sq. in. 
2*35 tons per sq. in. 


5 x -832 x 40 x 40 x 40 x 12 x 12 x 12 
" 384 x 168-8 x 8000 

«= -89 inch. 

8 when full = — 58=5 * ^ inches. 


(3) A pole made of mild steel tube, 6 inches diameter and J inch 
thick , is firmly fixed in the ground , the top being 10 feet above 
the ground level. A horizontal pull of 2000 lbs. is applied at a 
point 6 feet from the ground. Find the deflection at the top. 
E = 13,600 tons per square inch. ( B.Sc . Lond.) 


In this case I = " (6 ‘ 

64 64 

= 32*9 in. units. 

This is the same as Case (2). 

* WZ a / T l\ 

• • 8 ” 2 m \ L 3 ) 

In this case i = 6 ft. L = 10 ft. 

W - 2000 lbs. = ton. 

2,24Q 

. 2000 6x6xl2xl2x 8 X^12 

2,240 13,600 X 32-9 xT 

<— -6 inch, nearly. 

( 4 ) What is the least internal radius to which a bar of steel 
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4 inches wide by $ inch thick can be bent so that the maximum 
stress will not exceed 5 tons per square inch t E «* 13,000 tons 
per square inch. (A.M.I.O.E.) 

The general formula for bending is 
/ M E 


oT T 
_/ _E 
’ d~ R 


R 


or R = 


d E 

T 


In this case d 


distance from N.A. to extreme fibre, 
3 


— ^ in 


16 

p _ 3 13,000 

B ~ 16 6 


*» 488 inohes. 
= 40'7 feet. 


It should be noted that the width of the bar is not necessary 
in this problem. 

The result is the radius of the centre line. 


(5) A cast-iron beam has a rectangular cross section , the thick¬ 
ness being 1 inch and the depth of the section 2 inches . It is 
found that a load of 10 cwt. placed in the centre of a 36 -inch span 
deflects this beam by ' 11 inch. Through what height would a 
weight of £ cwthave to fall on to the centre of the same span to 
produce a deflection of *30 inch ? (B.Sc. Lond.) 

It takes 10 cwt. to produce a deflection of ’ll inch. 

10 x *30 

It would take —^— to produce a deflection of *30 

inch. 

Now the work done in deflecting a bar when loaded in the 
centre = \ W 8, 

Work done to produce 30 inch deflection 
1 10 x -30 



278 . THE STRENGTH OF MATERIALS 


If h is the height from which the \ cwt. falls, work done by it 

= (ft + -jg) ft. cwt., because we shall take h as the height 

above the unstrained position of the beam. 

These two amounts of work must be the same, 

.*. Wc have \ (h + =• 341 

h = -682 - ^ foot. 

-* 8‘18 — ’30 inches. 

«= 7’88 inches. 



CHAPTER X 

COLUMNS, STANCHIONS AND STRUTS 

The question of strength of columns of compression mem¬ 
bers is of very great importance, and has formed a field of 
discussion and investigation for many years. Interest in the 
subject has recently been aroused by the regrettable failure 
of the Quebec Bridge, and within the next few years many 
investigators will probably direct their energy towards giving 
us further information in this direction. Although the 
subject certainly presents difficulties, much of the confusion 
which is in the minds of many designers is undoubtedly due 
to insufficient grasp of the meaning of the various formulae 
in use. We will endeavour to make this subject quite 
clear by approaching it in the following manner, which was 
suggested by the author in 1908. 

In the design of a tie-bar we use a constant working stress, 
that is to say, the stress does not depend on the shape or the 
length of the tie; but in struts or compression members 
the working stress depends on the shape and the length and 
the manner in which the ends are fixed. The quantity which 
determines the working stress, and thus the strength of a 
pin-jointed strut, column, or stanchion is equal to 

_ Len gth of co lumn_ 

j Least radius of gyration about centroid ** 6 

This quantity we will call the Buckling Factor of the strut. 

For struts with ends fixed in other ways the buckling factor 
is obtained by dividing the equivalent length of the strut by 
the least radius of gyration. We will show later how the 
equivalent length is obtained. 

279 
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Slenderness ratio .—Some writers use this term in place of 
buckling factor. The slenderness ratio 

_ Leng th_ 

=I Least radius of gyration about centroid 
but does not take into account the method of fixing the ends, 
and so is not the same as the buckling factor. Two struts of 
the same material and having the same buckling factor may 
carry the same stress, no matter how their ends are fixed: 
thin is not the case for two columns with the same slenderness 
ratio. 

The reason why a variable working stress has to be used 
is that struts fail by buckling and not by crushing, unless 
their length is extremely small. If for some reason the 
centre line of a strut is not quite straight or the load comes 
out of centre, there are bending stresses caused in the material, 
and the distortion due to these bending stresses tends to 
increase the eccentricity, and failure may ultimately occur 
due to this reason. 

Strut Formula. — A large number of formulae, some 
theoretical and some empirical, have been proposed for ob¬ 
taining the working stress in compression in terms of the 
buckling factor of the strut and of the crushing strength of 
the material. Before these formula: can logically be compared 
we must be careful to see that they are for the same crushing 
strength, and for the same manner of fixing the ends of the 
strut. We will consider the following :— 

(a) Euler’s Formula.—This formula is intended for long 
struts in which the direct stress is negligible compared with 
the buckling stress. It is usually given in the following 
form— 



where P = the breaking load (not the working load). 
E = Young’s modulus. 

I = least moment of inertia. 

L =3 length of pin-jointed strut. 
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We will now put it into more convenient use for practice 
as follows— 

* * A = breaking 8tre8S “ — 


IT® E IT* E 



Adopting a factor of safety of 5, we get 
Working ,tr«■-/,- ^5!^ ^ _ 

For mild steel, E <= 13,000 tons per sq. in. 

»*E 25,600 

.. v ■= -g— a = —tons per sq. in. 

For wrought iron, E ■■ 12,500 
, . _ 24,600 

• • Ip g 2 »» 99 

0 . , . . , 12,000 
Similanly for cast u:on f r *=» —„ „ 

For timber f p = „ „ 

Proof of Euler’s Formula. — The proof of Euler’s 
formula is found by many students to be somewhat difficult 
to follow, as it involves the solution of a differential equation. 
Suppose that a column in some way or other becomes de¬ 
flected as shown in Fig. 132 (1). Then there are bending stresses 
induced in it, and the strut will exert a force P on the supports 
tending to straighten itself. Now, if the load on the strut 
is less than P, the strut will straighten, and so is safe; but 
if the load is greater than P, the strut will continue to deflect, 
and will ultimately break. When the load is equal to P, 
the strut is in unstable equilibrium, and so P is called the 
critical, or buckling, or crippling load. 

Consider a point A on the strut. . 
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The B.M. at a M A = — P x.* 

Now, if R is the radius of curvature, 

1 _d*x M -Pi 
R “dy 1 ”!!” 1 El 
. d % x — P . 

• • dy* = ET • * =■ ~ m • *.(1) 

assuming that I is constant, or that the strut is of uniform 
section. 

12. 3 4-5 

Ip 



p 


Flo. 132.—Methods of Fixing Ends of Columns. 

The general solution of this differential equation is 

x = A cos my + B sin my .(2) 

* The negative sign occurs because we take anti-clockwise moments 
to the right as positive, and x in the figure is, on the usual convention, 
negative. If the figure be turned round so that the column is horizontal 
and has a downward deflection it will be seen that according to the rule 
given on p. 121, M* is positive and x is negative. Vx therefore is 
negative, and to make the moment positive we must write M A — Pa*. 
If we had drawn the column buckled in the other direction, M* would 
have been negative and x positive, so that we still would have 
U A ■ — Px» 
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where A and B are constants, which are obtained as follows— 


When y = and x = 0 

• a * mL.Tj.mL 

0 = A cos + B sin - - .(3) 

0 = A cos — 2 — + B sin - 0 .(4) 

. m L tj • m L 

= A cos— s- Bsm - 0 

A 2 

. *. B must = 0 

. •. * = A cos my .(5) 

When y — 0, x is finite, . *, A is not zoro 


, .. . m L 
if A cos 0 = 0 


mL , . 

cos -g- must = 0 

The general solution for this condition is that 
m L _ n tt 
2 2 ” 

. . m - -£r 

. P _»*** 

' * El L s 

p _n*7r 2 E l 
* “ L* . 


The lowest value of P is given by n = 1, and as this is the 
most important for us, we write the result as 



It should be noted that P is independent of the quantity x, 
so that the force necessary to keep the strut deflected at large 
radius of curvature is the same as that to keep it at a small 
radius, and so if the load is the least amount greater than P 
the strut will go on deflecting, and so break. 


Use of Euler’s Formula.—I t must be remembered that 


in this formula we have not taken into account the direct 
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compression stress on the strut. If the safe stress given by 
Euler’s formula is greater than the safe compressive stress 
for very short lengths of the material, then obviously we should 
not use Euler’s result. Thus, if Euler for mild steel gives /, 
greater than 6 tons per sq. in. we should use 6 tons per sq. in. 

Another way of using it is as follows— 


Safe load 


P = 


I required 


jt*EI 
61 *" 
2EI 
P 
Pi* 

2 E 


A required = 7 
/* 


We have thus the least area and moment of inertia that 
the section must have and can so choose a suitable section 
from tables. 

Method of Fixing Ends — Equivalent Length of 
Strut.—In the above working we have considered the ends 
as pin-jointed. If the ends are fixed in any other way we 
must take as the length of the strut the length of the equi¬ 
valent pin-jointed strut; this we will call the equivalent 
length of the strut. 

Now consider the following methods of fixing the ends (see 
Fig. 132). 

(1) Pin Joints at Each End. —This is the standard case. 

(2) Both Ends Fixed in Position and Direction. —In 
this case the buckled form is as shown in the figure, and B c 
is the equivalent length, t. e. a pin-jointed strut of length 
B c is as strong as the fixed strut. 

.’.in this case equivalent length of strut = ~ 

2 

Buckling factor ■= c = ^ 


(3) Both Ends Fixed in Direction only.— -The buckled 
form in this case is as shown in the figure. On comparing 
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with Case 1, it will be seen that the portion b c is equivalent 
to one-half the strut in Case 1 9 and so in this case, 

since bo = - 

equivalent length of strut = L 

Buckling factor = c = ^ 


(4) One End Fixed in Direction and Position, other 
End Pin-jointed. —It will be clear from the figure that in 
this case 


equivalent length of strut = 
Buckling factor =* e = 


2L 

3 

2 L 

3 k 


(6) One End Fixed in Direction and Position, other 
End Free. —In this case 

equivalent length of strut *= 2 L 

2 L 

Buckling factor =* e -j- 


SUMMARY OF VALUES OF BUCKLING FACTORS 


bh 



Case 3. 



Buckling factor 

L 

H 

n 


■ 

= c 

k 

mm 

■9 




These values should be used in Euler’s and the other 
formulae involving the buckling factor. 

(b) Rankine's Formula.—This formula is sometimes 
called the Gordon-Rankine formula, and is of the form 


/,= 



__ i< _ 

1 + a . e* 
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Where 

f c = safe compressive stress for very short lengths of the 
material 

a =* a constant depending on the material 

c = buckling factor of the strut 

f p =* working stress per sq. in. for the strut. 

The following values of a may be taken according to 
different authorities— 

Mild steel a = to , / c =* 6 tons per sq. in. 

Wrought iron a = qqqq 8000* »» n »» 

Cast iron o == ^qq isoQ* ~ ^ »* » »» 

Timber — 2000* ^ * '** 99 99 99 

In each case we prefer to use the higher value of the constant a 
There is a very large amount of variation in the values of 
the constants as given by various authorities, and in com¬ 
paring the above with those given by others, the reader 
should be careful to compare the safe stresses given with the 
above figures with the safe stresses given by others, because 
the value of f e also varies in the various forms of the formula 
and thus, although the constants may be different, the re¬ 
sulting safe stress may be nearly the same. Care must also 
be taken to see whether pin-jointed or fixed ends are taken as 
the standard case. 

Construction of Rankine’s Formula. —Rankine’s formula 
may be looked upon as a corrected form of Euler’s. 

If c is very small, ». e. if the strut is very short, the term 
a c 2 is negligible, and so we get f p = /, 

This is, of course, the result which we ought to obtain. 

If c is great, f. e. if the strut is very long, the term a c 2 will 
be so great that 1 may be neglected in comparison with it, 
and so we get 
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This will give the same result as Euler if 


• -# 1 
». e. if - 

a 


L . 

a 

7T 2 E 
5 /. 


5 

25,600 


= 4,207 


Although some writers state that constants obtained in 
this manner agree with experimental results, the constants 
are not usually calculated theoretically in this way, but are 
obtained from experiments. 

It is believed that the figures recommended above will 
agree well with the best practice. 

It is interesting to note that in one form of Rankine’s formula, 
giving the breaking or crippling stress, viz. 

p_ 

A 


1 + 




is the stress at the elastio limit. 

In an earlier chapter we pointed out the desirability of 
obtaining the working stresses from elastic limit, ». e. basing 
the factor of safety on the elastic limit. 

An interesting and important paper by Mr. C. P. Buchanan, 
m Engineering News , December 26, 1907—published after the 
Quebec Bridge disaster—gives the results of tests on full- 
size built-up columns such as are actually used in bridge 
practice. The tests extend over a period of fourteen years, 
and show that even for the short columns the buckling or 
crippling stress is not more than 90 per cent, of the tensile 
yield point (see p. 4). 

We thus see that in columns as actually used in practice, 
the buckling stress is certainly not more than the elastic 
limit stress, and so the only reasonable factor of safety is that 
based on the elastic limit. 

(c) Straight Line Formula.—These empirical formulas 
are used principally in America, and give very good approxi¬ 
mations for rough working. They are of the form 


—•*) 
- /. (1 - e . c) 
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Where f r and /«are as before 

e *» a constant depending on the material. 

The following values of e may be taken— 

For mild steel e «= 0053 

„ wrought iron e = 0053 

„ cast iron e = ‘008 

„ timber e — 0083 

As in Rankine’s formula the values of constants vary con¬ 
siderably according to different authorities. 

(d) Johnson's Parabolic Formula. — This is also an 
empirical formula devised to agree with Euler for long lengths, 
and to agree with the ordinary compression strength for short 
lengths. It is of the form 

-Mi-9.cn 

g is a constant of such value as to make the curve of f p 
plotted against e tangential to Euler, and the curve is used 
up to the point where it meets the Euler curve. 

The following values may be taken for g — 

For mild steel g — ‘000057 

„ wrought iron g — -000039 

„ cast iron g — -00016 

(e) Gordon’s Formula. —This formula is often confused 
with Rankine’s, and was used largely for Borne time, but it 
is now quickly going out of use in favour of the Rankine 
formula. This is probably due to the fact that designers are 
now more used to making calculations involving the radius of 
gyration, a quantity which practical men have usually looked 
upon with suspicion. Now that tables are published giving 
k for most sections, it is as easy to use as the diameter d. 

Gordon’s formula is of the form 



If 



COLUMNS, STANCHIONS AND STRUTS 289 

Where f n f P9 and L have their usual meaning. 

j is constant depending on the material and on the shape of 
the section . 

d ie tke least diameter or breadth of the section. 

The objection to this formula as compared with Rankine’s 
lies in the fact that one has to use different constants for 
different shapes of section for the same material. Otherwise 
it is very similar to Rankine’s. 

The following values for j may be taken, f c being the same 
as in Rankine— 


Shape o! Section. 

_ j 

Mild Steel. 

Wrought 

Iron. 

Cast Iron. 

Timber. 

Solid circle. . • . . 

1 

1 

1 

1 


370 

500 

110 

125 

Hollow oircle . » , . 

1 

1 

1 

1 


600 

800 

180 

200 

L, T t Hj etc. • • # . 

1 

1 

1 

1 


300 

400 

'90 

100 

Built-up sections . • • 

1 

400 

1 

550 

— 

— 

Rectangle (solid) . . . 

1 

600 

1 

700 

1 

120 

1 

160 


(/) Fidler's Formula.—The reader is referred to Fidler’s 
Bridge Construction for a very complete analysis of the strut 
problem. 

The formula which Mr. Fidler obtains gives the breaking 
stress, and is 

Minimum breaking stress - / 1 - . 2 m /R 

Where / = ultimate pure compressive strength of material 

7T 2 E 

R => Euler’s breaking stress = ^ ■■ 

m « a constant of average value 1*2. 

V 
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The following values of / p , the safe stress in tons per sq. in. 
for struts, are suggested by Fidler and are used by some 
authorities— 


L 

k 

Mild Steel. 

Wrought Iron. 

Cast Iron. 

Pin ends. 

Fixed ends. 

Tin ends. 

Fixed ends. 

Pin ends. 

Fixed ends. 

20 

5-20 

5*29 

3*92 

3-99 

8-07 

8*65 

40 

4*76 

509 

3*64 

3*89 

5-68 

7*56 

60 

4*02 

4*83 

317 

373 

3*35 


80 

315 

445 

2’60 

348 

1*96 

4*68 

100 

2*40 

400 

203 

317 

1-29 

3*35 

120 

1-83 

346 

1*57 

2*82 

•93 

2*37 

140 

1-42 

2*96 

1*24 

2*48 

•70 

1-78 

160 

113 

2*51 

•98 

2*14 

•66 

1*40 

180 

*91 

213 

•80 

1-84 

•43 

114 


Lilly's Formula. —Professor Lilly of Dublin has devised 
formulae for columns which allow for secondary flexure or 
wrinkling in the column,* and may be regarded as a modifica¬ 
tion or correction of Rankine’s formula. 

It is of the form 




u 


1 + m . — + ac 2 

t 

Where m is a constant depending on the shape of section 
t is the thickness of the metal in the section 
5 / 

a is -=-w. (Compare p. 287.) 

7j JCj 

5 N / 

m — the values of N being given for some 


sections in Fig. 132a. 

Use of Strut Formulas. —Fig. 133 shows curves of f p for 
mild steel for various values of the buckling factor according 
to the first four formulae. It is advisable to draw such a 
curve to a good scale, choosing one of the formulae—say 


* See Engineering, January 10, 1908, ora more complete paper and 
bibliography in Proc . Am. Soo. O.E. Vol. LXXVI (1913); also The 
Design of Plate Girders and Columns (Chapman & Hall, Ltd.). 
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Rankine—with a 


1 

6000 J 


such curve can then be used 


whenever the value of/ # is required. 






Fio. 132a.—Lilly’s Column Formula. 


It will be remembered that f p gives the safe stress per sq. 
in. for struts with central loads . If the loads are eccentric we 
must proceed as described later. 

Then il A ** area of section of strut, 

Safe load = P, = f p . A. 

If, as often occurs in practice, we are given the load but 
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have not designed the section, so that we do not know the 
buckling factor, we can often get a rough idea by taking a 
trial value of f p equal to about f f c , i: e. 4 tons per sq. in. for 
steel, and finding the area requisite for this stress. This will 
give us an idea of the area required, and we can choose a 
section with roughly this area, and see by finding its buckling 
factor what is the safe load on it. 



Many of the leading constructional steelwork firms publish 
tables of safe loads on various struts. Having previously 
checked one or two to see that these firms work with similar 
formulae, we can choose a suitable section for our case, and 
then apply our formula and see if such section is satisfactory. 


• REINFORCED CONCRETE COLUMNS 
Short Columns Centrally Loaded .—We have shown on 
p, 38 that the safe load in a column in whiob buckling is 
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negligible (the length being less than 15 times the least 
diameter, and the notation being modified) is given by 
P *= c (A c + *n A.) 

% 

Cross-binding of Reinforcement.—In addition to the 
longitudinal reinforcement, some force of binding is necessary 
to keep the bars at the requisite distance apart. This is due 
to the following reason— 

Suppose that a reinforced column with bars ab, cd, 
Fig. 133a, be compressed; then, quite apart from any buckling 



C TTc t\ 



Fio. 133a. 


of the whole column, the column will bulge out somewhat 
as shown, and the reinforcing bars will buckle because the 

value of ^ or the buckling factor for them will be large. If 

we bind the reinforcing bars together, as shown diagrammati- 
cally, so that they cannot buckle, the column will not bulge 
to anything like the same extent, and so will be considerably 
strengthened. From a large number of experiments M. 
Considers found that the best results are obtained when 
spiral coils are placed round the reinforcing bars at distances 
apart equal to } to T V of the diameter of the coil. 
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M. Consider© suggested the following allowance for the coils 

in the strength of the column— 

Let A* be the equivalent area of longitudinal reinforce- 

, ., ., /• * volume of metal in ooils \ 

ment of the spiral coils (*. t. A h — -lengthof column— / 


Then safe load = c (A e + m A, + 2'4 m A h ) 

Long Columns Centrally Loaded.—Some authorities 
use Euler’s formula applied to the homogeneous section, 
viz.— 

Safe stress =/,,= > ? 

o c* 


c being the buckling factor. In obtaining c the radius of 
gyration of the equivalent homogeneous section (see p. 183) 
is used, 


i.e. k 



where A = A* + m A,. 

I. = equivalent second moment 

* I' + (to — 1) A, r* for section shown in Fig. 133a. 

I' being the moment of the section apart from the reinforce¬ 
ment, 

I. *= + (to — 1) A, r a for circle 

■» + (to — 1) A, r a for rectangle 


Then safe load ■* /, x (A, + to A.) 

Rankine’s formula can also be used in the form 

, 500 

Ip “ r i 

1 + —— 
a + 8000 


Braced Columns, Struts, and Stanchions. —Struts 
are often formed of rolled sections such as beams and channels 
braced together by diagonal bracing or plates. The strut 
that failed in the Quebec Bridge was a braced strut, and the 
report of the Commission states that there is not yet sufficient 
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information for the design of such struts for very heavy 
loads.* For ordinary comparatively light work, however, 

x 



Fiq. 134.—Columns with Open Webs. 


braced struts such as shown in Fig. 134 are commonly used 
but the diagonal bracing should preferably have one rivet 


* 8eo Illinois University Bulletin, No. 44, G. Talbot and Moore, for 
an experimental investigation of the subject. 
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parsing through the two diagonal bows as in the top of Fig. 
135 instead of two rivets as shown. The unbraced length 
of one of the beams or channels must be such that the load 
per sq. in. on them is not more than the safe stress for them 
considered as struts. We can get an idea of the maximum 
unbraced length as follows— 

Let c = buckling factor of whole strut 
„ k x = least radius of gyration of one channel or beam 
„ P = total load carried by strut 
„ 2 A =■ total area of strut 

„ S «= maximum unbraced length of channel or beam. 
Then, using Euler’s Formula, = ? 


Each channel or beam carries £ load 
• * P -stress 


B = B k£ 


S 


s 2 

c 


B V 
S 2 


Or since c — Eq uivalent leng th of strut L 

’ — Least radius of gyration of whole strut it 

S k x 

l = y 

g = least number of panels «= 

Leas t radius of gy ra tion of whole strut 
Least radius of gyration of channel or beam 


As a rule a spacing of 2 to 3 times the breadth B or 30° to 
45° inclination of the diagonals will be found to be satisfactory, 
and in practice would be adopted, unless the calculation 
required them to be less. 

The strength of the strut in this case is calculated as if the 
section consisted of the two channels or beams held at the 
requisite distance apart. See worked Example No. 4. 

Relative Values of Different Bracings. —Professor H. F. 
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Moore, of Illinois University,* has given the results shown in 
Fig. 135 of the “ flexual efficiency ” of various forms of bracing. 
This flexual efficiency is the ratio of the calculated fibre stress 
to that obtained by measuring the strain, the calculation 
being made on the assumption that the braced section behaves 
as an integral one. The tests were made by ordinary cross 
bending and not as columns, but the comparative results 
may be taken as representing the relative values of the different 



Fia. 136.—Efficiency of Bracing. 

kinds of bracing for column purposes. Particular attention 
is directed to the great advantage that single diagonal bracing 
with single rivets (the third from the top) has over that with 
the separate rivets (bottom) in which heavy secondary stresses 
occur. 

Least Radius of Gyration. —The least radius of gyration 
will be about or at right angles to an axis of symmetry if 
there be one, so that in this case we need only calculate lc for 

* See a paper by Professor A. H. Basquin, Proc. Western Society of 
Engineers , 1914, on “ The Design of Columns.” This is one of the best 
papers which have been published on the subject. 
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the axis of symmetry and at right angles to it. If there is 
no such axis we should proceed as indicated on p. 172. 

Examples on Struts, etc., with Central Loads.—The 
following numerical examples should make the question of 
the design of struts, etc., clear. 

(1) A 10* x 6* x 42 Standard I beam of mild steel is used 
as a stanchion , the length being 16 ft. and one end being fixed 
and one end 'pin-jointed. Find the safe load for it to carry . 

From the table of standard sections we see 
A = 12 35 sq. ins. 

Least k = 1*36 

„ . .. . , equivalent length 2 L 

.*• Buckling factor = c = ~ —— = . 

l ob o k 

2 x 16 x 12 .. „ , . 

= 3x 1 36 = 94 ' 2aboufc 

6 

• \ Safe stress = f p = - Q4- 2 * us * n 8 ^ an ^i ne s formula 

1 + good 

0 

"" r +1 47 ^~^ tons P er 

Safe load = 12*35 x 2*43 = 30 tons. 

(2) A solid cast-iron column , 6 inches in diameter and 15 feet 
long , is fixed at the lower end and carries a load at its free upper 
end. Calculate the load the column wiU safely carry , assuming 
a reasonable factor of safety 

In this case k 
Equivalent length 
• c 

Safe stress per sq. in. 


(B.Sc. Lond.) 



= 2 L = 30 

_ equivalent length 30 x 12 
k ~ " 1-5 

- 240 

_ 7 

h ' 240 x 240 
+ 1,800 
7 

~ 1 + 32 

■* *212 ton per sq. in. 
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Safe load 
According to Euler f p 


\ Safe load 


•212 x 

7T»E 
5c a " 


ir x 36 
4 

12,000 


6 tons. 


12,000 


240 x 240 
•208 x 7T x 36 


208 


6-88 tons. 


(3) A steel rolled joist is used as a strut with built-in ends , 
the length of the strut being 15 feet. Find , from the data given 
below 9 the cross section of the joist , if it has to support a com - 
pressive load of 40 tons with a factor of safety of 4. 

(а) The total depth of the cross section of the joist is twice the 

width of the flanges , and the thickness of metal is to be 
% of the width of the flanges. 

(б) The crushing strength of a short strut of this quality of 

steel is 24 tons per square inch . 


(c) The constant in Rankine formula is 


_ 1 _ 

36,000* 


(B.Sc. 


Lond .) 

In this problem we must first find the breaking stress from 
the formula. In this case we do not use the equivalent length 
of the strut because the constant is given for fixed ends. 


Breaking stress 


•\ Safe stress 


Now let A 

and let B 

then 2 B 

B 
8 

Then A 


24 

! , 1 /L\» 

* ^ 36,000 W 
breaking stress _ 

4 —- ~ 

area of section 
breadth of flange 
depth of beam 


6 

1 + 1 
+ 36,000 



thickness of metal. 

B* 7 B* _ 16 B* 
4 + 32' 32' 


•4687 B* 
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The least radius of gyration will be about an axis perpen 
dicular to the flanges. 


Then 


B B 3 7 B 
4 - 12 + 4 x 12 


/B\* 

W 


k* = 
Safe stress = 

40 


B 4 

48 

I 

A 

40 

A 


+ 


7 B 4 

12 x 2,048 
•02111 B 4 
•4687 B 2 

6 


02111 B 4 
= 045 B* 


16 x 12 x 15 x 12 


1 + 


36,000 x 045 B* 


•4687 B 2 
9 


1 4- —— 

1 + -45 B 2 


••• (» +=*»)-»• ■ 4687 B ’ 


40 

- -15 x -4687 B* 

B 4 (15 x 4687 X 45) - -45 B a - 9 - 0 
316 B 4 - 45 B 2 — 900 => 0 

The solution of this quadratic gives 
B 2 = 25-3 nearly 
say B = 5 

. •. Adopt a joist 10* x 6* with metal thick. 

We could work this problem roughly by the given rule, as 
follows— 

2 
3 

40 
"4 


Take f p 


A 


x 6 


10 sq. ins. 


L 5B ! = io 

32 u 


B 2 = 
B = 


10 x 32 
15 

_8 
V3 


_ 64 
“ 3 

4‘62, say 5* 


(4) A steel column in a bridge-truss has pin-jointed ends and 
is 26 feet long. It consists of two standard 10* x 3$* x 28 21 lb. 
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channels placed 4£ inches apart. Find a safe load for the section. 
(See Fig. 134.) 

On looking up the tables, we see that for a 10" x 3£" u 28-21 
lb. channel, 

A = 8-296 
= 3-77 
*m!n. “ '994 

Dist. of C. Q. from edge = P = -933 
Then for whole strut 

- 3-77 

KS - + p) % + 

= 3-183 2 + -994* 
k„ = 3-33 

. _ Length _ 26 x 12 

Least radius of gyration ~ 3 33 

- 93-6 

. f _6_ 6 

* * h 93-6 x 93^6 2-46 

1 + 6000 
= 2-44 

Safe load = 2-44 x area 

- 2-44 x 2 x 8-296 
mm 40-4 say 40 tons . 


STRUTS WITH ECCENTRIC LOADING 

Simple Approximate Method. —If the thrust in the 
strut is out of the centre, t. e. where there is bending 
moment as well as direct thrust on the strut, we cannot use 
the same rules for design as in the ordinary case. 

In such case we may obtain approximate results by pro¬ 
ceeding as follows— 

Let the load P be at distance e from the centroid of the 
cross section, then M » P . e (Fig. 136). 

C48* 1. Veby Short Struts.—I f the length is less than 
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10 times the least diameter of the strut, the stresses are 
obtained as shown on p. 237. 


, P , M 
L6 / *“ A 
. M P 
h " Z, ~ A 

In this case /, = ^ 


P P.e.d, 
A + Ak* 

!(}+'-£) 


. P _ f. 

" A - 1 7 Jd. 

1 + i* 


£ Plates 12 xi 


Centroid Lino 



Fio. 136.—Columns with Eccentric Loads. 

This gives the safe load P for a compressive stress /,. This 
case is fully dealt with in Chap. VIII. 

Cass 2. Struts Longer than 10 Diameters. —In this 
case we must make some allowance for buckling tendencies, 
and we may proceed as follows— 

As in the previous case we have 

Combined compressive stress *= ^1 + 

Now in this case this compressive stress should not be more 
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than the safe stress per sq. in. obtained by considering the 
buckling formulae, 



^ t , Safe central load on strut 

». e. Safe eccentric load on strut — 

where e ■■ eccentricity of load 

d„ = distance from centroid to edge of section nearest 
load 

Jc = radius of gyration about axis perpendicular to the 
plane containing the centroid and the load. 

This formula may be put into a form which is sometimes 
more useful as follows— 

Let P 2 be the central load, which is equivalent to the 
eccentric load P. 

Then P, - P(l + 6 j a ‘) 

In this formula e should be taken as the effective eccentricity , 

». e. f p where M is the Bending Moment on the column), the 

value of e shown on the drawings is only true when the 
column is free at the top. For other cases see articles by 
the author in the Architect's and Builder's Journal , March 3 
and 31, 1915. 

p 

Then p 1 may be called the eccentricity factor for the strut. 

In using this formula it should be noted that it is worked 
on the assumption that the buckling will take place in the 
plane of the figure, and so the value of k for the strut in this 
direction should be used in finding the safe central load. 

If the safe eccentric load according to this formula comes 
more th&n the safe central load for the least value of k (this 
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can of course only occur when the least value of k is about 
the axis d b), the lower value should be used. 

Stanchions with Web and Flange Connections.— 
The loads on stanchions are often communicated from girders 
connected by cleats, etc., to the web or flange of the stanchion. 
If such connections come on one side only, or if the loads 
communicated from the two sides are not equal, the load will 
not be central, and allowance for the eccentricity should be 
made. 

Numerical Example. — A mild steel stanchion 30 feet long 
and with ends fixed has the section shown in Fig. 136. Find 
the safe central load and also the safe loads communicated at 
the 'points b and o. 

In this case A *» 40*59 sq. ins. 

= 487 „ „ 

£»» ™ 3’41 » „ 

_ L _ 30 x 12 _ 

2 k ~ 2 x 3-41 ~ 8 

6 6 


Buckling factor 
1 , 


1 + 


62 8 X 62-8 1-464 


410 


Safe central load 
Load at o.— e 

• d c 

. ed, 

• * 


6000 

4059 X 4’10 = 166 tons nearly. 
2-25 + -476 - 2-726 

6 " 

2-725 x 6 


3-41* 

Safe eccentric load at o 


1-41 


166 


69 tons nearly. 


= 36-9. 


1 + 1 41 

Load at b. —We must now first calculate f„ as if jfc„ were 

30 x 12 
2 x 4 87 

0 

^ = 1 + 36-9 x 36 9 = 4 89 

e = 6' 
d c = 6' 

, ed t 6x6 

* r k* " 4’87* 


minimum radius of gyration, i. e. c 

6 


6000 


1-52 
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*. Safe eceentrio load at B 


and 


*89 X 40 59 
1 + 1 52 
4-89 x 40 59 
” 2-52 

— 77'7 tons nearly. 

In this case the eccentricity factors for c and B are 2 41 
166 


77*7 


2’14 respectively. 


A rough rule sometimes adopted is to use 2£ and 1J as 
eccentricity factors for flange and web connections respec¬ 
tively, but such rule is not reliable. It is more nearly true 
for I beams used as stanchions than for built-up sections. 

Alternative Approximate Method.—Where the bending 
stress is large compared with the direct stress it seems reason¬ 
able to allow that instead of the previous treatment we shall 
subtract the bending stress from the value of /, used in the 
strut formula. 

The compressive bending stress for an effective eccentrioity 


/ M\ . 

(• “ f) “ 


P .ed. 
Ale* 


using the Rankine formula we shall have 

, P e d c 
j _ P _ T ‘ A k* 

U " A " 1 + ac* 

+oc*+ c A)=-/ # 

P - ti 
A (l+ .+ + #) 


Cast-iron Struts Eccentrically Loaded.—In dealing 
with cast-iron struts with eceentrio loads it must be remem¬ 
bered that they will probably fail by tension. 

The safe load P from the tension standpoint 



x 
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when /, is the safe tensile stress, and this should be compared 
with the safe load from the compression standpoint, and the 
lower value adopted. 

"'Modified Euler Theory for Eccentric Loading.— 

In this case we have, Fig. 137, 
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Since x » 0 for y « ± y B = 0 as before 

. (x + e) = A cos my .(2) 


when x 0, e ** A cos y 

. a m L 

•*. A ** e sec -y 

m L 

x =* e sec —y . cos my — e 


■■ e ^sec -y .cos wy — 1 j .(3) 

At point o where y « 0 eccentricity *» x 0 + e = e 1 

f m L ,\ , tn L 

«= e (sec —g-1 ) + e ■» t sec —y 

• cs “(Wn). <4) 

. (6) 

where /« = ^ 

stress at o ^ (l + 

- (putting j - c) /. (l + sec *^/g) .(6) 

Now let 0 «■ ^ and call it the Eulerian angle. 

Then stress at o = f c (\ + 6 ^ c sec .(7) 


Values of see 6 are given in the table on p. 308, taken from 

Professor Basquin’s paper * previously referred to. 

. 0 . . . , j Safe central load 

.. Safe eccentric load -- : - j - 

, , e d c ~ 

1 + -p seo 0 

This can only be used by trial if the load is not given. 

• Proc. Western Society of Engineers , 1914. 
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■ 




Buckling Factor c . 



- j 

IH 

50 

60 

70 

80 

90 

100 

110 

120 

130 

140 

6 

105 

1*08 

Ml 

M 5 

1*20 

1*25 

1*32 

1*40 

1*50 

1*62 

6 

107 

MO 

M 4 

1*18 

1*24 

1*31 

1*40 

1*61 

1*63 

1*82 

7 

108 

Ml 

1*16 

1*22 

1*29 

1*38 

1*50 

1*64 

1*83 

2*08 

8 

109 

1*14 

1*19 

1*26 

1*35 

1*46 

1*60 

1*79 

2*05 

2*41 

9 

110 

M 5 

1*22 

1*30 

1*41 

1*54 

1*72 

1*97 

2*32 

2*85 

10 

M 2 

1*17 

1-25 

1*34 

1*47 

1*63 

1*86 

2*18 

2*65 

3*46 

11 

M 3 

1-19 

1*28 

1*39 

1*54 

1*74 

202 

2*44 

3*12 

4*38 

12 

1*14 

1-21 

1*31 

1*43 

1*61 

1*85 

2*22 

2*56 

3*74 

5*88 

13 

1*15 

1*23 

1*34 

1*49 

1*69 

1*98 

2-42 

3*16 

4*63 

8-69 

14 

M 7 

1*25 

1*37 

1*54 

1-77 

2*12 

2*68 

3*69 

602 

16*4 

A 1 * 

M 8 

1*28 

1*41 

1*60 

1*87 

2*29 

2*99 

4*40 

8*46 

172 

§ 16 

1*19 

1*30 

1*45 

1*66 

1*97 

2*47 

3*38 

6*43 

14*4 


8 17 
i is 
g .18 

1-21 

1*32 

1*49 

1*72 

209 

2*69 

3*87 

704 

390 


1*22 

1*35 

1*53 

1*79 

2*21 

2*95 

4*51 

9*86 



1*24 

1*37 

1*57 

1*87 

2*36 

3*25 

5*39 

16-4 



”20 

1*25 

1*40 

1*62 

1*95 

2*51 

3*62 

6*65 

47*4 



8.21 

1*27 

1*43 

1*66 

2*04 

2*69 

407 

8*63 




4 22 

1*28 

1*45 

1*71 

2*13 

2*90 

4*65 

12*3 




a 23 

1*30 

1*48 

1*77 

2*24 

3*13 

6*40 

20*9 




(2 24 

1-31 

1*51 

1*82 

2*35 

3*40 

6*41 

65-9 




*d 25 
§ 26 

1*33 

1*54 

1*88 

2*47 

3*73 

7*87 





1*35 

1*57 

1*94 

2*61 

4*10 

10*1 





§ 27 

1*37 

1*61 

200 

2*76 

4*57 

13*8 





£28 
^ 29 

1*38 

1*64 

208 

2*93 

5*15 

22*9 





1*40 

1*68 

2*15 

3*11 

6*84 

57-3 





30 

1*42 

1*72 

2*23 

3*32 

6*79 






31 

1*44 

1*75 

2*32 

3*56 

804 






« 32 
t 33 

1*46 

1*79 

2*41 

3*83 

986 






1*48 

1*84 

2*51 

4*14 

12*7 






£34 

1*50 

1*88 

2*61 

4*50 

17*3 






a 35 

1*52 

1*92 

2*73 

4*93 

28*7 






P 36 

1*54 

1*97 

2*83 

6*43 

68*7 

Table of Eulerian Seoanta 

So 37 
g 38 

1*56 

1*69 

2*02 

2*07 

2*98 

313 

602 

6*80 



sec 



£ 39 

1-61 

2*13 

3*29 

7*73 



E- 

30,000,000. 


^40 

1*63 

2*18 

3*46 

9*07 







41 

1*66 

2*24 

3*66 

10*8 







42 

43 

1*68 

1-71 

2*31 

2*37 

3*87 

4*11 

13*3 

17*2 



Multipliers of € ~* 


44 

1*74 

2*44 

4*38 

24*6 



In Expression for 


45 

1-76 

2*51 

4*68 

430 



Maximum Stress. 


46 

1*79 

2*59 

5*03 

172 







47 

1*82 

2*67 

5*42 








48 

1*85 

2*76 

5*88 








49 

1*88 

2*85 

6*42 








50 

1*91 

2*95 

7*06 
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Numerical Examples.—(1) Take the same case as dealt with 
on p. 304 for the load at B. 

We iound load «■ 77*7 tons = lbs. per sq. in. 

■■ 4,300 lbs. per sq. in. nearly 
sec $ = 1*03 about 

The effect of this upon the result is negligible. 

(2) Find the stress produced in the column of question (4), 
p. 300, if the load is 1 m out of centre , in the weak direction . 

P 40 X 2,240 K 

Here- s - = - 2 ~g. 2 g 6 -== 5,400 lbs. per sq. in. 

c = 93*6 . *. sec 0 = 1*24 approx, (from table) 

. •. stress = 5,400 ^1 -f — 

= 5,400 (1*64) 

= 8,900 lbs. per sq. in. nearly 
= 4 0 tons per sq. in. 

The approximate method would have given 

stress =5,400 (l + = 10,800 X 1-52 

= 8,200 lbs. per sq. in. nearly 
= 3 66 tons per sq. in. 

Johnson’s Formula for Eccentric Loading. —This 
formula, due to Professor Johnson, is obtained by adding the 
additional eccentricity due to the deflection and is 


maximum stress in column 


P , Ped. 

A + , _ P L 2 
1 10E 


_ P ^ Pe d { __ 

“ A + 777 P L 2 & A 
A 10 E k 2 A 


(8) 
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A somewhat more correct but similar formula cau be ob¬ 
tained by regarding the bending moment as uniform; this 

gives a deflection (see p. 264) = 8 = 

/. «c* 

8 E 

effective eccentricity — 8 + ««=e(^l + 
bending stress = ^ ^ c ^— 

„ ( Y 4 . f c *\ 

a k* v + 8 e; 

Pd«e , . 

-7- T1K ( a PP rox -> 

_ f'd c e 

fc2 ( 1- sS 

•\ Total stress = direct stress -f bending stress 
/ I f« d c e 

. ,io> 

Professor Morley * obtained the same result by the expansion 

. . . 0* . 5 0* , 610* . 

sec 0 — 1 4- 2 ’j + -47 + q] - + • • • 

Taking first the two terms as an approximation 

„„„ « /?; _ 1 A 


4 - 


Equation (7) becomes 
Total stress = / c jl + ^1 


/.Jl + 




Theory of Struoluro* (Longmans). 




CHAPTER XI 

TORSION AND TWISTING OF SHAFTS 

We have seen that in a beam the bending moment is resisted 
by a complex series of stresses in tension and compression 
which vary in intensity at different points in the depth of 
the beam. In the case of shafts we have twisting moment in 
place of the bending moment and the stresses are pure shear 
stresses which vary in intensity at different distances from the 
centre of the shaft. 

Stresses in a Shaft Coupling.—As an introduction to 




Fia. 138.—Stresses in Coupling Bolts. 

the subject consider the case of the stresses in the bolts of 
the flange ooupling shown in Fig. 138. 

Suppose that a twisting moment or torque T is being trans¬ 
mitted through the coupling from the shaft a to shaft b. 
The shaft b has a resistance to its motion which produces a 
reverse torque numerically equal to T and the effect of these 
opposite torques upon the coupling is a tendency to shear the 
bolts. Suppose that the bolts are at the same distance from 

311 
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the centre and are so small that the shear stress over them may 
be regarded as constant and that they are equal in area and 
equally stressed. 

Then S *= shearing force on each bolt 
7 r d 2 

= 8 ~T 

•• Taking moments about the axis of the shaft we have 

Resisting Torque = — x r 

# , rn 4 S . 7T d 2 . r 

.•.we have T «-- 

4 

or if n is the number of bolts 

m n s tt d 2 . r 


( 1 ) 

( 2 ) 


If the shaft is transmitting a horse-power, H.P., and is 
rotating at N revolutions per minute, the work done per 
revolution is 2 tt T so that the work done per minute is 2 w N T 


we have 


T = X ft. lbs. 


2ttN 

H.P. x 33,000 x 12 
2«-N 


in. lbs. 


.(3) 


In calculations upon the strength of shafting it is always 
desirable to work in in. lbs., and taking the unit of 1000 lbs. 
as a “ kip 99 we can work in in. kips to save writing a number 
of 0 ’s and thus running the risk of error in dealing with large 
numbers. 

In the case of the shaft coupling that we have considered it 
should be pointed out that we have made a great assumption 
in regarding the bolts as being equally stressed, because if, 
say, three of them are loose fits and the fourth is a good fit, the 
fourth one will carry all the load; the same point holds with 
ordinary riveted joints. In practice, however, a number of 
bolts are always used and each is always regarded as carrying 
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its proportion of the load, and the best way to meet the 
difficulty seems to be to have the workmanship as good as 
possible. 

General Case of Torque on Groups of Bolts or 
Rivets. —Suppose that we have any number of bolts or rivets 
of different areas and at different radii from the axis o about 
which a twisting action may be considered as taking place; in 
Fig. 139 we have shown three such bolts. Then if we imagine 
a slight rotational movement of one part of the joint or 
coupling about the point o relatively to the other it will be 



seen that the movements of the centres of the bolts will be 
proportional to their radii r v r 2 , r 8 , etc., and therefore the strain 
and consequently the stress on any bolt is proportional to its 
distance from the axis. 

Let 8 U be the shear stress at unit distance from the axis and 
let A v A a , A s , etc., be the areas of the various bolts. 

We then have, if s l9 s 2 , and s s , etc., are the shear stresses on 
the various bolts and Si, s 2 , s 3 , etc., the forces 


.* i K 


a i = s u r x 
8 2 188 8 U 
*t » 8 u r 9 



314 


THE STRENGTH OF MATERIALS 


we hay© 
Total Torque 


T «= S x + Sj fj + S 3 r 3 + . . 

= Ai r x + s t A s r a + s a A a r, + . . . 
— 8 „ A x fj* + s„ A, r 2 * + «. A, r, J + . . . 
= « u {A x r,* + A 2 r 2 * + A, r,» + . . .} 
= a u 2 Aj^*.(4) 


But 2 Aj fj* is the polar moment of inertia of the group 
of bolts, eto. — I, 



Numerical Examples on Couplings and Joints.—(1) 
Find the diameter of bolts necessary in a coupling which transmits 
120 H.P. at 76 revolutions per minute. The diameter of the 
circle of the bolt centres is 10J inches (i. e. r = 5'25 inches ) and 
the coupling has 6 bolts. The stress allowed is 2£ tons per sq. in. 

In this ease from equation (3) 


„ 120 x 33,000 x 12 . .. 

T - 2r ^ 75 - in.lbs. 


Also from equation (2) 


100,000 in. lbs. nearly. 


m 6 x 2*6 x it d* _ . , 

X = - - - x 6*26 in. tons 


6 x 2-5 x it x d* x 2,240 


x 5*26 in. lbs. 


= 139,000 d* in. lbs. nearly. 

„ _ 100,000 

~ 139,000 

, / 100.000 OK . . 
d “Vi3poo = ' 86m - nearly 

Adopt bolts j” in diameter. 


(2) Example of Cleat. —We will now take the case shown in 
Fig. 140 of the cleat given in the Handbook of Messrs. Dorman, 
Long dt Co., Ltd., for a 16 in. by 6 in. standard I beam with a 
minimum span of 18 ft., the rivets being of f in. diameter. 

The safe uniformly distributed load given for this span and 
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beam is 25 tons, so that the reaction at each end will be 
^ = 12*5 tons, and half of this will be carried by each angle, 
or the load P will be 6*25 tons. 
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Then we tabulate the dimensions as follows— 


No. of Rivet. 

r 


1 

4*58 

21-00 

2 

2‘62 

6-88 

3 

*90 

•81 

4 

2-62 

6-88 

6 

4*58 

2100 



2 r J = 66-69 

L_ _ 




. _ P* _ 6 25 x 315 

’• 8 2r ! 56-69 

= *348 ton. 

The moment load will be a maximum on rivets 1 and 6 
because they are farthest from x , and will be equal to 

1*59 tons. 


T 6 = -348 x 4*58 


625 


The direct load W on these rivets = - 1*25 tons. 

5 

Therefore resultant load «= R 6 = 2*20 tons. [See Fig. 140.] 
Now bearing area of a f-in. rivet in a J-in. plate 


Bearing stress on rivet 


3 - 
8 ~ 32 

2*20 x 32 


4 X 8 ^ 32 sq* ln * 


9 


Area of a |-in. rivet in section 


X l-s 


7*82 tons per sq. in. 
*‘-•442 


2*20 

Shear stress on rivet = — 4*98 tons per sq. in. 


The above calculation shows that the rivets are stressed just 
about up to what is commonly taken as a safe working stress for 
rivets in shear, viz. 5 tons per sq. in. The importance of 
allowing for the eccentricity of the stress will be clear from 
this example, because the resultant maximum stress on the 
rivets comes to nearly twice the value which would have been 
found if the eccentricity had not been taken into account. 

Torsion of a Circular Shaft.—Suppose that a circular 
shaft of length l and diameter d is subjected to a twisting 
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moment or torque T (Fig. 141). To preserve the equilibrium 
of the shaft, equal and opposite torques must act at the two 
ends and each normal section of the shaft will be subjected to 
strains which will allow a slight twisting motion of such section 
without causing it to bend or warp out of its plane. 

We will therefore make the following assumptions in 
developing our theory of torsion— 

(1) That plane normal sections of the shaft remain plane after 

twisting. 

(2) That stress is proportional to strain, i. e. all the stresses 

are within the elastic limit. 

A line ▲ B on the circumference of the shaft initially parallel 
to the axis becomes bent to the form a b' as a result of the 



Fia. 141.—Torsion. 


application of the torque, the end a being regarded for 
convenience as fixed. Then b b' may be called the arc of 
torsion and it subtends at the centre o an angle 0 called the 
angle of torsion . This angle of torsion may be regarded as a 
torsional deflection . 

If we imagine the shaft divided up into a number of very 
small equal slices it follows that since each slice is exactly 
like every other slice the angle of twist in each slice will be 
equal, and if we regard each slice for convenience as of unit 
length we have 

Angle of twist per unit length of shaft — ~ 

Now consider the slice contained between sections x x and 
Y Y, Fig. 142, the thickness z being regarded as very small, 
and consider a square abed of side z at distance r from the 
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centre. In our figure b c is appreciably curved, but that is 
only because we cannot draw the figure clearly without making 
x of appreciable size. 

The result of the twisting action is to make abed take up 
the form aV c'd, this being the typical form (cf. Fig. 1) indi¬ 
cating pure shear strain, and the unital shear strain is given 
by the relation 



x * * v 

Fiq. 142.—Torsion of Shafts. 


Shear stress «= shear modulus x unital shear strain 
- PQ 
bb' „ 


Now the angle bob' = angle of twist in length x 

— angle of twist per unit length x x 
6 x 

“ T 

T $ X 

and bb' = arc = radius x angle = —j~ 

In (1) shear stress -* 

re Q 
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This gives the important result that: The shear stress ai 
any point in a shaft is proportional to the distance of that point 
from the centre . 

The shear stress is therefore the same at all points on circles 
concentric with the shaft and the variation of shear stress 
is indicated by the triangle o eg, the stress at the extreme 
fibre being s and that at any other radius r being equal to 

1 “ R 

Now consider a very small element of area a at a point 
p in the section at distance r from the centre, the area being so 
small that the stress over it is constant. 

ml m a __ i_ a r S G 


Then from (2) stress on element 


Force on element 


stress x area 


rOG 
~T ~' ° 


Moment about o of force on element 
= S x r 


-a-r 


. •. Total moment about the axis of all the forces on the 
section 

b Sum of separate moments 

■2t-- 

0 G 

■= ~ j yj a because 0 , G, and l are constant 
6 G 

■s -y x Polar moment of Inertia of section 

= 0GI, 
l 

But the total moment about the axis of all the forces on 
the section must be equal to the twisting moment, so that 
we get 

. 




320 THE STRENGTH OF MATERIALS 

From (2) we get => 

T 6 Gt 

and from (3) we get j- = -j- 

By combining these results we obtain the following com¬ 
plete relation for torsion which should be compared with the 
corresponding relation on p. 116 for the bending of beams. 

6tress T 0 G ... 

—r - - I; - T. <4) 

In practical calculations we are usually concerned with the 
maximum shear stress a 

a T 

we write li “ F 

TR 

s — -j— .(5) 

By analogy with the method of dealing with the section 
modulus of a beam we call the polar modulus Z,. 

T 

We thus get a =■ „ 

or T — f,Z p ..(6) 


Cases in which the Formulae are Applicable.—These 
formulae are based upon the assumption that plane sections 
remain plane after twisting and this is true only for circular 
sections (solid and hollow); for shafts of other section the 
approximate formulae given on p. 333 may be used. 

Solid Circular Section. —This is of course by far the 
most common case of shafting which occurs, and in this case 


I, 

••Z, 


7T D* 

32 

rD* . 

32 ~ 

irD* 


D 

2 


T D» 

id 


16 


•196 a D* 


(7) 
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Hollow Circular Section.— In this case, Fig. 143 (a), 

I, = 32 ( D i 4 ~ !V) 

. 7 _ ^ D i 4 ~ D 2 4 ) 

* * ' “ 1G Dj 

i „ T = a7r ( P i 4 ~ D 2 4 ) , R * 

* e A 16 Dj . (8) 

When the metal is very thin, Fig. 143 (l), we have 



Fio. 143. 



Alternative Derivation of Formula for Solid Shaft.— 
The formulae (7) can also be derived as follows, and although 
we recommend the previous method as the more satisfactory 

Y 
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we find by experience that some students find the alternative 
method more easy to follow. It is similar to the method which 
we have already used for beams in some cases (see pp. 220-222). 
Consider a very small sector aob, Fig. 144, of the circle, so 
small that we may consider a o b as being practically a very 
narrow triangle. Set up a d, b c, to represent the maximum 
shear stress 5 and complete the pyramid ABCDoas shown. 
Then if this pyramid be considered as divided up into 
a number of slices as indicated, the volume of each slice 
= area of piece of sector x stress on it = load on each 



piece of sector; the volume of pyramid therefore re¬ 
presents the whole load acting on the sector, and to find the 
moment about the point o of the force on the sector we 
regard the volume of the pyramid as acting at the centre of 

Q T> 

gravity of the pyramid which is at distance ~ from o. 

Now the volume of a pyramid « J area of base x height 

1 

.AB.ADXOA 

» jRa,|,R = jiuR* 
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Moment about o = Volume x 


a Ti a a 

= 3 JaR x 4“ 

SaR 3 
“ “4 

Now in the whole section there will be of these sectors, 

a 

because the whole circumference subtends an angle 2 tt at the 
centre. 

Total moment about o of all the forces on the 


section 


8 a R 3 2 7 r 
v— X - 

4 a 


8 7r R 8 8 7r D 8 

“ 2 ” “ 16 " 

But this total moment must be equal to the torque T 

• T - £5 D _ 

16 

This agrees with our previous result (equation ( 7 )). 

Horse-Power Transmitted by Shafting. 

We have seen on p. 312 that 

m H.P. x 33,000 x 12 . n 
T-2 b- N- 

H.P. x 33,000 x 12 . . 

" - 2.N x 2,240 m - tons - 
putting this into equation ( 7 ) we have 
aw D» H.P. x 33,000 x 12 
10 2 N 

,,, H.P. x 33,000 x 12 x 16 
... D 3 =-2 N s - 

J/Hp 

This gives D = 5*23 y for a in tons per in . 2 


68*4 y for a in lbs. per in . 8 


In using this formula it should be remembered that N is to 
be in revolutions per minute, the resulting diameter being in 
inches. 
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Taking s 


7,500 lbs. per sq. in. this gives 
*/HJP. 


D 




This is a very convenient formula for use. In practice a is 
often taken rather less than 7,500 lbs. per sq. in., the table 
given on p. 335 being often used; this is based upon a 6,800 
and is arranged to give round numbers for the 10 in. shaft. 

Calculation of Angle of Twist. 

From equation (3) 

T l 


6 = 


GL 


This, of course, will be in radians. 
For solid shafts this gives 

6 - 


QO T 7 

Gn-D 4 radians . 

.(10) 

583 T l . 

-q])! degrees.; 

.(11) 


Comparison between Solid and Hollow Shafts.—Sup¬ 
pose that we have two shafts—one solid and of diameter D, 
and the other hollow and of external diameter D and internal 

diameter ?. 

Then I, for solid shaft - - 

Then I, for hollow shaft = — |D 4 — j 

ir_ 15 D 4 
“ 32 ‘ 16 

For the solid shaft we have 

m _ a X 7T D* 

-i(T 

and for the hollow shaft we have 

rn a x 15 D 4 v D 
T * - 16 X 32 ^ 2 

15 ttD» 

“ 8 x 16 ' 16 

. T *_ 15 

• • T, “ 16 
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The hollow shaft will therefore transmit -J-f of the torque 
of the solid shaft and therefore of the horse-power. 

The area of the hollow shaft will be ^ ^D 2 — 5.^ = » 

7r 1)2 

and of the solid shaft it will be ——; so that the area, and 

therefore the weight per given length of the hollow shaft, is 
| of the corresponding value for the solid shaft. 

Summing up our results, therefore, we may say that “ the 
hollow shaft has a weight of | that of the solid shaft and 
transmits of the horse-power; so that weight for weight 

15 4 

the hollow shaft will be ^ x 3 > *• e • H mes as efficient as 

the solid shaft; the angle of torsion or torsional deflection 
will, however, be greater for the hollow shaft/' This illustra¬ 
tion brings out the fact that we can easily see from a considera¬ 
tion of the stress diagram that the material at the centre of a 
shaft is not used so effectively as that at the outside. This 
result agrees with that which we found for beams (p. 201 ). 

Numerical Examples on Circular Shafting. — (1) Find 
diameter of wrought-iron shaft to transmit 90 H.P. at 130 revolu¬ 
tions per minute if the working stress is to be 5000 lbs. per sq. in. 

In this case H.P. = 90, N = 130, and $ = 5000 

Working from the general formulae, which are much 
easier to remember than the particular one, we have 


T = 


S X ttD 3 
16 


5000 7T D 3 
16 


. m 90 x 33,000 x 12 
*'*° T -!Vx 136 


D 3 = 


16 x 90 x 33,000 x 12 


5000x 2 t r x 130 
= 44‘45 ins . 8 


D = ^44-45 
= 3'54 ins. 

Adopt 3£ ins, diameter. 
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(2) A steel shaft 4 in. in diameter is running at 130 revolutions 
per minute and is found to have a twist or “ spring ” of 9 degrees 
measured upon a length of 30 feet. What horse-power is being 
transmitted, talcing G =* 12 x 10 6 lbs, per sq, in,, and what is 
the maximum stress in the shaft ? 


Our general formula is 

s T GO 
R ~ I “ l 


In our case we are given the following* 
7T D 4 7T x 4 4 

SB — - — S3 . .. 

32 32 


R = 2; 


= 8' 


9 “ 9 ° “ w radians “ 20 

l = 30 ft. = 360 ins.; 6 ■> 12 x 10 6 lbs. per sq. in. 


. t _G0I, 

• • X — " / 


butT 


12 x 10« x 7T 0 

' 360 x 20 8,rs 

H.P. x 33,000 x 12 

2 7T N 


2 5T* X 10 5 . .. 

—,=-in. 1H. 

10 


„p 2 txN x2»* x 10* 
w.i'. 33,000)T 12x15 

4 n 3 X 130 X 10* 

“ 33 x 12 X 15 
- 271 


To test whether the stress is within safe limits we write 
G0R 


t — 


l 

12 x 10* 

360 

10,500 lbs, per sq. in. nearly. 


x — v 2 
x 20 


(3) What diameter of hollow shaft would you use to transmit 
6000 H.P, at 60 revolutions per minute if the maximum torque 
is 1} times the mean and the safe shear stress is 7,BOO lbs, per 
sq. in. ? Take the internal diameter as half the external. 
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In this case mean torque = —‘ ■ x j n< lbs. 

2 TT JN 

6000 x 33,000 x 12 . „ 

*=- 9 —— ATT- in - lbs. 

2 ir x 60 

•* . „ T l'5 x 5000 x 33,000 x 12 . „ 

Max. torque = T =-~2lTx~60-m.lbs. 


But 


T= ,f { D ‘ (2)} 7,500tt 15D* 

16 D 16 16 

# -p _ 1*5 x 6000 x 33,000 x 12 x 266 
• • 2tt x~W~x7,mV~x~15 

This gives D = 17*9 inches. 

Adopt 18 inohes external diameter. 


* Combined Bending and Torsion.—In a large number 
of cases in practice shafts are subjected to bending as well as 
torsional stresses; a common example occurs in the case of 
a crank shaft and also in the bending stresses caused by the 
weight of the shafts themselves or by pulleys carried between 
the points of support. 

Fig. 146 illustrates the action in an overhung crank shaft. 
The driving force p is applied at the point a at the crank pin 
and causes a twisting moment equal to p . a b = p r about the 
axis B O. In the vertical plane we have the couple formed of 
p at A and P at B in an opposite direction; to preserve 
equilibrium at B an equal and opposite force p must act which 
in the horizontal plane of B c combines with the reactionary 
force P at o. B o may therefore be regarded as a cantilever 
subjected to a bending moment equal to P x b c = p i. It 
is usual to assume the cantilever as extending to the centre 
of the bearing for the purpose of calculating the bending 
moment; it is difficult to obtain a much more accurate result 
until we know the distribution of the pressures upon the bear¬ 
ing. Our procedure for the calculation of the combined 
stresses is as follows— 

First find the maximum bending moment M and the 
twisting moment T acting at any point along the length of 




328 


THE STRENGTH OF MATERIALS 


the shaft and calculate the corresponding maximum tensile, 
compressive and shear forces contributed by the bending 
moment and twisting moment respectively. If the shear 
stress contributed from the consideration of the shaft as a 
beam is at all appreciable we should add this stress to the 
maximum shear stress given by the torsion. Let / and s be 
the maximum bending and shear stresses, then, as explained 
on p. 44, we have three alternative formulae to apply, one of 
which gives the resultant shear stress and the other two the 
resultant tensile stress. 



Fig. 145. 


They are 

(1) Rankine’s formula— 

Equivalent tensile stress 




4 a 2 \ 


(2) St. Venant’s formula— 

Equivalent tensile stress — 

(3) Guest’s formula— 

Equivalent shear stress = 



M 3 
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Equivalent Bending and Twisting Moments. —It is 
common to express these formulae in terms of equivalent 
bending or twisting moments. 

Now the polar modulus of a solid or hollow circular section 
is twice the ordinary or bending modulus of the same section. 

7T 1 ) 3 7r T)3 

For the solid circle Z p = and Z = 00 
' 16 32 


we shall have 


Z’ 5 ~Z m 


. T 
• - /~2M 

. taking Rankine’s formula we have, if M K is the equivalent 
B.M. 

MM/ / T 2 \ 

Equivalent tensile stress = z K== 2Z\ + y 1 + 

M. = 2(l + Vl + M 2 ) . (4a) 

or = \ (M + VMHT®).(46) 


St. Venant’s formula would give 
„ M/3 




3 M , 5 

or = * o + O VM 2 + T 2 


Guest’s formula will give 

t Mr 

Equivalent shear stress = ^ — 2~Z 'Y * 


T. = M 


or = VM 2 -|- T 2 .(66) 

For ductile materials, such as steel, formulae (6) are recom¬ 
mended for use in design, the safe shear stress being used for 
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determining the necessary value of the polar modulus Z,„ 
to carry the twisting moment. 

For brittle materials, such as cast iron, formulas (4) or (6) 
should be used, the St. Venant formula being recommended 
as the more reliable of the two; the safe tensile stress should 
be taken in this case. 

There has been considerable confusion with these formulae 
because Rankine’s formula is often given as an equivalent 
twisting moment and has been compared with Guest’s formula 
for the same working stress; the point to keep in mind iB 
that if Rankine’s formula is used the safe tensile stress and 
bending modulus should be taken, but if Guest’s formula is 
adopted the safe shear stress and polar modulus should be 
used. 

Numerical Example.— What must be the diameter of a 
solid shaft to transmit a twisting moment of 160 ft. tons and a 
bending moment of 40 ft . tons , the tensile stress being limited 
to 4 tons per sq . in. ? What diameter would you use if the shear 
stress is limited to 3 tons per sq. in . ? 

Let D be the diameter of the shaft. 

T 16 T 
Then a = = w D» 

16 
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Max. stress = 4 


6-9 / 5-9 32 x 40 x 12 

2 " 2 X it D® 


™ 5-9 x 32 x 40 x 12 „ nnn , 

D 3 = —-q -= 3,600 nearly, 

0 7r 4 

D = 16*3 inches about. 


Equivalent shear stress = s 1 -f ( J^j) ) = 

16 \/40 2 + 160 2 „ 16 X 40 X 12 X 412 


jrD 3 


_3 “ ttD 3 

16 x 40 x 12 x 412 

D* =-'o - 

3 7T 

D = 15 inches about. 


Shafts with Axial Pull or Thrust.—If in addition to the 
torsional stresses (and bending stresses if they occur) there 

p Q 

exists an axial pull (P) or thrust Q we add . or to the bend¬ 


ing stress to get the value of / to use in the formulae. In the 
case of end thrust acting, when the direct stress is taken as 
a criterion, the resultant direct stress should not exceed the 
safe stress upon the shaft considered as a column, and the 
design should be treated similarly to that of a column with an 
eccentric load (p. 301). In the case of steel shafts, which are 
most common, we suggest that a double test should be applied; 
the shaft should be designed to carry the equivalent direct 
stress as a compressive stress on a column and also by the 
Guest formula, the diameter chosen being the greater of the 
two results. 

Torsional Resilience.—As we have already explained in 
connection with resilience in bending, the work done by a 
couple is equal to the product of the couple into the angle 
turned through. 

If, therefore, the angle turned through is $, the work done 


by the couple which increases gradually from 0 to T is 

s _ec t 
. 1 1~ l I, 


Tfl 

2 
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\ Work stored in shaft = ~ 

DG 2 

2 l r ._s*l 

“ GT > 2 . 


I? VA l t4r 2 Ip ^ irT> 2 l 

For a solid shaft - 

D 2 lb 

ttT ) 2 

the volume of the shaft = —j— . i = V 

4 

. 2I„Z__V 
• • Da “ 4 


i.e. Work stored in solid shaft = • V 

4G 


8* 

Resilience = work stored in unit volume ~ ^ ^ ... .(2) 

4G 

If we take G = ^ E (cf. p. 12) this gives 


Resilience = 


For a hollow shaft of external diameter D and internal 
diameter D x 

2 M - w ( D * - D i 4 ) - 1 _ ?r(D 2 + Di 2 ) (D 2 -^ 2 )/ 


md V = 

4 

. 2 II _ /D 2 + I>* \ V 


Resilience = ^ q 


{* + ©» 


In the limiting case of a very thin tube ^ approaches 1 
and we have 

Resilience * "on .( 5 ) 


Torsion oi Non-Circular Shafts.—As we have already 
indicated on p. 320, the ordinary theory of torsion is true only 
for circular sections because in other sections the sections 
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originally plane become bent out of the plane upon twisting. 
The following cases have been worked out fully by St. 
Venant, who has given the following approximate formulae— 



Any symmetrical sec¬ 
tion not containing re¬ 
entrant angles. 


Where A — area of section 

I p =5 polar moment of Inertia 
y = distance of farthest edge 
from centre of shaft 


Numerical Example. —A square steel shaft is required for 
transmitting 'power to a 30 -ton overhead travelling crane. The load 
is lifted at a rate of 40 ft. per minute . Talcing the mechanical 








334 


THE STRENGTH OF MATERIALS 


efficiency of the crane gearing as 35 %, calculate the necessary 
size of shaft to run at 160 revolutions per minute. The twist 
must not exceed 1® in a length equal to 30 times the side of the 
square. Take G *= 13 x 10® lbs. per sq. in. 


Work per minute to lift weight = 30 x 40 ft. tons. 

If r) of crane = 35 %. 

... . . 30 x 40 x 100 

Work to be supplied per minute =*-gg- 

If revolutions per minute = 160 


Torque = 


30 x 40 x 100 
3 5 x 2 *- x 160 
3'42 ft. tons. 


ft. tons 


= T 


S* - ’ 


410 x 3 42 x 2,24 0 x 12 x 30 S 
13 x 10®. S® 

410 x 3-42 x 2,240 x 12 x 30 


13 x 10* 


S = 4J inches (say). 


cL 



Effect of Keyways upon the Torsion of a Circular 
Shaft.—Professor 11. F. Moore of Illinois University has 
given the following results of experimental investigations 
upon shafts with keyway grooves cut in them. 

Stre ngth of out shaft j ._ , 26_l , l<i 
StrengthTof uncut shaft = " D 35 
_Angle of torsion o f out shaft , , *46 + 'Id 
Angle of "torsion of uncut shaft "* + "IT" + D 
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For Power of Wrought-iron Shafts take 70 per cent, of above Values. 














CHAPTER XII 


SPRINGS 

• 

Springs may be regarded as devices for storing up energy 
in the form of resilience and are used either as a storage for 
energy, as in clocks, phonographs, etc., or else are used in 
order to absorb excess energy which would otherwise do 
damage, buffer and carriage springs being very common 
examples. 

The best form of spring will be that which will absorb the 
greatest amount of energy for a given stress, and in the case 
of springs placed upon trains it should be remembered that 
the kinetic energy of the spring itself will add to the energy 
that has to be absorbed. Failure to appreciate this fact has 
led many people to suggest that railway collisions could be 
prevented by the use of heavy springs placed in front, whereas 
the weight of spring necessary to do this would be so great 
that its advantage would be lost. 

Since all elastic bodies have resilience, all forms such as 
ties, struts, beams and shafts are strictly springs, but in ordi¬ 
nary form they are too stiff to be of use. The principal 
forms of springs may be divided into torsion springs and 
bending springs. 

We can consider the relative values of tensile, bending and 
torsion springs by comparing the relative resiliences. For a 
beam of uniform strength loaded at the centre such as occurs 
in a leaf spring we have 

Resilience = ^ 
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For tension we have 

Resilience = 
For torsion we have 

Resilience = 


P 
2 E 

S 2 

4G 


Taking s 


4 

5 


/ this would give 


5s a 
8 E 


>r, on the Guest theory, if s = ^ we shall have 
Resilience = 


The pure tension spring, therefore, which is practically 
never used in practice, is the most economical, and the relative 
economy of the torsion and bending springs depends upon 
the view taken as to the relative safe stresses for the two 


cases. 

Time of Vibration of a Spring.—The vibration of a 
spring follows the laws of simple harmonic motion, so that 
the following general formula will enable the time of vibra¬ 
tion to be obtained. 

Time of complete vibration 

■ - t = 2 *• J WelghFofSpring . m 

> g x Force to cause unit deflection 

number of complete vibrations per second = - 


TORSION SPRINGS 

Close-Coiled Helical Springs.—If a helical spring is so 
closely coiled that each turn is practically a plane, the stresses 
upon the material will be almost pure torsion. The twisting 
moment, Fig. 147, will be W R and the spring will be equiva¬ 
lent to a shaft of diameter d and of length l equal to the total 
length of wire in the spring, t. e. if n are the number of turns, 
Z = 2 ir R n (approx.); the torque applied to this equivalent 
shaft will be W R as indicated, 
z 
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By our general torsion formula we have 
s _ T _ G 0 

3"~ i, r* 

2 

. _ IT _1WR 

" Gi, _ 

32 

32 f WR 

"'Or# . 


( 2 ) 



Fio. 147.—Close-coiled Helical Springs. 

Now consider a very short length a of the spring and 
suppose that 0 is the angle of torsion of this short length; 
then due to this angle 6 the weight W will go down by an 
amount R 0 as indicated in Fig. 147. This is true for every 
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short length and the separate deflections due 
add together giving a total deflection 


8 


Rtf 


32 WR 2 1 
Gird* 

8 WD 2 f 
Gtt d* 


to each piece 


(3«) 

(36) 


If » is the number of turns we have l = 2 ir R n 


64rrRra W IV 

g it d* 


R a n 
G d* ' 


D s n 
G d* ■ 


(4o) 

(46) 


the load W to cause a deflection 8 is given by 


W 


G d* 

64 ft* n ’ 
Gd* 

8 D 3 n * 


(6o) 

( 66 ) 


We might have obtained our result as follows from the con¬ 
sideration of the torsional resilience (p. 331)— 

s 2 

Torsional resilience «= j-g 
s 2 

.•. Work absorbed = jq x volume = Work done by weight 


W 8 
2 ~ 


a 


10 WR v _*d 2 l 
‘ re d 3 5 4 

. W 8 _ 16* W 2 R 2 

* * 2 “ 7T 2 d« 

_ 16 W 2 R 2 1 
~ *rd 4 ’G " 
. _ 32 W R 2 1 
6 ~ *-d 4 G 


. w d 2 1 
4G.4 


as before. 


Time of Vibration.— Putting 8 >■ 1 in equation (6) we 
get the force to cause unit deflection; this can then be put 
into equation (1) to find the time of swing, remembering that 
if all the other dimensions are in inch units, g (the gravity 
acceleration) must be also reduced to inch units. 
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Numerical Examples oh Closely Coiled Springs.—(1) 
A closely wound helical spring is formed of 30 coils of J in. 
round wire, the mean diameter of the coil being 4 ins. What 
axial load will produce a shear stress of 9 tons per sq. in., and 
if G is 4,700 tons per sq. in., what will be the extension of the 
spring under the load ? 

s_x nd * 

16 

9 E x (J)» 

16 
9 IT 


T = W x 2 
2 W 
W 


32 x 64 tonS 
9 7 t x 2,240 ,, 

32~x 64 lbs - 
30 9 lbs. 

64 W R*» 

Gd* 

64 x 30-9 x 30 x 8 x 256 
4,700 x 2,240 


11*57 ins. 


Before this extension occurred the spring would have 
ceased to be closely wound if the load were such as to stretch 
the spring, and the spring would have been fully closed if 
the load were such as to compress the spring. 

(2) If a closely wound helical spring made of wire J in. in 
diameter has 10 coils , each 4 ins. mean diameter , find the fre¬ 
quency of the free vibrations when it carries a load of 15 lbs 
(taking G — 12 x 10® lbs. 'per sq. in.). 


*- 2 'V 

Putting 8 


Weight 


g x Force to cause unit displacement 
1 in equation (5b) we have 

G d A 

Force to cause unit displacement ==-t-th, - 

8D 3 n 

9*156 lbs. 


(£) 4 X 12 x 10® 
8 X 4 3 x 10 


t 


t *. Frequency 


— 2ir yj~2 

- L / 3 

2 Jr \ 


15 


32 x 12 x 9-156 


seconds 


32 x 12 x 9156 


15 

■■ 2-43 per second. 
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It should be noted that in the above calculation we have 
neglected the weight of the spring itself, so that the result 
can only be regarded as approximate. 

Weight of Springs.—A cubic inch of steel weighs about 
*284 lb. 


•*. Weight of spring = *284 x volume 

- -284 x *f l 
4 


- -284 x 

4 

« *7 d 2 D n very nearly. 


Safe Loads on Circular Springs.—The following are 
the highest safe torsion stresses upon steel spring wire found 
by experiments by Mr. Wilson Hartnell— 


Diameter of Wire. 

Safe Stress in lbs. 
per sq. inclL 

Safe Load on Spring 
(lbs.) 

i 

70,000 

429 

D 

1 

60,000 

1,240 

D 

t 

60,000 

2,450 

D 


D = mean diameter of spring in inches. 


W D 

From the formula T =» *196 d z s ~ ^ 

we have W *= - - * from which the values in the 

third column of the table are obtained. 

Restriction on Use of Formula. —When the springs 
are used so that when stressed they are shorter than when 
unloaded (i. e . if the load were to act upwards in Fig. 147), 
it should be remembered that the spring may become shut 
before the safe load has been reached; this does not diminish 
its strength, but impairs its value as a spring. 
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Alignment Charts for Close-coiled Circular Springs. 



Fig. 14S. 


—Figs. 148, 149 show alignment charts * for the strength and 

* For an explanation of the principle of these charts see a booklet 
by the author on Alignment Charts, published by Messrs. Chapman 
and Hall, Ltd. [Price 1/3 not.] 
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deflection of round wire helical springs, taken from an article 
by Mr. F. Fitchett in Machinery for January 14, 1915. 



To use the charts we proceed as follows: Suppose, for 
instance, mean diameter of coil = 3 in., diameter wire = | in., 
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safe stress = 60,000 lbs. per sq. in. On Fig. 148 connect 
“ diameter of spring ” to “ safe working stress ” and note 
the intersection on the dotted axis. Connect this point of 
axis through “ diameter of wire ” on to “ safe load,” which 
till give the result required, viz. 415 lbs. approximately. 
The chart can be used similarly to find any one of the four 
quantities if the other three are given. 

To use the deflection chart of Fig. 149 take, for example, 
a load of 16 lbs., £ in. diameter wire, 2\ in. diameter of spring 
consisting of 20 coils, using G = 10,000,000 lbs. per sq. in. 
Connect “ number of coils ” to “ coefficient of rigidity ” and 
note intersection on the right-hand intersection or “ support 
fine.” Then join “ diameter of wire ” to “ diameter of spring ” 
and note intersection on centre support. Join these two 
intersections to meet the left-hand support and connect the 
point thus obtained to “ load on spring ” and produce to the 
” deflection ” which gives 1 inch approx. 

Springs of Square Section Wire.—If our spring is like 
that shown in Fig. 147 with the exception that the wire is 
square instead of round in section, the length of each side 
being S, we can proceed as follows— 


From p. 333 6 = (degrees) 


Now 


7*11 T l , , 

-q g 4 - (radians) 


and T = s -208 S 8 


W 


WR = ^- 

3 x -208 S® _ 
D 
2 


•416 «S 3 
D 


8 - R0 


7-11 R x WR l 
GS‘ ' 
711 WR*i 
GS* 


i‘78 W D* l 

“ GS 4 


( 1 ) 


(2: 
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putting l = ir D . n 

s WS^-WDSn 
S ~ GS* 

6-6 WD®n 

" G S 4 


(3) 


Taking the same safe stresses as for round wire we get 
from formula (1) the following formulae for the safe loads 
on square wire springs— 


Side of Square (in.) 

Safe Load in lbs. 

i 

455 

T J 

i 

1316 

D 

i 

2660 

D 


Comparison of Square Section and Circular Section 
Springs. —The volume of the square spring = S 4 1 = V 


Work absorbed = 


Resilience > 


•208 sS 3 
2 


711 T l 

' G S* 


•208 a S 3 7 11 x -208 *S*J 


GS* 




•154 s a 

~7T~ 

•154 s a 

G 


. V 


This is less than for a solid circular spring, the ratio of 

•25 

circular to square resilience being = 162. Also fora spring 

of given diameter the load carried is greater for a circular 
section than for a square seotion of the same area. 
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Fop the circular section we have 
s x w(P sd 


T. 


for square T, = 

T, 

• * T, ” 4 x -208 S 


16 

*208 s S 3 
d 


x area 


208 s S x area 


If 


•d 2 


S a , i. e. if the areas are equal as suggested 


d 

T r 

T 



M28 
4 x *208 


1128 S 
= 1*36. 


Weight for weight , therefore , a closely coiled circvlar section 
helical spring of given diameter is 1*36 times as strong and will 
absorb 1*62 times as much energy as one of square section of • 
the same diameter. 

Open-Coiled Helical Springs.—In the case of open- 
'coiled helical springs the stress is principally a torsioned one, 
so that we will deal with it here although there is also bending 
stress. 

Referring to Fig. 150, let the centre line of the spring at 
any point be inclined at an angle a to the horizontal; then 
the normal section plane x x of the wire will be at an angle 
a to the vertical load W. The load W has a moment W R 
about the line centre o of the section and this moment has 
a component o a = W R cos a which is a moment in the plane 
x x and causes a twisting action, and a component a b ■* W R 
sin a which is a moment normal to the plane x x and causes 
a bending action. 

,’.T = WR COS a\ 

M =* W R sin 


. a' 


• 0 ) 


It is not altogether easy to follow this resolution into a twist¬ 
ing and a bending moment at first, partly because it is not 
very easy to give a very clear diagram with the forces acting 
in different planes, but a little consideration of the problem 
will probably remove the difficulty. 
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The angle of torsion in the plane x x will be given by 
T l 

“GX 

T0 t*Z 

Work done against torsional stress = = 2GT 

W 2 R 2 cos 2 a l ” 

" 2 G I. “ . 



Fio. 160.—Open-coiled Springs. 


The bending moment is constant, so that (see p. 273) 

Work done against bending stress = 

W* R 2 sin 2 a l 

" 2 EI . 


(3) 
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Total work done against stress 

_ W a R a l /cos 2 a , sin 2 a\ 

2 \ g i p + ex; 

But total work done against stress = 

• U4. W8 
weight = -j~ 


(4) 


Work done by 


8 = WR 2 I 


(co 

\G 


COS 2 a 8in 2 a\ 

gi7 + “ex; 


Taking a solid circular section we have 21 = I ;> = 


8 


rd 4 

32 


32 WR 

^COS 2 a t 2 sin 2 a\ 

7rd* 1 

< G + E ) 

32 WR H 

/ , ,2 sin* a\ 

r cos* \ 

Gird 4 1 


^and taking ^ = 2*5^ 

32WR 2 X t , . 0 . , % 
~( cos « + 8 sm 2 «). 

8WD 2 1 , , , o • * v 

^ — Jg- (cos* a + *8 Sin 2 a) 

G 7 r a* 

8WD H n •€% * 2 \ 

-Gdr(l“ 2!ina) . 


.(5) 


•( 6 ) 


•(7) 


The movement due to twisting per unit length of the coil 
vill be equal to R 0 f , where 0 T is the angle of torsion, and takes 
place in the plane x x. This is equivalent to a movement 
d e vertically and a horizontal movement e /. 


• \ 8 t » R0 t cos a.(8) 

e f =* R 0 r sin a.(9) 


This movement e / tends to increase the number of the 
turns of wire. 

The bending deflection upon a unit length will be equal to 
R 0 B , where 0 B is the angular change in the centre line of the 
beam. This movement takes place in the plane y y and will 
tend to unwind the coil; it has a vertical component gh 
which is the part of the deflection contributed by the bend 
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ing and a horizontal component hj which is an unwinding 
tendency and opposes the winding-up strain ef. 

. 8 b a* R . sin a 
hj = — R 0 H COS a 

T 

Now Oj = qj- per unit length 
M P 

= g-j per unit length because the bending moment is 

constant.* 

per unit length 

* , * R T cos a , R M sin a 

Oj + o B — — nT -h 


deflection 


gi; 

WR 2 COS* a 

G IT 


+ 


El . 

W R 2 sin 2 a 


El 

The deflection will be the same for each unit of length— 

.*.8 -l (S t + 8.) = W R**( C ° S j- + --) 

This agrees with our equation (5) obtained in a different 
manner. 

Angular winding-up movement per unit length 

ef - h j 

R 

= 0^ sin a — $ H cos a 

itt T* /sin « cos a sin a cos a\ 

= WR V“ GI ; ,-El / 

Total winding-up movement 

8= ft = W R l sin a COS a J -JY j) 

32 WRZsin a cos a/. 2G\ im 

~ *2«G ~ V e; . ( } 

for a solid circular section 
32 W R l sin a cos a . G 2 
85 -OT G- f0r E = 5 

p p/ i 

* See p. 249, and note in Fig. 121 that 6 = —- = * if C C' is unity 

K it 


2 
R 1 


M 

ET 
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This is a maximum for a «■ 45°. 

If p is the pitch of the coil and n is the number of turns 
l o n y/ p* + ir® D* 

Comparison of Close-coiled and Open-Coiled 
Springs.—Comparing result (7) with equation (3b), p. 339, 
for the close-coiled spring, we have 
8 for open-coiled spring 
8 for close-coiled spring 


(1 — *2 sin* a) -» m 



O lO 2 O 30 40 

a(degrees) 

Fig. 151. —Correcting Coefficients for Open-coiled Springs. 


m may then be regarded as a correction coefficient, values of 
which are given in Fig. 161 for various values of a. 

Stresses in Wire. —The stresses in the wire can be found 
by calculating the separate bending and shear stresses and 
combining them in the manner described to find the equiva¬ 
lent simple direct or shear stress. 

The twisting and bending strains both cause a tendency 
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for the free end of the coil to turn about the vertical axis v v, 
thus altering the effective number of coils. 


BENDING SPRINGS 


Leaf or Plate Springs.—If we consider a leaf or plate 
spring of the type shown in Fig. 153 and note that the plates 
are bent to the same radius so that they contact only at their 
edges, we see that each plate may be regarded as supported 
at its point of contact with the one below it, the load trans- 

W 

mitted at its overhanging end being Q . (See also Fig. 152.) 


The B.M. diagram for each plate comes therefore as shown. 
In order that the spring may close practically flat, the 
curvature of each plate must remain constant after bending, 
i. e. the radius of each plate after bending must be the same. 

But from p. 249 ^ *= ^ 

M 

Since E is constant j is constant. 


Between b and b', the B.M. is constant^ so that the sectiou 
is constant, but for a b and a' b' the B.M. varies in the 
triangular manner shown, so that the section must vary 

so as to keep ^ constant. 


This can be done by making the ends triangular in plan, 
the thickness being constant. 

Then at any point at distance x from a 


I = 

M - 

M _ 
I ~ 


b, d 3 
12 
Wx 
2 

6Wx 

bJP 


and — = Aby similar As 
x V J 



ewr 


bd* 


= constant 
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For j- to be constant d* = ^ - and if the lap were 

contoured so that the relation held, the necessary conditions 
would be satisfied. 


Now suppose that there are n plates and that all but the 
top one are cut longitudinally through the centre and placed 
as shown in Fig. 153 they would make up the diamond-shaped 



figure shown. The deflection, i. e. the upward vertical 
movement from its initial curved position, for such a single 
plate, which bends to a circular one will be very nearly equal 


to 


M/ 2 

8 El 


Now I = 
. 5 * 


n&d 3 

12 

3MP 
2E nii# 


4 4 
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W l 

For a centrally loaded beam M = 

. 5 _ 3WP 
• • d ~ 8En&<i* a 


(1) 


In a test of such a spring it will be found that the friction 
between the plates will cause the deflection to be less than this 
with an increasing load and to be more as the load is reduced. 

It is common to test such springs by loading them until 
the plate is flat; we then have 8 = 8 0 , and we get from 
equation (1) the following value for the test or proof load W T 


W, 


8 E n b d z 8 0 

31 * 


( 2 ) 


Stress in Plates. —The stress in the plates will be con¬ 
stant along their length because their depth as well as their 
moment of inertia is constant. 



WZ d 
“ nbd*' 2 
4 ' 12 
3 Wl 
"2 nbd* 


(3) 


Derivation of Deflection from Resilience. —The 


formula for deflection may be derived from the resilience as 
follows— 

ft 

Resilience (see p. 273) = -g-g- 

ft 

Total work done in stressing = x vol. 


_ i*_ i $ vJt 
6E 2 

m _ j*ln db 
2 ~ ~ 12 E 

9 W »l*lndb 
“ 4 »* 6* d* x 12 E 
3W* l 3 

m 16 n b <P . E 
3WP 


S 


$ E u b # 


as before. 
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Numerical Example. — A laminated plate spring of 40 
inches span has 12 plates , each *375 inch thick and 3*40 inches 
wide . Calculate the deflection when carrying a central load of 
4 tons , taking E — 11,600 tons per sq. in. 

By formula (1) we have 

• 3WP 
0 " 8 E n 5 d 3 

3 x 4 x 40 x 40 x 40 
" 8~x~ll~600 x 12 x 3 40 x *375 3 
*= 3*84 inches. 



Piston Rings.—Springs in the form of split-rings are 
placed around pistons in oil, gas and steam engines to prevent 
escape of the working fluid past the piston, and such rings 
should be designed so as to give as constant a pressure as 
possible all round the cylinder. The necessary variation in 
thickness has been investigated by Professor Robinson in 
the following manner. 

Let d, Fig. 154, be the point of maximum thickness t, 
at the centre of the ring which was initially circular on the 
outside and is sprung into position so that it is still circular 
on the outside. 

Consider a length ab of the ring, the thickness of the 
ring -at the point b being t$ and the breadth throughout 
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being b . 0 is the angle which the arc b d subtends at the 

centre. 

Let R be the radius of the spring when bent and let R 0 
be the radius at b when in the unstrained condition indicated 


in dotted lines. 

If p is the pressure per sq. in. we have 

0 

p = p . a B (chord) .b =* 2 p b b cos ^.( 1 ) 

and the bending moment at p is equal to 

M = p.bo = 2ptR s cos* g.(2) 



By a modification of Fig. 121, p. 249, assuming a small 
initial radius of curvature R„ we shall get 

m 

\R RV El 
as a first approximation. 

(1 _ 1\ M 2 p i R* cos* ~ 

VR RJ “ EI ~ bt e >~~ 

E • 12 

24 p . R* cos 2 ^ 

- —et^—...............:(3) 






SPRINGS 


357 


At the point d, 6 — 0 and U ■*• <. 

1 _ 1 24 p R 2 

''•R R„ ~ E t. 3 . 

Now R„ and R have to be the same in each position 

. 24 P R* cos* | 24pR1 

EU* ~ El* 

If, therefore, the pressure p is to be constant 
<„ 3 ” cos 2 


•(4) 


■■■T - 7 


COS'® 


.(5) 


Fig. 156 shows values of t e in terms of t 0 for the various 
values of 6 . 


Neglecting the additional stress due to the curvature of 
the bar (see Chap. XIX.) we have at the point d 



Putting this result in (4) we get 

'-“’S. 

B * . 

To find the necessary initial radius we have 

11 2 / 

R. ~ R E t 0 . 


(7) 

( 8 ) 

(9) 


Numerical Example. — Taking E = 16 x 10* lbs . per sq. 
in. and the working stress 4000 lbs. per sq. in ., find the necessary 
thickness and original external diameter for a cast-iron piston 
ring for a cylinder 20 inches in diameter , the necessary pressure 
being 3 lbs . per sq. in. 
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From equation (8) 

t. - 10 x 7^o 3 - - -95 in - nearl y- 

This is less than is usually used in practice. 



Fio. 156.—Thickness of Piston Rings for Uniform Pressure. 

Unwin and Mellanby* give total depth of all packing 
rings 

* Element§ of Machine Design (Longmans), Part II (1912). 
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« 15 + *6 in. for steam engines 

■* ^ 4* 2 4 ins. for gas and oil engines 

= ^ for petrol engines. 

Taking, therefore, a steam engine with 3 rings we should have 

«•-»(§ +e ) 

= ~64 in. 

From equation (9) 

. 1 _ 1 _ 2 X 4000 

•'ll. It 16 x 10 ® X 95 
1 

1900 

- -09947 
R. = 10053 

original diameter = 20" 11 nearly. 


•1 - 


Ring ol Uniform Thickness.—If the ring is of the same 
thickness t throughout, R will be constant, but lt„ should vary 
in accordance with the following treatment— 

We have as before in equation (3) 


J_ 1 
R R. 


24 p R 2 cos 2 ^ 
E l 3 


1 

’•R. 
•• R. 


j 24 p R 2 cos 2 
R ~ 


E <* 
E < 3 R 


6 


E t 3 - 24 p r 2 ~ 


9 

2 


( 10 ) 


For given values of t and p, R, can be found by this formula 
for different angular positions, and it will be found that the 
curve for the initial shape of the ring differs considerably 
from a circle, so that rings made by cutting out parts from 
circular rings and springing into position will not give a 
uniform pressure. 
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♦Plane Spiral Springs.—Consider a short length a b 
(Fig. 167) of a plane spiral spring, the free end of which is 
pulled with a force W. 

Then the bending moment acting on this short length 
« M - W x. 



Fiq. 157.—Flat Spiral Springs. 


If 8 0 is the change in angle between the tangents at 
the two ends 

hO = (see p. 250) 

“ Wir x Ei 
Total change in angle 


6 " 2 ei = n 


% x 8 8 


if E and I are constant as is usual. 



SPRINGS 


361 


2 xSs 


0 = 


1st moment of spring constant about x z 
length of spring x r (approz.) 

Ir 

W Ir 

El . 


( 1 ) 


If the spring is wound up to produce a tensile force W at 
the end, the torque T which must be applied to the shaft 
will be equal to W r. 

Also 6 will be the angle turned through by the shaft, so 
that work stored up in spring 


- {T .0 
W* r* l 
“ '2 E I 


( 2 ) 


If the breadth of the spring is b and its thickness t. 



.'. Bending stress ■= / 


6 M 
Z 


6 M 
bt * 


The maximum B.M. occurs at the point and is approxi 
mately equal to 2 W r. 

12 W r 

bfi . 

fit • 

12 r 


1 

*. W = 


Putting this result in (2) we have 


Work stored = 


Resilience 


/* 6 * t* l , 
144 r*. 2 E l ’ r 
/* bU*. I 

288 E . 

f'btl 
24 E 

24 E x volume 

/* 

24“E 


(3) 
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This is relatively small because the material is not used very 
economically, parts of the spring being much more highly 
stressed than others. 

Close-coiled Helical Springs under Bending Stress. 

—If instead of subjecting a close-coiled helical spring to an 
axial load we subject it to a twisting action tending to unwind 
or wind up the spring, the whole spring will be subjected to 
a bending moment equal to the torque T applied. 

Therefore, if we neglect the effect of the curvature of the 
wire upon the stresses in it, we shall have, if 6 is the angle 
by which the spring winds up or unwinds— 

Work stored = (see p. 331) 



Circular Section. 


and / 


•. Work stored 


For a round wire of diameter d % 

T _ 

~~ 64 

7T d Z 

32 

32T 
TcdF 

. i_ . 64 

32.32. 2 E ird* 


= T 
i.e. / = 


/ 2 


■d 2 l 


32 E 

ft 

.*. Resilience = 


f 2 x volume 
8E 


6 


T i 

El 


64 Tl 
* d*. E 


radians 


1,168 T l 
d* E 


degrees. 


Rectangular Section. —If the depth of the section is b 

b t* 

and the thickness is t, I = ^ 


and T 
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/> 12 Tl .. 

.•.('= g radians 

688 TI , 

“ w degrees - 

Work stored =» j 

f'Vt*-l 

" 2 x 36 . E . 61 ® 

/ 2 6 11 P . 

“ 6E “ 6 E x volume 

/2 

Resilience =» 


Summary op Resilience of Various Types of Spring. 


Type of Spring. 

Resilience. ] 

Pure tension .... 

P 

2E 

Pure torsion on close-coiled helical spring (circular shaft) . 

s* 

4 G 

»» »» *» •» »» (square shaft) • 

•154** 

G 

Plate spring. 

/* 

6E 

Plane spiral spring. 

Close-coiled helical springs with twisting action causing 
bending stresses— 

P 

'24 E 

Circular section.. 

P 

8 E 

Rectangular section •••••••••••. 

P 


6E 









CHAPTER XIII 


THE TESTING OF MATERIALS 

Testing Machines.—In most types of testing machines 
the loads are applied through a system of levers and are so 
arranged that the levers are connected to one end of the 
specimen (or in the case of bending tests to the supports), and 
that a force is exerted by an hydraulic ram or screw gear to 
the other end, the lever system “ floating ” when the force 
exerted is equal to that applied to the levers. In this way 
additional weights can be put on to the levers without causing 
a shock in the specimen, because such additional weight does 
not come on to the specimen until the hydraulic ram or screw 
gear is operated further. We will describe some of the most 
common types of testing machines. 

Wicksteed-Buckton Single Levee Vertical Testing 
Machine. —This type of testing machine, a photograph of 
which is shown in Fig. 158, was designed by Mr. J. H. Wick- 
steed, and is manufactured by Messrs. Joshua Buckton & Co., 
of Leeds. The form shown in the photograph is belt driven, 
the power being transmitted by toothed gearing to the screw 
at the base of the machine, but hydraulic rams are commonly 
employed to exert the necessary test force. This particular 
machine has a capacity of 30 tons, machines of this type being 
obtainable for capacities ranging from 5 to 100 tons, and can 
be employed for tests in tension, compression, bending, shear 
and torsion. 

Fig. 159 shows diagrammatically the action of the machine, 

an hydraulic ram drive being shown. 

364 




Fig. 15S.—Buckton Vertical Testing Machine. 
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A horizontal lever a, Figs. 158, 159, is provided with a 
knife-edge b resting upon a strong vertical frame v; a jockey- 
weight w is movable along this lever and carries a vernier 
r by means of which the position of the weight can be read 
off upon, a scale q. 

A second knife-edge o, carried by the lever, engages a link 
o connected to a cross-head. When operating for tension, 
one end of the specimen b is gripped in this cross-head, the 



Fig. 159. 


other end being gripped in a cross-head L connected by rods 
g to an hydraulic ram f. 

If the resultant of the jockey-weight w and the lever a is 
W and acts at a distance y from the knife-edge b, we have by 
moments 

P . x = W y 

p = W -y 

X 

The scale q is graduated so as to read off values of P direct, 
because W and x are of fixed value. 

Stops s are provided for the lever A, which normally rests 
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on the lower one; as the pressure in the ram is increased the 
force exerted upon the specimen gradual^ increases until it 
reaches the value P, whereupon the lever rises and “ floats ” 
between the two stops. 

A lower cross-head j is suspended from the cross-head h by 
rods K and is used for compression and bending tests. The 
diagram on the right-hand side of Fig. 159 shows how the force 
is applied in the case of a compression test. In a bending 
test the arrangement is similar, but the test-beam is placed on 
supports on the cross-head j and a load point or points is or are 
connected to the cross-head L. 

The jockey-weight w is adjusted along the lever a by a 
screw which runs through the latter and is driven from a shaft 



^faamen 

! 

| 




B "* 


L 

E 



Fio. 160.—Werder Testing Machine. 


o operated by a hand-wheel u or by power from a counter¬ 
shaft x. 

Werder Horizontal Single Lever Machine. — This 
machine is used to a great extent on the Continent, and is 
shown in diagrammatic form in Fig. 160. The lever a is of bell- 
crank type and the two knife-edges b c are close together so 
that the leverage is great and comparatively small weights w 
can be employed. The knife-edge b is carried by the hydraulic 
ram F, and the force p is transmitted to the specimen through 
a cranked lever d. It is quite clear from this diagram that as 
the specimen stretches the load would go off it if the ram did 
not follow, t.e. if the pressure were not maintained in the 
cylinder. When, as is common, this pressure is generated by 
a small hand-pump, the operator goes on pumping until the 
lever floats between the stops s. 

Compound Lever Machines. — Riehle Type. —Fig. 161 
shows a vertical type of compound lever testing machine, 



Fia. 101. —-Richie Testing Machino. 


(To face pay? 306. 
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made by Riehl6 Bros., of Philadelphia, U.S.A., and used 
largely in America. 

The steelyard a is connected by a link with lever b, which is 
in turn connected with a lever c, which presses upwards upon 
the table or platen d. A cross-head e is operated by screws 
F, and according as the specimen is placed above or below this 
cross-head the test will be made in tension or compression. 
The machine shown is power driven by toothed gearing from 
an electric motor. 

These machines are controlled automatically by an electric 
contact device. At the outer end of the beam a are two 
contacts so arranged that when the beam reaches its highest 
position contact is made; this completes the circuit of an 



w 

Fio. 162.—Greenwood and Batley Compound Lever Testing Machine. 


electro-magnet which puts into gear with the driving 
mechanism the screw for moving the jockey-weight along 
the beam, but the movement of the jockey-weight can only 
follow up the extensions because contact is again broken as 
soon as the extension is more than is necessary to maintain 
the balance. Means are provided for varying the speed at 
which the weight is run out. Ail autographic recorder o is 
provided (see p. 379). 

Greenwood and Batley Horizontal Type.— This type 
of machine is made by Messrs. Greenwood and Batley, and 
was used by Professor Kennedy in the many researches which 
he carried out while at University College, London, this being 
one of the first testing machines installed in a college laboratory. 

The steelyard lever A, Fig. 162, has a knife-edge b and acts 
on a knife-edge o of a bell-crank lever d, which is pivoted upon 
a knife-edge s and is acted upon by a knife-edge p connected 
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to a cross-head connected to the specimen. The other end 
of the specimen is carried by a cross-head operated by an 
hydraulic ram o. 

The usual leverage of the compound lever is 100 : 1; the 
jockey-weight w is generally moved along the steelyard, which 
carries a graduated scale, by means of a chain by a hand- 
wheel. 

Wicksteed-Buckton Horizontal Type. — This type is 
shown diagrammatically in Fig. 163 and by a photograph in 
Fig. 164. The steelyard lever a acts through a link c upon 
a bell-crank lever D, which connects by shafts shown diagram¬ 
matically by o with the specimen. A massive carriage frame 



Fig. 163. - Wickstoed-Buckton Compound Lever Testing Machine. 


j is connected to the hydraulic ram f and carries a number 
of notches, into any of which can be fitted a cross¬ 
head K by which the other end of the specimen is carried. 
According to the position of the cross-head k, the specimen 
will be tested in tension or compression. This machine is very 
convenient for general testing on account of the ease with 
which it can be adjusted for different lengths of specimen and 
forms of test. 

Smaller Testing Machines. —There are a large number 
of smaller testing machines in use, from which very good results 
may be obtained in cases in which it is not essential for the 
specimens to be large ones. The student should remember 
that a great deal can be learnt with very simple apparatus. 
Fig. 166 shows a machine, designed by Professors Dixon and 
Hummel and manufactured by Messrs. W. and T. Avery, Ltd.; 












Fia. 161.—Buck ton Horizontal Testing Machine. 
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it has an automatic load-indicating device in the form of 
two dished plates connected by a patented flexible metallic 
diaphragm; the space between the plates is fdled with a 
non-elastic fluid and the pressure is recorded upon a sensitive 
gauge which is graduated to give the load on the specimen. 
The gauge can be tested by means of a small plunger which can 
be loaded with weights supplied with the machine to produce 
pressures corresponding to the total capacity of the machine. 

The machine shown has a capacity of 10,000 lbs. and the 
force is applied by a capstan acting through worm and wheel 
gearing to a central screw. This gear can be thrown out for 
quick return and the screw operated direct by the handleshown. 

Calibration of Testing Machines.—To ensure accurate 
results in the use of testing machines they should be calibrated 
periodically; the vertical type of machine possesses advantage 
in this respect because a heavy weight can be hung on direct. 

The first test is for zero error . This is effected by moving 
the jockey-weight carefully to the zero mark and seeing if 
the lever floats; if it does not we can correct for this by an 
adjustment of the vernier on the jockey-weight by moving 
the latter until the lever floats and then moving the vernier 
until it reads zero. 

The next point that we may test is the value oj the jockey - 
weight . This can be effected without removing it from the 
machine in the machines shown in Figs. 158, 163, by finding the 
floating position and then moving the jockey-^weight a carefully 
measured distance l along the lever; then at a distance z from 
the fulcrum suspend weights w until the lever floats again. 

Then weight of jockey-weight = W = ^j-. 


To test for the accuracy of the knije-edge distance x we may 
proceed as follows: Hang a heavy weight W x from the 
shackles of the machine and note the distance u that the 
jockey-weight has to move to balance it; 

Vf x ii 

w 


then x 


B B 
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Another important test is for sensitiveness , by which is meant 
the amount by which the load may vary without causing the 
lever to come against its stops. This may be tested at zero 
in vertical machines by placing the jockey-weight at zero and 
hanging small weights on to the shackles until the lever ceases 
to “ float ”; this should be repeated for larger loads and should 
also be tried by taking weights off as well as by putting them on. 

Grips and Forms of Test-Piece in Tension.—When 
tests are made on flat bars, as is very common for rolled 
sections, wedge grips are generally employed. Fig. 166 (a) 
shows one form of wedge grip. Wedges a, provided with 
serrations to grip into the specimen, are driven into a tapered 




(«) 

Fio. 166. 


(*> 


central passage through a block secured to the cross-head of 
the machine. 

In Fig. 166 ( b) is shown a grip suitable for a turned specimen 
provided with a collar. The collar bears against a washer o 
provided with a spherical end which bears against a tapered 
bush D, which engages in a similarly tapered central hole in 
the block b. This construction tends to keep the pull truly 
axial; a point of great importance. The ends of the speci¬ 
mens are very often screw-threaded, in which case they just 
screw into the blocks B. 

The British Engineering Standard Committee have specified 
the following rules, see Fig. 167, as to gauge length (cf. p. 65). 
(a) Flat Bars. —Gauge length = 8"; parallel for 9". 

If the thickness is greater than J in., maximum width 
■» 1£ ins. 



Fiu. 105.—Dixon and Hummers Testing Mtn-liine. 


LTo lace paje 370. 
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If the thickness is between | and | in., maximum width 
= 2 ins. 

If the thickness is less than | in., maximum width = 2| ins. 
(6) Turned Sections. —Gauge length = 8 d; parallel for 9 d. 
(c) Turned Specimens from Forgings.— 

Area J in.; gauge length = 2 ins. 

Area J in.; gauge length *= 3 ins. 

Area | in.; gauge length — 3 \ ins. 

Extensometers.—Extensometers are instruments for 
measuring the elastic strains of materials in tension or com¬ 
pression. In the types in most common use the strains are 



Fig. 167. 


magnified by an arrangement of levers and are measured by 
micrometer or by an indicator passing over a scale. We will 
describe a few of the most common types; for other types 
a reference may be made to a paper by Mr. J. Morrow, in 
Proc. Inst . M . E, for 1904, 

An interesting report on the accuracy of various types 
of extensometers is given in the Report of the British Associa¬ 
tion for 1896. In these tests, different observers had bars of 
the same material sent for test. The results show very good 
agreement, some of the nearest results to the mean being 
obtained by instruments of very simple form. 

Goodman’s Extensometer. —This extensometer is of very 
simple form and was designed by Professor Goodman, of 
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Leeds. It consists of two forked clips, A, B, Fig. 168, which 
carry pointed screws engaging in centre-punch marks in the 
specimen and are connected to rods c which join at their ends 
and carry a scale d on a projecting piece. 

Two light rods e, f form a fixed triangle, and the vertical 
rod E projects and has a small groove at its end which forms 
a bearing for a knife-edge carried by the pointer p. A second 
knife-edge on the latter rests upon a second vertical rod h 



depending from the upper clip a. A small screw is pro¬ 
vided for bringing the pointer exactly to zero at the beginning 
of a test. The strain of the specimen causes the rod h to 
move slightly relatively to the rod e, this movement being 
magnified 100 times by the pointer lever. 

This and most other extensometers should be taken off the 
specimen as soon as the yield point is reached. 

Kennedy’s Extensometer. —This extensometer was de¬ 
signed by Sir A. B. W Kennedy when professor at University 
College, London, and was one of the first lever extensometers. 
The instrument is for use in horizontal testing machines and 
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The clips are as usual provided with pointed screws for 
engaging centre-punch marks in the specimen, lock-nuts being 
provided on the screws. As the specimen stretches, the 
frames slide relatively to each other, and a pointer-lever o 
which carries pins resting in depressions in each frame is thus 
caused to move over a scale d carried on an adjustable arm 



b. To give an adjustment for zero, the depression in the front 
frame is formed in a plate f which can be adjusted by a fine- 
pitch screw. 

Ewing’s Extensometer. —This instrument was designed 
by Sir J. A. Ewing when professor at Cambridge. 

The principle involved is illustrated diagrammatically in 
Fig. 170. There are two clips b and o each attached to the 
test-piece a by the points of two set-screws. The slip b has 
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a projection b' ending in a round point p which engages with 
a conical hole in o; when the bar extends this rounded point 
serves as a fulcrum for the clip c, and hence a point q, equally 
distant on the other side, moves, relatively to the clip b, 
through a distance equal to twice the extension. This dis¬ 
tance is measured by means of a microscope attached to the clip 
B. The microscope forms a prolongation of the clip b and the 
motion of the point Q is brought into the field of view by means 
of a hanging rod R. The rod r is free to slide on a guide in 
the clip B, and carries a mark on which the microscope is 
sighted. The displacement is read by means of a micrometer 
scale in the eye-piece of the microscope. The pieces b and b' 
are jointed to one another in such a way that the bar may twist 
a little, as it is sometimes liable to do during a test, without 
affecting the reading c. But the joint between b and b' forms 
a rigid connection so far as angular movement in the plane 
of the paper is concerned. This feature is essential to the 
action of the instrument : it is only then that p serves as a 
fixed fulcrum in the tilting of c by extension on the part of 
the specimen. 

Fig. 171 is an illustration of the usual form of the complete 
instrument. The clips B and c in this standard pattern are 
set at 8 ins. apart. 

The object sighted is one side of a wire stretched horizontally 
across a hole in the rod R and illuminated by means of a small 
mirror behind. The distances cp and cq are in this instance 
equal, with the effect that the movement of the sighted mark 
is double the extension of the test-piece. The length of the 
microscope is adjusted so as to give a constant magnification. 
This adjustment should be tested with the extensometer 
mounted on the specimen, and if necessary the length of 
the microscope tube can be altered by moving out or in the 
portion carrying the eye-piece. A complete revolution of the 
screw L, which has a pitch of an inch, should cause a 

displacement of the mark through 50 divisions of the eye-piece 
scale, and when this is the case the eye-piece is at the proper 
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distance from the objective. Readings are taken to tenths 
of a scale division, so that this displacement, which would also 
be given by of an inch extension of the test-piece, 
corresponds to 500 units. Each unit then means inch 
in the extension of the test-piece. 

A small extensometer based upon the same principle is 
used for measuring the compressive strain in short cylinders. 



Fia. 171.—Ewing's Extensometer. 

Dabwin’s Extensometer.— This instrument has been 
designed by Mr. Horace Darwin, F.R.S., and iB characterised 
by simplicity and solidity of construction, which make it 
suitable for heavy use. Another feature is that if the specimen ■ 
should break unexpectedly when the extensometer is affixed 
little damage will result. 

The instrument is made in two separate pieces each of which 
is separately attached to the test-piece m, Fig. 172, by hard 
steel conical points p, p and p', p'. The* steel rods carrying 
these points are mounted in slides and after being driven 
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gently into the centre-punch mark in the test-piece are 
clamped in position by the milled heads r, r. Both parts of 
the instrument should be capable of rotating quite freely about 
the points, but there must be no backlash. 

The lower piece carries a micrometer screw fitted with a 
hardened steel point x and a divided head h. It also carries 
a vertical arm B at the top of which is a hardened steel knife- 



Fio. 172.— Darwin’s Extenaomctcr. 


edge. The upper and lower pieces work together about this 
knife-edge. A nickel-plated flexible steel tongue a forming a 
continuation of the upper piece is carried over the micrometer 
point x. This tongue acts as a lever magnifying the extension 
of the specimen, so that the movement of the steel tongue to or 
away from the steel point x is five times the actual extension 
of the specimen. 

To take a reading with the extensometer the thin steel 
tongue a is caused to vibrate and the divided head then turned 
till the point X just torches the hard steel knife-edge on the 
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tongue as it vibrates to and fro. This has proved to be a most 
delicate method of setting the micrometer screw, and the 
noise produced and the fact that the vibrations are quickly 
damped out indicate to mm. the instant when the screw 
is touching the tongue. After the load is applied a second 
reading is taken in a similar manner and the difference in the 
readings gives directly the extension of the test-piece. 

If the test-piece is of small diameter the spring does not 
vibrate in so satisfactory a manner; the cause of this is the 
flexibility of the test-piece, the instrument itself vibrating as 
well as the spring. Still, very delicate readings can be taken 
by simply deflecting the spring with the finger and noting 
the contact as it passes the point. No damage can be done 
by advancing the micrometer screw too far forward; all that 
happens is that the point passes the knife-edge on one side or 
the other. 

In the usual form, the gauge length is 100 mm.; it may 
be pointed out that over the elastic portion of the test for 
which extensometers are used, the gauge length is not a matter 
of importance. 

Unwin’s Extensometer. —This extensometer, designed by 
Professor Unwin, is shown in Fig. 173, and makes its measure¬ 
ment by a micrometer acting in conjunction with two spirit- 
levels. 

Two clips a, 6, are secured to the test-bar by pointed set¬ 
screws, c, d , and carry sensitive spirit-levels g. The lower clip 
is first set level by means of an adjusting screw e ; the upper 
clip is then levelled by the micrometer screw /, on the graduated 
head of which readings are taken. When placed midway 
between the two edges of the specimen the extensometer gives 
the mean strain, but if placed to one side or the other by 
adjustment of the screws in the clips, the strain at any point 
in the width can be found in the case of eccentric loading. 

Morrow’s Mirror Extensometer. — A simple extenso¬ 
meter enabling great magnification of the strain to be obtained 
is that designed by Mr. J. Morrow. Clamping screws a, b, 
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Fig. 174, pass through rings c, d, to the latter of which a vertical 
strip is rigidly attached, a pointed rod e acting as a distance 
piece. Between the ring c and the strip F is placed a small 
diamond-shaped prism h which carries a mirror m, a light spring 
clip s maintaining the requisite pressure between the prism 
and the ring 0 and strip f. A second mirror n is attached to 



the strip F and any change in length of the specimen will 
cause the mirror m to rotate relatively to the mirror n. By 
observing the images of a scale in both mirrors, we obtain the 
strain by the difference of the two readings. 

Autographic Recorders. — Many testing machines are 
provided with mechanism for drawing the stress-strain (or 
more accurately the load extension) diagram automatically as 
the test proceeds. One of the earliest mechanisms of this 
kind was one used by Professor Kennedy upon a horizontal 
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compound lever machine. The movements of a pointer upon a 
piece of smoked glass were obtained in one direction by the 
actual extensions of the bar, and the movement represent¬ 
ing the stress was obtained by multiplying up the strain in a 



longer bar coaxial with the test-bar, this longer bar being 
always stressed within the elastic limit and the load therefore 
being proportional to the extension. 

Wicksteed-Buckton Recorder. —This autographic re¬ 
corder is fitted to the Buckton machines and is shown on the 
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extreme right-hand side of Fig. 158, and also to larger scale 
in Fig. 175. The record sheet is placed on a drum, around 
which passes a string which goes through a tube t and passes 
between pulleys upon the cross-heads between which the 
specimen is gripped. As the specimen becomes strained the 
distance between these cross-heads varies and this motion is 
communicated to the drum so that the rotation of the drum is 
proportional to the strain. The stress is measured by first 
putting the jockey-weight w near its extreme position and 
preventing the lever a from coming dowm upon its stop by 
means of a spring s connected up to the pencil carriage. As 
the specimen becomes stressed, spring s is proportionally re¬ 
lieved from load and thus shortens in length by an amount pro¬ 
portional to the load applied to the specimen. The upward 
movement of the pencil is therefore proportional to the load, 
and the combined movement of drum and pencil traces out a 
load-extension curve which is generally—though not quite 
accurately—called the stress-strain diagram. 

Torsion Testing Machines.—Single lever testing machines 
are often provided with an attachment for enabling testing 
by torsion to be carried out. Torsion tests to failure can be 
made upon comparatively small machines. 

Fig. 176 shows diagrammatically the form of testing machine 
used by Professor Kennedy; most other machines are based 
upon the same principle. A graduated lever a is counter- 
weighted to balance about a knife-edge b coaxial with the 
specimen X, which usually has the form shown in Fig. 167 (6) 
with the exception that the ends are not screw-threaded. 
A jockey-weight tv runs along the lever and the specimen is 
clamped in a chuck which is connected to the lever at the 
point o. The other end of the specimen is secured by a 
chuck carried by a worm-wheel d which is operated through 
a worm from a handle e to apply the necessary torque. The 
jockey-weight is placed so as to exert a given torque, and 
the handle e is turned until the lever “ floats ” between the 
8tops 8. 
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Professor Thurston’s Torsion Machine. — In this 
machine, Figs. 177, 178, the specimen is a short one with 
square ends, one of which is carried by a jaw rotated by worm 
gear, the other being carried by a jaw connected to a weighted 
pendulum, the angular movement of which determines the 
torque applied. 




An autographic diagram is obtained by securing a pencil 
to the pendulum in such a manner that the pencil moves 
parallel to the axis of the specimen as the pendulum swings 
outwards. A cylinder carrying a paper strip is secured to 
the jaw carried by the worm-wheel. The paper thus rotates 
by an amount equal to the angle of torsion, and the pencil 
moves at right angles by an amount which is a measure of the 
torque applied. 
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A templet of the form shown in Fig. 178 is employed to 
obtain a standard size of specimen. 

• Avbby’s Reverse Torsion Machine.— Fig. 179 shows two 
views of a torsion machine, patented by Messrs. Avery, by 
means of which a torque can be applied in either direction. 



Pio. 177.—Thurston’s Torsion Testing Machine. 


The specimen x is gripped between special three-jaw chucks 
g t g\ and the torque is applied from a hand-wheel» through a 
worm-wheel h mounted upon an adjustable standard a 4 . The 
torque is thus communicated to a lever / and thence through a 
supplementary lever k and rod l to the steelyard b, upon which 
the usual jockey d is mounted. 
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The main torsion lever / is fulcrummed on ball-bearings fK 
Passing through the centre of this bearing is a spindle e of cruci¬ 
form section to which the chuck g is attached. This spindle 
is connected with the lever / by means of rollers e 1 whereby 
it has limited longitudinal movement through the lever, but 
cannot revolve therein. This longitudinal distance is to allow 



of adjustment due to the shortening of specimens undergoing 
tests, the collar e 2 on the spindle e preventing the withdrawal 
or extended movement of the spindle. The main lever / is 
provided with knife-edges / 2 and /* through which connection 
is made to the supplementary lever k ; this lever k is within 
the main lever / and has a ball-bearing fulcrum k l on a bracket 
a 5 . It is suspended by means of the link m from the knife- 
edge / 2 of the main lever, and at its opposite end it is connected 
with the knife-edge of the main lever / 3 by a link m 1 . The links 
m and m 1 connect with the lever k through knife-edges k % and 
i 3 . Between the knife-edge k z and the ball-bearing k 1 is 
another knife-edge n which forms the connection from the 
levers / and k to the steelyard 6 by means of the rod l. The 
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lever / is counterbalanced by the adjustable weight / 4 , and the 
lever k by a similarly arranged weight k 4 . 

Assuming the torque to be applied as indicated by the arrow 
y t it lowers the end of the lever / which is in contact with the 



Fia. 179.—Avery’s Reverse Torsion Machine. 


lever Jfe; the point of greatest depression in contact with the 
lever k will be the knife-edge / 8 which through the link m 1 and 
knife-edge A 8 lowers this end of the lever k , about its fulcrum k l 9 
so that this movement of the lever k lowers the knife-edge n, 
thereby exerting a downward pull on the connecting rod l and 
raising the free end of the steelyard b. 
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If the torque is applied in the direction indicated by the 
arrow z the end of the lever / which is in contact with the lever 
k is raised and the knife-edge / 2 also raised; this upward move¬ 
ment of the knife-edge / 2 raises the link m dependent there¬ 
from and also the knife-edge k 2 of the supplementary lever k , 
causing the lever k to move about its fulcrum k 1 as before. 
The knife-edge n is again depressed by this movement of the 
lever and exerts as before a downward pull on the connecting 
rod. By this arrangement, in whichever direction the tor¬ 
sional stress is applied to the main lever /, the resultant 
direction of force on the connecting rod l is the same. 

Professor Lilly’s Reverse Torsion Machine. —This 
reverse torsion machine, patented by Professor Lilly of 
Dublin, is a very simple machine for obtaining autographic 
diagrams in torsion and is particularly of value when working 
within the elastic limit. 

A circular table a, Fig. 180, is fixed to any convenient bench 
or stool, and has through its centre a hollow steel cylinder B. 
In the central part of the cylinder is placed the specimen c to 
be tested, one end being secured to it by the key at D and the 
other end passing through the adjustable bearing e; it is 
secured to the lever G H i by the key at f. The lever consists 
of a solid shank h, which is rigidly connected to the spring i; 
the weight G with its connecting arm forms part of the solid 
shank, and is for the purpose of balancing the lever. Fixed 
to the spring i at j is a light arm k, at the end of which is an 
adjustable spring q carrying the recording pencil L. This 
pencil is adjusted to slide along the straight edge n which 
forms part of the frame s. A circular drum m revolves on its 
outer edge o on the table a, and is connected by adjustable 
pivot bearings to the frame s which is connected by adjustable 
pivot bearings r to the arms of the solid shank h. 

The manner of carrying out a torsion test with the machine 
is as follows : The specimen o to be tested is placed in 
position in the cylinder B, and secured to it by driving up the 
key at d ; the lever a h i is now placed in position on the top 
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end of the specimen c and secured to it by driving up the key 
at F. A sheet of squared paper is fixed on the drum m, which 



is then put in position on the table a, and the pivot bearings 
adjusted; the pencil l is now placed in the central position 


Fig. ISO.—Professor Lilly’s Reverse Torsion Machine. 
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on the drum and in contact with the straight edge n by adjust¬ 
ing the arm k and the spring q. The torsion test on the 
specimen is carried out by applying a pull or push to the handle 
p; the pencil l then automatically graphs the stress-strain 
diagrams on the squared paper. The movement of the pencil 
l along the straight edge n is proportional to the push 
or pull on the handle p and gives to scale the magnitude 
of the torsional or twisting moment; this may be shown as 
follows— 

Regarding the spring i as a cantilever with a load at the free 
end, the value of y and ^ at the point J is proportional to the 
force applied at p. Calling the length of the arm z, the deflec¬ 
tion of the pencil end is y — z ^ ^ which is proportional to the 

applied force. The roil of the drum m under the pencil is 
proportional to the afcgle of torsion of the specimen. The 
pencil graphs the combination of these two movements at 
right angles to one another, and the resulting stress-strain 
diagrams are thus obtained to rectangular co-ordinates. 

To calibrate the machine a known pull is applied to the 
handle p by means of a spring or otherwise, and the dis¬ 
tance traversed by the pencil along the straight edge gives 
to scale on the squared paper the magnitude of the applied 
twisting moment. The scale of the angle of torsion is obtained 
by observing the number of turns of the drum during one 
complete revolution on the circular table. 

For examples of diagrams taken with this machine the 
reader is referred to a paper in Proc. Inst. C . E. Ireland , 
Vol. 41. 

Professor Coker’s Combined Bending and Torsion 
Machine.* —This machine has been devised by Professor Coker 
for experiments upon combined bending and torsion. 

The various parts are supported in a built-up frame con¬ 
sisting of two planished steel shafts, a, Fig. 181, secured in 

♦ Phil. Mag., April 1909. 
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cast-iron cross frames b, mounted on four standards, one 
of which latter is adjustable in height to secure steadiness 
on an uneven floor. Upon the steel shaf t s are two castings c, d, 
each of which has a cylindrical bearing e encircling one of the 
shafts and resting with a flat face f in line contact with the 
other shaft, and secured in position by a cross-bar o threaded 
on studs. This connection is perfectly rigid, since it removes 
all degrees of freedom, and it is readily released by simply 
turning back one of the cross-bar nuts, leaving the casting 
free to slide into a new position. It also has the advantage 




Fio. 181.—Coker’s Combined Bending and Torsion Machine. 

that no accurate fitting is required for the supporting frame. 
The casting c carrying the worm-wheel gear w has trunnion 
bearings h at right angles to and intersecting the axis of the 
specimen. The bearings are fitted with friction rollers, and 
when the machine is used simply for torsion the worm-wheel 
is kept in a vertical position by an arm I keyed to the bearing 
h and locked in position by a thumb-screw. A weight j 
attached by an arm to the second bearing balances the pivoted 
casting in all positions. 

The weigh-levers are supported from a vertical standard 
k of the frame d by a wire l, terminating in a thin plate m 
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with a keyhole slot encircling the spindle N. Formerly a 
roller bearing was used for this spindle, but this is an un¬ 
necessary refinement, as the friction is extremely small and 
can be easily taken into account. The casting supported 
in this way has three levers, P, Q, and u, the first two of 
which are for the application of twisting moments s, and the 
third R, in the line of the specimen, is for applying a bending 
moment. 

All the loading levers are provided with knife-edges of 
circular form, made by turning an ordinary Whitworth nut 
down to form a disk with a V-shaped edge. These disks 
carry rings t with wide-angled V-shaped recesses on the inner 
sides, and light rods v screwed into these rings carry the 
weights. This arrangement of knife-edge is very easy to 
adjust accurately, and when bending and twisting stresses 
are applied simultaneously the rolling line contact adjusts 
itself to the bending and twisting of the specimen. The 
bending of the specimen causes a change in the effective 
arm of the bending levers, which is generally negligible, but 
a correction may be necessary with a very long specimen. 
For if a is the length of the lever-arm, and b is the radius of 
the circular knife-edge, an angular deviation of amount $ 
will cause a change of a — (a cos $ + b sin 0) in the lever- 
arm, and this is zero when 6 = 0 and also when a = a 
cos 0 + 6 sin 0. 

In the machine described a is 10 inches and b is 0*5 inch, 
and the angles 6 = 0 and 6 *= 5*75° both correspond to an 
effective length of 10 inches. The maximum correction be¬ 
tween these values is easily shown to be at an angle 0 given 
by the equation b cos 6 = a sin 0 , in the present case 2*9° 
approximately, for which value the correction is 0T2 per 
cent. In the majority of tests the angular change at the 
ends rarely exceeds 5°, and the correction is therefore so very 
small as to be practically negligible. 

The worm-wheel w and the casting v for the weigh-levers 
are bored out to receive the ends of the specimen, and are 
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provided with fixed keys which slide in corresponding key- 
ways cut in the specimen. When tubes are subjected to stress 
they are provided with solid ends secured by transverse pins, 
thereby avoiding brazed joints, since these latter are trouble¬ 
some owing to the state of the metal being altered by the 
brazing. The end of the specimen projecting through the 
worm-wh^el is fitted with a lever x for applying bending 
moment, and both levers for bending may be loaded in¬ 
dependently or by a cross-bar suspended from stirrups as 
shown. 



Torsion Meters.—The elastic angular strain in torsion 
requires less magnification than the elastic longitudinal strain 
in tension, and so comparatively simple apparatus can be 
used. 

Fig. 182 shows a simple apparatus made by Mr. A. Macklow- 
Smith. Two arms a, b, connected together by an extensible 
sleeve, are secured by pointed screws to the specimen. The arm 
a carries a cathetometer or telescope and the arm B carries 
an ivory scale upon which the angle of torsion is read. 

Professor Coker’s Torsion Meter.*- This apparatus, 


* Phil. Mag., April 1901). 
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which can be used also for measuring the strain in combined 
bending and torsion, consists of a graduated circle a, Fig. 183, 
mounted on the specimen b by three screws o in the chuck- 
plate d. A sleeve e provided with three screws grips the 
specimen at a fixed distance away from the first set. The 
spacing of these two main pieces on the specimen is effected 
by a clamp, not shown in the figure, which grips the double 
ones f, g, and maintains them at the correct distance apart 
until the set-screws are adjusted. 



The clamp is afterwards removed, leaving the plane of the 
graduated circle perpendicular to the axis of the specimen and 
the sleeve correctly set and ready to receive the reading 
microscope H. 

The vernier plate carries a sliding tube i, on which a wire J 
is mounted, and the movement of the latter due to bending 
or twist is measured by a scale in the eye-piece k, the divisions 
of which are calibrated by reference to the graduated circle. 
It is found convenient to have the microscope-tube pivoted 
about an axis perpendicular to its central line at l, so that 
any slight difference due to imperfect centring can be adjusted 
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by the screw m to make the calibration value agree for a series 
of specimens. 

Torsion Dynamometers (or torsiometers as they are 
sometimes called) are instruments for indicating the horse¬ 
power being transmitted by a shaft rotating at a known 
speed by measuring the angle of torsion over a given length. 
They are often provided with autographic record devices. 
The horse power is derived by a combination of formula (3), 
p. 312, and formula (11), p. 324. 

Repetition Stress Machines. —We described on p. 85 one 
of the forms of machine used for rotating beams by Wohler 
in his experiments in repetition of stress. Similar machines 
are in use in many engineering laboratories; in most cases 
the spring is replaced by a weight which has a spherical socket 
resting on a spherical bearing fixed to the end of the specimen. 
By this arrangement the weight remains free from oscillation 
as the specimen sags under load. 

Professor J. H. Smith’s Machine. —In this machine, which 
is shown in Fig. 184, the variation of stress is caused by the 
variation of the longitudinal component of the centrifugal 
force of the rotating weights e. 

The specimen which is to be tested connects the two pieces 
c and B. The upper piece is of circular cross section, and has 
a locking arrangement consisting of a cap and set screws. 
The lower piece b is of circular section in the upper bearing l, 
and of square section in the lower bearing jvi 

The two pieces 0 and b are supported by the frame¬ 
work F of the machine; and the specimen is inserted with¬ 
out straining it by first locking it to the piece B, then by 
locking c to the specimen and afterwards locking c to the 
frame. 

The piece b has a bearing n at right angles to its length 
in which a spindle revolves; there are two plates k, k, and 
weights E, E, rigidly attached to this spindle. 

The rotating spindle is driven by means of a pair of pieces 
in contact, one, a crank pin diametrically opposite to e, on 



394 


THE STRENGTH OF MATERIALS 


one of the rotating plates k, and one a radial slot on a plate 
connected with either another unit or to a shaft rotating in 
fixed bearings. By this arrangement the driving force is not 
transmitted to the specimen. 

The component of the centrifugal force exerted by the 



Fig. 184.—Smith’s Stress Repetition Machine. 


rotating weights k, e, produces an alternating stress in the 
specimen. 

The spring h, and tightening device J, enable the operator 
to put any desired amount of tension or compression in 
the specimen. This spring may be replaced by weights and 
levers or by an hydraulic cylinder. The lead rings or springs 
at o, o, act as buffers and receive the blow when the specimen 
breaks. 
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The complete machine consists of one or more units together 
with the necessary balancing rotating masses which may be 
either parts of other units or parts connected to a revolving 
shaft mounted on the framework. 

See also Professor Arnold’s machine, p. 399. 



CHAPTER XIV 

THE TESTING OF MATERIALS ( COfltd .) 

Impact, Ductility, and Hardness Testing. —As we 
have indicated on p. 54, the elongation under a tensile test is 
commonly taken as a measure of the ductility, but experience 
shows that this is not sufficient in all cases, and in recent years 
a number of simple machines have been devised for carrying 
out tests upon small specimens. 

Cold and hot bending tests are commonly specified by the 
various authorities and purchasers of steel and iron, giving the 
angle through which the specimen must bend without cracking. 
In the specification for structural steel issued by the British 
Standards Committee, for instance, there is a clause that test- 
pieces must without fracture withstand being doubled over 
until the sides are parallel and the internal radius is not greater 
than 1£ times the thickness of the test-piece, the latter being 
not less than 1J inches wide. 

Tests of this kind have the advantage that they can be 
made in the workshop without special apparatus, but the 
disadvantage that the results are rather negative. 

Captain Sankey’s Hand Bending Machine. —In this 

* 

machine, patented by Captain Sankey, a piece of metal is 
bent backwards and forwards through a fixed angle until it 
is broken; the bending moment being measured by the 
deflection of a spring and recorded upon a paper drum. 

The standard angle is 91£°, i. e. 1*6 radians, so that the work 
done to make a complete bend is obtained by multiplying the 
bending moment by 16. 
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At one corner of the base of the machine there is a grip A 
for securing one end of a flat steel spring b. The other end of 
the spring is fitted with a special grip c for holding one end 
of the test-piece D. The other end of the test-piece is fixed 
into a handle e, about 3 feet long, by means of which it is 



Fig. 185.—Sankey’s Hand Bending Testing Machine. 


bent backwards and forwards through the standard angle. 
A graduated arc f is provided to show this standard angle. 
Alongside of the spring, and fixed to the bed-plate, there is a 
horizontal drum g, to carry the recording paper, and the 
pencil H has a horizontal motion actuated by the motion of 
the grip c and conveyed by the steel wires l and m and the 
multiplying pulley n, the wires being kept taut by a weight. 
The zero line is in the middle of the paper, and the pencil H 
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moves in one direction when the bending is from right to left 
and in the opposite direction when it is from left to right. The 
drum has a ratchet wheel k, with a detent (not shown) 
worked by the motion of the pencil carrier. The result of 
the combined motion of the pencil and of the drum is to 
produce an autographic diagram such as shown. Obviously, 
the greater the stiffness of the test-piece the more the flat 
spring b will have to be bent before its resistance is equal 
to the resistance to bending of the test-piece. Hence the 
motion of the pencil is proportional to the bending moment 
required to bend the test-piece. 

In operation, the test-piece is properly secured in the handle 
B by means of the set screw; it is then inserted into the grip 
c, and the free length (If inches) is adjusted by means of a 
gauge provided for the purpose, after which the grip o is 
tightened. The handle is slowly pulled towards the left until 
the specimen is felt to be “ yielding ”—this action can be 
distinctly felt, and this bend is known as the 41 yield bend.” 
Without altering the pressure on the handle, the record 
cylinder is now rotated two teeth by working the detent by 
hand, and the first bend is completed by making the mark on 
the handle coincide with the pointer indicating the “ standard ” 
angle. The bending is then reversed, and the test-piece is 
bent until the mark on the handle coincides with the second 
pointer. The bending is again reversed, and so on until the 
specimen breaks. The point at which the test-piece breaks 
should be noted in decimals of one bend, which are marked on 
the graduated arc. 

The machine is calibrated by fixing the handle end of the 
lever in the jaws and applying a known force by means of 
a spring-balance and comparing the record made on the strip 
with the actual moment applied. If there is any discrepancy 
between the two results, the spring is adjusted until such 
discrepancy disappears. The number of bends which a given 
material can endure before fracture is a measure of the 
ductility, and experiment shows that this is approximately 
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proportional to the percentage elongation multiplied by the 
percentage reduction in area in a standard tensile test, 

• The following empirical results have been found from 
experiment to be approximately true— 

Yield-point stress in tons per sq. in. 

_ First bending moment in lb. ft. 

~ 1*55. 

Ultimate tensile stress in tons per sq. in. 

Longest line in lb. ft. 

" 1*55 



Fiq. 186. —Arnold’s Testing Machine. 


The energy required to cause rupture is equal to 1*6 multi¬ 
plied by the number of bends, multiplied by the mean range 
of bending moment in lb. ft. c 

Professor Arnold’s Reverse Bending Machine. —In 
this machine, which may also be regarded as a repetition of 
stress machine, a bar a, Fig. 186, § in. in diameter, is firmly 
held in a clamp 6 and passes through a slot in a slide c which 
is reciprocated by a shaft d running at a standard speed of 
660 revolutions per minute. The distance between line of 
contact of the slot with the specimen and the point where the 
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latter enters the clamp is 3 inches and the slot is adjusted to 
cause a deflection of $ in. in the specimen on each side. The 
number of bends which the specimen endures before fracture 
is taken as a measure of the capacity of the material to resist 
failure by shock. 

Repeated Impact Testing Machine. — The machine 
shown in Fig. 187 is made by the Cambridge Scientific Instru¬ 
ment Co., Ltd., and is a modification of a machine described 
by Messrs. Seaton and Jude * and used by Dr. Stanton f of 
the National Physical Laboratory. 



The machine is fitted with a cone-pulley a, so that it can be 
driven by a belt from a line shaft or small electric motor. One 
end of the spindle driven by this cone-pulley carries a crank b 
which is connected to the lifting rod o. This lifting rod is 
supported on a roller d, at some point in its length, so that the 
circular motion imparted to the rod at the crank end causes 
it to rock and slide on the roller. Thus an oval path, shown 
in dotted lines, is traced by the free end of the lifting rod. At 
this end the rod is bent at right angles so that on the upstroke 
it engages with and lifts up the hammer head e. This hammer 
head is fixed to the rod f, which is hinged at the end o. 
Having reached the top of its path, the lifting rod o moves 
* Proc, /. Meek. E., 1904. f Proc. I. Mech, E. t 1908. 









LTo face page 401. 







THE TESTING OF MATERIALS 401 

forward and disengages the hammer, which then falls freely 
on to the specimen h under test. 

This cycle is repeated from 70 to 100 times a minute. The 
height through which the hammer falls can be varied by mov¬ 
ing the roller d along a scale m which is calibrated to read 
directly the vertical height through which the hammer falls. 
Adjustment can be made by this means up to a maximum of 
3£ inches (90 mm.). 

The specimen h is usually about (12 mm.) in diameter, 
with a groove turned in it at its centre to ensure its fracture 
at this point in its length. It is supported on knife-edges 4£" 
(114 mm.) apart, the hammer striking it midway between these 
knife-edges. The knife-edges are cut slightly hollow, and a 
finger spring holds one end of the specimen in place. The 
other end is held in a chuck which is hinged in such a manner 
that it does not take any portion of the hammer blow, all of 
which comes on the knife-edges. 

The specimen remains stationary whilst the blow is struck, 
but between the blows it is turned through an angle of 
180°. 

A revolution counter to register the number of blows struck 
is fixed to the bed plate of the instrument. When fracture 
occurs, the specimen falls away, and the hammer head 
continues to fall, first tripping an electric switch, and finally 
coming to rest on a steel stop-pin ii. 

Izod’s Impact Testing Machine. —This machine, which 
is made by Messrs. Avery, tests the impact-resisting qualities 
of a material by measuring the energy absorbed from a pendu¬ 
lum which breaks a projecting notched specimen as it swings 
past it. 

The specimen is 2 inches long, inch thick and f inch broad, 
and has a notch cut in it by means of a templet; it is held in 
the vice shown at the base of the machine, Fig. 188, and the 
pendulum is then released from a fixed height by means of a 
trigger. The energy required to fracture the specimen takes 
some of the swing out of the pendulum, and the height to which 
i> D 
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the latter swings on the other side is indicated by the pointer 
passing over the scale at the top of the specimen. The scale 
is graduated to give the energy directly in foot pounds. A 
brittle material will not absorb much of the energy, whereas 
a tough material will absorb a good deal. 

Inasmuch as the base is not absolutely rigid, the results of 
tests in this machine are relative rather than absolute, but 
it gives very useful results in practice and has the advantage 
that the tests can be made in a very short time. 

The same machine can be adapted for testing hardness by 
impact. A strong cast-iron anvil is provided in which a 
specimen 1 inch in diameter and I inch long is placed. The 
pendulum strikes a loose plunger which carries a hardened 
steel ball; this ball is placed in contact with the specimen 
prior to the impact, which causes an indentation in the 
specimen. The diameter of this indentation is taken as a 
measure of the hardness as in the Brinell machine next to 
be described. 

Brinell’s Hardness Testing Machine. —Tn this machine 
a hardened steel ball is pressed with a predetermined force 
against the plate whose hardness is required. The diameter 
of the resulting curved depression is then found and from this 
the “ hardness number ” is obtained in the manner described 
below. 

Fig. 181) shows the Brinell machine made by Messrs. J. W. 
Jackman & Co., Ltd. The specimen is placed upon the top 
of the stand, which is then adjusted by the hand-wheel to 
bring the specimen into contact with the hardened steel ball 
(10 mm. diameter) which projects from the conical end of the 
plunger of the machine. The upper portion of the machine 
comprises a small fluid-operated testing-machine, oil being the 
working fluid. By means of a small projecting pump-handle 
the pressure of the fluid is increased until the cross-piece 
“ floats,” the pressure being indicated on the dial. Weights 
are provided with the machine, which make the floating occur 
at a force of 500 to 3000 kg. (increasing 500 kg. at a time). 



Flu. 189.—Brinell Hardness Testing Machine. 


\To lace paje 402. 
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The pressure depends only on the weight applied and not 
upon the accuracy of the gauge. 

. If P is the load, D the diameter of the ball and d, that of the 
impression, the quantity 

H _P_ 

— (d - 

is called the Brinell Hardness Number. The following table 
gives values. 


BRINELL’S HARDNESS NUMBERS (for load 3000 kq.) 
Diameter of Steel Ball =10 mm. 


Diameter 

of 

Ball Im¬ 
pression 

mm. 

Hard¬ 

ness 

Number 

Diameter 

of 

Ball Im¬ 
pression 

mm. 

Hard¬ 

ness 

Number 

Diameter 

of 

Ball Im¬ 
pression 

mm. 

Hard¬ 

ness 

Number 

Diameter 

of 

Ball Im¬ 
pression 

mm. 

Hard¬ 

ness 

Number 

20 

946 

3*25 

351 

450 

179 

5*76 

105 

205 

898 

3*30 

340 

4*55 

174 

5*80 

103 

2-10 

857 

3*35 

332 

4*60 

170 

5*85 

101 

215 

817 

340 

321 

4*65 

166 

6-90 

99 

2*20 

782 

3*45 

311 

4*70 

163 

5*95 

97 

2*25 

744 

3*50 

302 

4*75 

159 

6*0 

95 

2*30 

713 

3*55 

293 

4*80 

156 

6*05 

94 

2*35 

683 

3*60 

280 

4*85 

153 

6*10 

92 

2-40 

652 

3*65 

277 

4*90 

149 

6-15 

90 

2*45 

627 

3*70 

269 

4*95 

146 

6*20 

89 

2*50 

600 

3*75 

262 

5*0 

143 

0*25 

87 

2-55 

578 

3*80 

255 

5*05 

140 

6*30 

86 

2-00 

555 

3*85 

248 

6*10 

137 

6*35 

84 

265 

532 

3*90 

241 

5*15 

134 

6*40 

82 

2*70 

512 . 

3*95 

235 

5*20 

131 

6*45 

81 

2*75 

495 • 1 

>0 

228 

6*25 

128 

6*50 

80 

2-80 

477 - 

4* oi 

223 

5*30 

126 

6*55 

I 79 

2-85 

460 % 

^(4^0 

217 

6*36 

124 

6*60 

1 77 

2-90 

444 

4*15 

212 

5*40 

121 

6 - 65 

I 76 

2-95 

430 

4*20 

207 

5*45 

118 

6*70 

74 

30 

418 

4-25 

202 

5*50 

116 

6*75 

73 

305 

402 

4*30 

196 

5*55 

114 

6*80 

71*5 

3* 10 

387 

4*35 

192 

5*60 

112 

6*85 

70 

316 

375 

4*40 

187 

5*65 

109 

6*90 

69 

3*20 

364 

4*45 

183 

5*70 

107 

6*95 

68 


For other test loads, the hardness numbers are proportional 
to those in the table. 


Within certain limits the Brinell Hardness Number of a 
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material gives a very fair indication of its tensile strength. 
Thus for steels with a hardness number less than 175, the 
ultimate tensile stress in tons per sq. in. is obtained approxi¬ 
mately by multiplying the hardness number by '23. 

TESTING CEMENT AND CONCRETE 

Tension Tests. —The form of briquette in accordance 
with the Specification of the British Engineering Standards 
Committee is shown in Fig. 190, the cross-section being 1 sq. in. 
at the weakest point. We have given on p. 78 the require- 



Fio. 190.—Cement Briquette. 


ments as to tensile strength in accordance with this specifica¬ 
tion. As the strength obtained under test is found to depend 
upon the rate of loading, being higher for quick loading, the 
above specification stipulates that the loading shall be at a 
rate of 100 pounds in 12 seconds. 

A simple form of lever machine, made by W. H. Bailey 
Sc Co., is illustrated in Fig. 191. The specimen is gripped in 
the shackles and the load is applied by allowing shot to fall 
into the bucket, the leverage being such that the tension 
applied is fifty times the weight of the shot. The shot-hopper 
is provided with a valve, the operating arm of which passes 
over the lever, so that when the specimen breaks the supply 
of shot is automatically cut off. The shot is then weighed, a 
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spring-balance being often used which gives readings equal to 
fifty times the weight of the shot, thus giving the breaking 
stress direct. 

A rather more accurate form of machine, made by the same 
firm, is shown in Fig. 192. In this machine water is allowed 
to run slowly into a long graduated can placed at the end of 
the lever. The supply of water is cut off when fracture occurs, 



Fio. 191.—Cement Testing Machine (Tension). 

and a gauge glass placed outside the can is provided with a 
scale graduated to enable the breaking stress to be read off 
direct. 

In another common form of testing machine a jockey-weight 
is moved automatically along a lever arm by means of a weight 
controlled by an adjustable dashpot which enables the rate 
of loading to be varied. On the fracture of the specimen the 
weight becomes stationary and the breaking stress is read off 
on a scale attached to the lever. 

Compression Tests.— Compression tests are not usually 
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specified for pure cement, although they are becoming more 
common. For concrete in reinforced concrete works, however, 
compression tests are nearly always required. 

A common specification is that cubes, the area of each side 
being 50 sq. cm., of 3 parts sand to 1 part cement by weight 



Fig. 192.—Cement Testing Machine (Tension). 


shall develop at 28 days at least 10 times the standard tensile 
strength (t. e. 2000 lbs. per sq. in.). 

The following test results for the concrete cubes (with area 
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of each side 60 sq. cm.) are recommended by the Institution 
of Structural Engineers. 


Proportion by Volume. 

Crushing Strength in lbs. 
per sq. in. 

Cement 

Sand 

Coarse 

Material 

28 days after 
mixing 

120 days after 
mixing 

1 

2 

4 


2400 

1*2 

2 

4 


2600 

1-5 

2 

4 

2000 


2 

2 

4 

2200 

3000 



Fig. 193. —Compression Tension Press for Cemont, eto. 


A common form of special machine for crushing tests of 
cement, concrete, etc., is shown in Fig. 193. The cube is first 
fixed by means of the upper hand-wheel and the side-press 
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screw is then operated to compress the operating fluid (oil 
or glycerine). The crushing pressure is recorded by the 
pressure gauge which is constructed so as to maintain its 
reading after fracture has occurred. 

Specific Gravity, Fineness, Soundness, and Setting 
Tests for Portland Cement. 

Specific Gravity.— According to the earlier British Standard 
Specification, the specific gravity of Portland cement shall not 
be less than 3*15 when fresh or 3' 10 after 28 days from grinding. 

There is considerable doubt as to the value of this test; 
some very useful information on this and other matters in 
cement testing will be found in a paper on “ Common Fallacies 
in Cement Testing,” read by Mr. W. L. Gadd, F.I.C., before 
the Concrete Institute, December 11, 1913. This test has 
now been omitted from the British Standard Specification test. 

Fineness. —The fineness test is applied by means of standard 
sieves. In the British Standard Specification not more than 
14% residue is allowed for a sieve of square mesh with 180 
wires, each *0018 in. in diameter, per inch, and not more than 
1% for a 76 mesh with wire *0044 in. in diameter. 

Le Chatelier Soundness Test. —This test is conducted 
with a piece of split brass tube A, Fig. 194, 30 mm. internal 
diameter and 30 mm. long, the thickness of metal being £ mm. 
Pointers b B are attached to the tube, the length from their 
points to the centre of the tube being 165 mm. 

This tube is used as a mould, and is filled with wet cement, 
one end being placed previously on a piece of glass; the other 
end is then covered with a weighted piece of glass and the 
whole is placed in water at a temperature from 58° to 64° F. 
and left for 24 hours. The distance between the pointers is 
then measured and the mould is then placed in water which 
is heated to boiling point and maintained in that condition 
for 6 hours. The British Standard Specification stipulates 
that after boiling the increase in the distance apart of the 
pointers shall not be greater than 10 mm. 

Setting Tests. —Setting tests are often made by finding 
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the time before a standard weighted needle fails to make 
an impression in the cement. The Standard Specification 
formerly required that before any sample is submitted to set¬ 
ting test it shall be spread out for a depth of 3 inches for 24 
hours in a temperature from 58 to 64° F., and that the setting 
time shall not be less than 2 hours nor more than 7 hours. 



Fig. 194.— ChateJier Cement Teat. 

Mr. Gadd in the paper referred to above has shown that this 
spreading for the purpose of aeration leads to very variable 
results, and it has now been omitted from the specification. 

The Thermal Method of Testing Materials.— It was 
apparently first noticed by Magnus that changes of stress 
are accompanied by a change of temperature; when a body 
is stretched its temperature lowers very slightly, and when 
it is compressed or squeezed. its temperature rises. £y 
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means of a thermopile and a very delicate galvanometer, 
therefore, the changes of temperature at various points of a 
structure, and therefore the stresses, can be determined. Care 
should be taken to distinguish the phenomenon under con¬ 
sideration from the well-known heating that occurs at the 
yield point in tension experiments; this is very much greater 
in magnitude and is reverse in sign, the elastic tension being 
accompanied by a fall in temperature* 

Lord Kelvin has deduced the following formula to deal 
with the problem— 

A m T a 
A1 ~ J S d p 

In this formula 

AT — change in temperature. 

T — mean absolute temperature. 

J = the mechanical equivalent of heat. 
a = coefficient of expansion of material. 
d = density of material. 

S = specific heat of material. 

A p =» change of stress. 

In centigrade units for a temperature of about 20° C. this 
formula gives for steel 

A T = — *000012 A p 

Corresponding to a stress change of 20,000 lbs. per sq. in., 
therefore, we have a temperature change of only *24° C. 
The extreme delicacy of the method makes it suitable for 
use only under circumstances in which great care is taken 
to exclude draughts. 

This subject is dealt with in detail by Professor Coker in his 
Cantor Lectures before the Society of Arts 1913. In this 
paper the results of thermal tests upon a channel section were 
given, and there was a marked departure from the straight- 
line relation in the stress diagram, this being accounted for by 
the asymmetry of the section. Other experimental results 
were quoted which showed that the tensile yield point as 
determined by the thermal method agree very closely with that 
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found by extcnsometer. In the curve of temperature plotted 
against load, there is a sharp cusp at the yield point because 
the temperature then rapidly rises instead of falling. In 
these experiments, the observed results have to be corrected 
for cooling effects. Although of very great interest, the method 
seems rather too delicate for very extended application. 

The Optical Method of Testing Materials. —Sir David 
Brewster discovered a hundred years ago that when plane 
polarised light is sent through a piece of glass under stress, an 
effect is produoed upon the light which is detected by the 
appearance of colour bands when viewed through an analyser. 
The optical aspects of the subject are beyond our present 
scope, but the reader will be able to study these from the 
bibliography given below. The mathematical problems in- 
volved were dealt with by Clerk Maxwell and others, and in 
recent years particular attention has been given to the applica¬ 
tion of the method to the determination of stresses in various 
machine and structural details by Professors Alexander, Filon 
and Coker. 

If a beam of plane-polarised light is passed through a speci¬ 
men of transparent material, such as glass or xylonite, and 
Nicol’s prisms in the polariser and analyser are set with their 
principal planes at right angles so as to cut off the light, no 
effect is produced if there is no stress in the material, but if 
there is any stress, a colour effect is produced, and regions of 
zero stress or equal and opposite principal stresses, such as the 
neutral axis of a beam, can be detected by a dark patch or 
line. If the material is elastic, the colour produced will be a 
measure of the difference of the principal stresses at any point. 
The stress corresponding to a given colour is determined 
numerically by experiment by uniformly loading a small 
specimen until the colour produced is the same as at any 
particular point of the model under consideration where the 
stress is required. In cases where one of the principal stresses 
is negligibly small, the stress thus obtained can be taken as 
equal to the greater principal stress required. 
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In Professor Coker’s experiments very successful results 
have been obtained with models of various structional and 
machine details cut out of sheet xylonite. 

Fig. 195 * shows the results of his experiments upon a tie-bar 
eccentrically loaded; the resulting curves of stress agree very 
well with the theoretrical straight-line variation, with the 



Fio. 195.—Stresses in Eccentrically Loaded Tie-bar. 

exception of that at the highest load, in which the material 
begins to yield at the edges and the straight line bends over as 
shown. In this case the test-piece showed residual stress at 
this edge after the load had been removed. 

In experiments upon models of standard cement briquettes 
Professor Coker found | that the maximum stress was about 
1-75 times the mean stress (cf. p. 78). 

♦ Engineering , January 6, 1911. 

| Ibid., December 13, 1912. 
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Fig. 196 * shows the results of the experiments by the 
same investigator upon the distribution of stresses in 



rectangular beams with holes cut through them. In the 
upper specimen a hole is in the centre and in the lower one 
holes are formed half way between each edge and the neutral 
axis. In this case it will be noted that the maximum stress 
* Engineering, March 3, 1912. 
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does not occur at the outermost fibre, but at the outer edge 
of each hole. 

Professor Coker and Mr. W. A. Scoble, B.So.,* have also 

experimented upon the stresses in tie-bars with holes in them 

, . . j i • • j T £ width of plate 

such as occur in riveted lomts. If c = ^- t- 

J diameter of hole 

and p is the mean stress over the whole width of plate, they 

find that their results for one central hole may be expressed 

by the formula 

maximum stress __ 3 c 
mean stress ” c + I 


Also if a is the radius of the hole, the longitudinal stress at 
a distance r from the centre of the hole on a normal section of 
the plate is expressed by the formula 



3 a 4 \ 
r 4 ) 


where p is the stress at a long distance from the hole; while 
there is also a radial stress given by 

4 ® V _ a *\ 

Jr ~ 2 \r 2 r 4 / 


It will be noted that at the edge of the hole f r = 3p, i.e. 
three times the stress some distance from the hole. 

The following results were obtained with a strip 1 in. wide 
and *186 in. thick, the load being 100 lbs. 


Diameter of 

Stresses in lbs. per sq. in. 

Central Hole 



— - 

(inches) 

P 

mean 

maximum 

A 

649 

584 

1470 

i 

647 

020 

1560 

i 

StiS 

724 

1770 

t 

070 

868 

1850 

i 

013 

1035 

2040 


* Engineering, March 28, 1913; Society of Aria Journal, January 16, 
1914. 
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CHAPTER XV 


FIXED AND CONTINUOUS BEAMS 

If the ends of a beam are fixed in a given direction so that 
they are not able to take up the inclination due to free bending, 
or if a beam rests on more than two supports, the B.M. and 
shear diagrams will be different from the cases of simply 
supported beams that we have considered up to the present. 

In the first case the beam is said to be fixed , built-in, or 
encastre , and in the second it is said to be continuous. 

We will consider how the shear and B.M. diagrams can be 
found for such beams, and will point out their advantages and 
disadvantages compared with simply supported beams. 


FIXED BEAMS 

If the ends of a beam are fixed in a horizontal direction, 
then the beam when bent takes up some form such as a b o 
(Fig. 197). If the ends were free it would assume the dotted 



A 


Fia. 197.—Fixed Beams. 

form a'b o', and to get it back to the form ABC, negative 
bending moments, shown diagrammatically as due to forces 
Fj, F 2 , have to be imposed upon it. The ends of the beams will 
therefore be subjected to bending moments which will be 

negative because they cause curvature in an opposite direction 

416 
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to that due to the load. This change in sign of the bending 
moment means that the tension and compression sides of the 
beam are reversed. We will consider the cases of fixed beams 

ft 

both from the graphical and the mathematical standpoint, as 
we did in the case of the deflections of beams. 

INVESTIGATION FROM GRAPHICAL STANDPOINT 
According to Mohr’s Theorem, the deflected form of a beam 
is the same as that of an imaginary cable of the same span 
loaded with the bending moment curve of the beam, and 
subjected to a horizontal pull equal to the flexural rigidity 
(E I). If the ends of a beam are fixed in a horizontal direction, 
the first and last links of the link polygon determining the 
elastic line will be parallel; this means to say that the first and 
last points on the vector line on which the elemental areas of 
the bending moment curve are set down must coincide. 
But this is equivalent to saying that the total area of the 
bending moment curve for the fixed beam must be zero. 
This enables us to enunciate the following rule— 

If the ends of a beam are fixed in a horizontal direction at the 
same level , and the section of the beam is constant along its length , 
there will be negative bending moments induced , and the area of 
the negative bending moment diagram will be equal to that due 
to the load for the beam if considered freely supported. 

We will speak of the negative bending moment diagram 
as the “end B.M. diagram,” and that for the beam freely 
supported as the “ free B.M. diagram.” 

The problem now divides itself into two cases : (a) That in 
which the loading is symmetrical, (b) That in which the 
loading is irregular or asymmetrical. 

Symmetrical Loading. —If the loading is symmetrical, 
then the beam looks the same from whichever side it is viewed, 
and so the end bending moments will be equal, and their 
value can be found by dividing the area of the free B.M. 
diagram by the span. This will be made more clear by 
considering the following cases— 
ll 
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(I) Uniform Load on Fixed Beam. —Let a uniform load 
of intensity w cover a span a b (Fig. 198) of length l . The free 
B.M. curve is in this case a parabola acb, with maximum 
wl 2 

ordinate -g- • 

Therefore, since the area of a parabola is two-thirds of the 



area of the circumscribing rectangle, area of free B.M. curve 

_ 2 ; wP_,vP 
~ 3 X 8 ~ “ 12 

End B.M. = 

\J0 

Then setting up a e and b f equal to —- and joining e f we 

get the end B.M. diagram, and the effective B.M. curve is 
the difference as shown shaded. At the points a and h the 
B.M. is zero, and these points are called the points of contra- 
flexure, the curvature of the elastic line ohanging sign at these 
points. 
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Suppose the point g is at distance x from the centre of the 

w 

beam, then the ordinate of the parabola must be equal to -r^- 

x Js 


i e ' v ( l l _ x *\ _ » P 

2 \4 / 12 


tv x * 

**' "2“ 


x = 


10 Z a 
24 
l 2 
12 

l 


Distance of g from e 


2 a/3 
l 


l 

= 2 — * = 2 

Ma/3 -U 
“ 2 \/3 

= *211 / 


1 

2a/3 

-J(* 


~ a/3) 


Shear Diagram. —With symmetrical loading the shear 
diagram will be the same as for the simply supported beam. 
This is because the shear at any point of a beam is equal to 
the slope of the B.M. curve at that point, and the slope of the 
B.M. is not altered in the case of symmetrical loading because 
the base line of the diagram is merely shifted vertically. 

Deflection. —The deflection at the centre can be found as 
before by considering the stability of the imaginary cable b v 

Considering the stability of the left-hand half of the cable, 
then taking moments about a*, we have 
E I x 8 = P y x - P y 2 
= V(y l - y 2 ) 

In this case P = area of one-half of the free B.M. curve, 

__ 2 l w l 2 _ w l 3 
~ 3'2 ‘ ~8~ ~ 24 


yi = 


51 

16 

l 


El x 8 - 


^2 = 4 

tv l 3 
24 
wl * 

384 El 


(51 I \ _ 
\16 4/ “ 


wl * 

3S4 


Wl 3 
384 El 


VS 
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It will be noted that this is one-fifth of the deflection for a 
freely supported beam with the same loading. 

(2) Isolated Central Load on a Fixed Beam. —In this 

I Wl W l 2 

case the area of the free B.M. curve =« - Z x -j- = -- g— 



Fia. 199.—Fixed Beam with Central Load. 


The B.M. and shear diagrams are as shown in Fig. 199, the 
points of contrafiexure being at £ and J span. 

Deflection.— As in the previous oase we have 
El X 8 = P (y, - j/j) 


In this case P = 


Wl l 
8 *2 


W l* 
16 




El.8 


WJ* (l l\ 

16 \3 4/ “ 

W l* 

192 EI 


v • 


Wl* 

192 
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This is one-fourth of the deflection for a freely supported 
beam with the same loading. 

* Asymmetrical Loading.—In this case the end B.M.s 
♦ will not be equal, and in this case, in addition to the condition 
that the areas of the end B.M. diagram and free B.M. diagram 
must be equal, we have the further condition that their centres 
of gravity must fall on the same vertical line. 

This can be proved as follows : Considering the imaginary 
cable and taking moments about one end, the tension at the 



Fig. 200.—General Case of £*xed Beams. 


other end passes through the point so that its moment is zero 
Therefore the moment of the B.M. diagrams about this poipt 
must be zero. Since the areas of these diagrams are equal, 
their centres of gravity must be at the same distance from the 
given point. 

Let a span a B f Fig. 200, of length Z, be subjected to any 
irregular load system which produces a free B.M. curve a c d b, 
and let the centre of gravity of that diagram lie upon the 
vertical line G G. Suppose the end B.M.s are M A and M B , and 
a a and b b are set up equal to these end B.M.S, then the 
trapezium a a b b is the end B.M. diagram, and the conditions 
that have to be satisfied are that the area of the trapezium 
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shall be equal to the area of the curve a c d b, and that its 
centre of gravity shall lie upon the line G G. Join a B, thus 
dividing the trapezium into two triangles, and draw verticals 

x x and y y at distances equal to ^ from a and b. The centres 


of gravity of the triangles a a b, b a b lie on the lines x x and 
Y Y respectively, and our problem resolves itself into dividing 
the total area of the curve a c d b (which area we will denote by 
a) into two areas acting down the lines x x and Y Y. This is 
effected by treating the areas as vertical forces, and setting 
down a vector line 0, 1, to represent the area a. Taking any 
convenient pole p, we then join 0 P and 1 p and draw x g, g y 
across the verticals xx,gg,yy parallel to 0 p, 1 P respectively, 
and join x y\ then drawing p 2 parallel to ary, 1, 2 gives us 
the area which must act down the vertical y y, and 2, 0 that 
down x x. 


Then M A 



= area of triangle a a b = 2, 0 

2,0 x 2 

“ l 


o- M , n/r 1, 2 X 2 
Similarly M h = — ^ — 


This enables the B.M. diagram to be drawn. 

Shear Diagram. —In this case as the end B.M.s are not 
equal the shear diagram will not be the same as for a freely 
supported beam, but the base line will be shifted. Since the 
shear at any point is the slope of the B.M. curve, the base line 
of the shear curve will be shifted downwards by an amount 
M — M 

—- j- - because this is the change in slope of the base line 

of the B.M. diagram between the freely supported and the 
fixed beam. If in the figure acedb represents the shear 
diagram for a freely supported beam with the given loading, 
then the effect of building-in the ends of this diagram is to 

M — M 

lower its base line by an amount aa , »»bb / = - * ^ *, thus 

giving the diagram a'ce'd b'. 
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Special Gases.—1. Fixed Beam with Uniformly In¬ 
creasing Load. —Let a beam ab of span Z be subjected 
to a load of uniformly increasing intensity, the intensity at 
jmit distance from b being w tons per ft. run, the total load 
being W. Then, as shown on p. 139 for a freely supported 
W 2 W 

beam, R„ = R A = ^ and the free B.M. diagram is a para¬ 
bola of the 3rd order, the maximum B.M. being equal to 
*128 W l and occurring at a distance 577 Z from b. Then 

WZ 2 

the area of this free B.M. diagram is equal to -y 9 and its 

8Z 

centre of gravity occurs at a distance ^ from b. This can 
be proved mathematically as follows— 


i 

Area of B.M. curve = J ~M dx 

0 

f(w l 2 X tvx?\j 

" J \ ~6 - 6 / 

0 

r iv i 2 x 2 w x* n 

- I 12 24 + 0 J, 


IV l 2 X 2 W X 4 

12 24 + 

The area = 0 when x = 0. .* 

w Z 4 w Z 4 iv Z 4 


Area = 


12 


24 


24 


c = 0 

- 

12 


First mt. of B.M. curve about vertical through b = Jm xdx 

o 

r fw l 2 x 2 w a; 4 ) , 

-J 1 s- n ix 




W l 2 X 3 

18 


tv x° 


+ 


Moment = 0 when a: = 
,\ First moment* 


30 

0. Cj = 0 

w Z 5 w Z 6 w Z fi 
18 ~ 30 ^ 46 
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. •. Distance of centroid from vertical through B < 


1st moment 
area 


wl 5 
45 
24Z 
45 


wl A 
“24 
8Z 
15 


30 


This fixes the line G g, and the areas that must be considered 

W Z 2 W Z 2 

as acting up x x and Y Y respectively are thus and 
W Z 2 3 l 

since the total area acts at distance from y Y. 

12 15 

Taking moments about y Y we have— 

Z 


WZ 2 3Z 
‘ 12 * 15 


Area acting down x x x ^ 
Area acting down x x = 
M a = 
M n = 


The resulting B.M. diagram then comes as shown shaded in 
Fig. 201. 

The amount of shifting of the base line for shear will be 

"wz wn . 7 W , 7W 

-r I = ~ so that the shears at the ends are 


Wl* 


l 

Wl * 

60 


3 = 

= 20 

Wl* 


2 

Wl 

20 

X 

l = 

" 10 

Wl* 


2 

Wl 

30 

X 

i = 

= 15 


"WZ _ 

,10 


10 15 J 

3 W 


and ^ " respectively, the shear curve for the fixed beam then 
coming as shown. 

2. Non-central Isolated Load.—The following construc¬ 
tion can be used for this case : Let a b, Fig. 202, represent 
a fixed beam of span Z carrying an isolated load W at a point 
p, the distances of which from a and b are a and b respectively. 
First draw the “free bending moment” diagram adb, 
W a b 

i . e. set upPD = —^—, and join d to A and B. Project d 

horizontally to meet the vertical through the support B at 
e and join e a. 



FIXED AND CONTINUOUS BEAMS 


425 


Then pk = Reverse or end bending moment at b = M„; 
and F n = reverse or end bending moment at a = M 4 . 



Fia. 201.—Fixed Beam with Uniformly Increasing Load. 


Therefore set up b h «= r v and ao^fd and join q x h, 
the complete bending moment diagram then coming out as 
shown shaded. This may be done by projecting f horizontally 
and drawing D Q x parallel to F ▲. 
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Proof .—To prove this construction we must obtain values 
for the reverse bending moments for this case. Referring to 
Fig. 203, it will be remembered that in fixed beams the con- 
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The end bending moment diagram aQjHb may be con¬ 
sidered as divided up into two triangles aGjB,b o x h, whose 
centroids act in the “ third lines ”xx and y y respectively. 

We have next to calculate the position of the centroid o of 
the free bending moment diagram. According to the ordinary 
rule, the centroid g will be one-third of the way up the median 
line c d. 



Regarding the areas of the triangles ag^, bGjH, a d b 
as concentrated in the lines x x, yy, and g g respectively, 
we have by taking moments about the line x x 

Area of A a d b x# = area of A b g x h x ^ 

o 

i. e. from (1), . x = i M„ l x ^ 

. M„Z 2 _ W ab _ W ab a 
* ' 6 " — 2 - x ~ 2 ‘ 3 

W a*b 
“ 6 


.*• M. 


W a 2 b 


Similarly, M, = 

As a check (M, + M.) = W ,f 6 + W 
= Wa6( 0+6)= Wa6 z= Wa6 

. (M^ = W^ (agin(1)) 

XT . W a b 

Mow, since —^— = pd 

,, PDXO ,, P D X 6 

M. = —j — ; M. = — l — 
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but in Fig. 202, by similar As 

p f _ ap _ a 
b e — a b ~ V 

B e . a p d . a 

r : 


P F = 


l 


M. 


Similarly, eu = df 


p d . b 
l 


= M a 


Position of Load fob Maximum Reverse Bending 
Moment.—T he position of the load for a maximum value of 
the reverse or the end bending moment M A is obtained by 

0 and noting that a «= (I — b), 

(W . a b % \ 

l 2 


... d M. 
putting - d j k 


i.e. d (- 


V 


db 




W d (a 6 2 ) 
i 2 db 


- 0 


0 


». e. 


d(ab*) 
db ~ 

0 

2 6 i - 3 6 2 = 0 

x 2 1 


t.e. 


, or 0 


Taking the first value, which is clearly the maximum, then 


W 


M, 




vr 


4WI 
: 27 


675 


Therefore the maximum reverse bending moment for an 
W l 

isolated load is equal to and occurs when the load is at 
one-third of the span. 

Maximum Positive ob Intermediate Bending Moment.— 
Referring to Fig. 202, the maximum intermediate bending 
moment occurs at the load point p and is equal to d j. 

.•. Maximum intermediate bending moment 
= M, = DJ=PD—jp 


Waft 

l 


— J p 
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Now, remembering that (a + b) — l 
jp = pf + fj 


= M„ + (M a -M 8 )" 

- m.(i - *) + M y 


W a*b a W.abn 

" — p i + m 

= (a 2 + & 2 ) 

W a 6 f (a + 6) 2 - (o 8 + 6 2 )1 


Wai 


.2 a 6 


- p 

2 . W a 8 6 * 

“ p 

To get the maximum value of this for any position of the 
load put = 0 

2 W (da? (I — a)*"! n 
*- e - P V da ) =0 
. d . a 2 (J 2 - 2 a l + a 2 ) A 
da 

i.e. 2 a P - 6 a 2 1 + 4 a 3 = 0 
*. e. P - 3 a l + 2 a 2 = 0 
(l - a) {l - 2 a) »» 0 

/ i 

i.e, a = g, or». 

Taking the former value, which is the only one possible, we 
have 

M ™ 2W P P Wi 
Max. M, = - p ‘ 4 * 4 “ -g- 

Therefore the maximum intermediate bending moment 

W l 

ocours when the load is at the oentre and is equal to -g— . 
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Graphical Method of finding g g. —If the nature of the 
loading is such that the position of the line G G cannot be 
calculated without difficulty we may proceed as follows : 
Divide the free B.M. diagram acb up into a number of 
vertical strips, not necessarily equal, and draw vertical force 
lines through the centres of these strips and set down the 
ordinates on a vector line, and with any pole draw a link 
polygon. The point where the first and last links meet will 
be a point on the line go, This is the same method as 
adopted in finding the centroid of a figure by Mohr’s method 
(Chap. VI). The area of the B.M. diagram can be found 
by sum-curve construction, and the problem completed as 
indicated with reference to Fig. 200. 


INVESTIGATION FROM MATHEMATICAL STANDPOINT 


As we have previously seen 
Slope of beam = 



El** 


If the end of the beam is built-in this slope must come zero 
at the two ends. 

Consider the following special cases— 

(I) Uniform Load on Fixed Beam. —Taking the in¬ 
tensity of load as w and the centre of the beam as origin, then 
considering a point at distance x from the centre, for the 
freely supported beam we have 

M. — (^ — x^j (See p. 266.) 


Let the effect of the building-in be to cause an end B.M. 
Then for the fixed beam M« = ~ ^~ — x 2 ^ — M A 

•. Slope = J* d x 

1 (w l 2 x vox 3 ,, , \ 

— ETI \ 8 6 ■-*’+<•) 

Slope is 0 when x = 0. . •. c =» 0. 

Also slope must be 0 when x « ~ 


= M a 
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». e. M a x 


wP _ w P __ l 
16 48 “ 2 

l wP w P 


M a 


16 
wP 
24' 
w P 
12 


48 


To obtain the deflection we integrate again, and we get 

deflection = J'J '^ x 


-5~ + C; 


_ 1 1 

(w P X * 

W X* 

M a ** 

ET 

\ 16 " 

" 24 

2 

1 

(wP X* 

w X 4 

W l 2 X 2 

" El 

W 6 “ " 

” 24 

24 

1 , 

> W P X* 

W .T 4 

+ Cl) 

~ El' 

\ 48 

’“24" 


■) 


This is 0 when x = 


wl* 

192 


c, = 


wl* , A 
384 + °i - 0 
- w l* 
3S4~ 


When x — 0, deflection 

-wl* 

“ 384 E I 


El 


Maximum deflection = 


w l* _ W P 
384 E1 384 El 


The B.M. and shear diagrams are then as shown on Fig. 198. 

(2) Isolated Central Load.—Taking as before a span l 
and the centre as the origin, if the load is W, for a freely 
supported beam we have 

*■-?«-) 

.•.If the end B.M. due to fixing the ends is M A , we have 
for the fixed beam 


W (l 




432 


THE STRENGTH OE MATERIALS 


. •. Slope of beam — J' d x 


(Wlx Wx* „ , \ 1 

4 4 M ‘ * + °V x El 

When x = 0, slope = 0. . •. c 2 = 0. 

When a: =* slope also = 0 in this case. 


*. We have : 0 ^ 


8 

• M l - = Wl ' 
• ' *'2 16 


Wl 2 W i 2 
16 


**•!) 


1 

El 


M. 


WZ 

8 


To get the deflection we integrate again, then 
deflection 


mv- 


i i 

(W lx* 

W.r 3 

El' 

l 8 

12 

1 | 

fW l x 2 

W x 3 

El 1 

V 16 

12 


+ 


c s) 


■o») 


This is 0 when x 


_ i 
” 2 

WP 
* ’ "64 

c, = 


Wl 3 


"or ^ ~ 3 

- wi* 

192 


+ c 3 = 0 


When x = 0, deflection = 


Maximum deflection 


Wl 3 

192 in 


* (3) Fixed Beam with Uniformly Increasing Load.— 
Let a span a b of length l have a uniformly increasing load, of 
zero intensity at the point b, and let the intensity of load at 
unit distance from b be w units per ft. run. Then taking the 
end b as origin, we have in the case of the freely supported 
beam 
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Now let M 4 and M„ be the end B.M.s, then the negative 
B.M. at distance x from b is equal to 


M„ + l Mg) . * 


for the fixed beam 


§| # „ ^ _ 10 x * _ Ma _ (M a - M b ).x 

#6 0 B i 

Slope of beam «* J'm dx 

1 (wPx* vox* ,, /M, - M t \ r* 1 

“ El { ”T2 24 M “ * \ " l ) 2 +Ci J ” 

When x *■ 0, slope = 0. c 4 *=* 0. 

Also when x — l, slope = 0 


wl* __ wl x 
12~ 24 


M, l ~ 2 ~ = 0 


M J M a l - w P 

2 2 ~ 24 

M. + M„ - ... 


To get another relation between M A and M B , consider the 
deflection; 


then deflection — J'J E l ^ ‘ 


-M 


1 fwPx 3 w X s M„a : 2 /'M, — M„\ x 3 , ^ ^ /0k 

51 l 36 120 2 \ f J ■ 6‘ +i J -’ W 


Defleotion = 0 when x -* 0. . C 5 = 0. 

Also deflection = 0 when x «= l 

wP wP M n P /M a - M„\ l 3 n 

’ 36 120 2 V I "7 6 “ 0 

, -M J* MJ* M,P _u>P _u>P 

* * 2 6 + 6 “ 120 36 
. M a P M„ P _ 7 w P 
* • 6 + 3 leo" 


M a +2M, 
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• \ Combining (2) and (4) we get 

M _7wP_ wl z 
Mb ~ 60 12 
wP _ W l 
e ¥ 15 
M _ w P __ w __ W l 

M a - 12 30 - 10" 

The B.M. diagram then comes as shown in Fig. 201. In all 
the above cases we have assumed that the beam is of constant 
cross section along its length. If such is not the case, the end 
B.M.s can be found by taking the corrected B.M. diagram 
as explained in the chapter on the deflections of beams. 

Advantages and Disadvantages of Fixed Beams.— 
We have seen that, in the examples that have been considered, 
a fixed beam is stronger than the corresponding freely sup¬ 
ported beam, and that the fixed beam has smaller deflections 
and is thus more rigid. In most cases, moreover, the maximum 
B.M. occurs at the abutments, where the beam can be strength¬ 
ened without adding materially to the bending moments and 
thus increasing the stresses. In the freely supported beam, 
on the other hand, the maximum B.M. occurs at the centre, 
where an addition of weight to strengthen the section would 
add materially to the B.M. The reason why such beams are 
not more commonly adopted is because, in fixing in the ends 
securely, the tangents at each end to the beam must bej 
absolutely horizontal, and any deviation from this will alter 
the stresses, and any difference of level at the two ends due 
to unequal settlement would cause considerable stresses in 
the beam. There is also coqsiderable stress due to change in 
temperature if the beam is securely built-in to the masonry, 
and all these points make the actual stresses in any practical 
case somewhat uncertain, so that many designers do not use 
this type of beam. All the above objections can be obviated 
by cutting the beam through at the points of contraflexure 
and resting the centre portion on the two end portions. This 
is the principle of the cantilever girder construction and for 
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large spans is very economical. This is shown diagrammatic- 
ally in Fig. 204, in which a fixed beam a b is shown divided 
at the points of inflexion c and d and the centre portion is 
represented as hanging from the end portions. The B.M. in 
the centre portion will be the same as for a freely supported 
beam of span l loaded in the given manner. The B.M. for 
the cantilever portions will be the same as for cantilevers of 
span l x loaded with the given loading and also with loads at 
the ends equal to the reactions at the ends of the centre 
portions. In the figure, uniform loading is shown, and in 

such case these reactions are each equal to^-. It will be 



found that the resulting B.M. and shear curves obtained in 
this way will be the same as shown in Fig. 198. The deflec¬ 
tions can also be found by adding together the deflections at 
the centre of the centre portion and at the end of one of the 
cantilever portions. 

Fixed Beam with Ends not at same Level. —Suppose 
that a fixed beam a b, Fig. 205, has its ends at a different 
level, then apart from the loading on the beam, the deflected 
form of the beam will be as shown in the figure, the point of 
contraflexure being at the centre point c. 

The deflection 6 e of the portion a c, assuming the beam 
divided at 0 , will be equivalent to that due to a weight P 
hanging downwards at c, but for a cantilever with load at end 

* WP 
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In this case we have 

eb = 
P = 


!_(*)' 

3 El 

24EI x eb 
P ' 

12 EI x c / 
P 

12 E I x d 
P 




Fio. 205.—Beams with Ends fixed at different Levels. 

The B.M. diagram due to this is a triangle c a x d, a x d being 
equal to P x ^ • 

12EIxd_6EI<l 
**• AlD " " 21 * “ P 

Similarly the portion o B is as if it had a load P at its end 
acting upward, the B.M. diagram for this portion being c b x e, 
Bj e being equal to a x d. 

Therefore, this diagram must be combined with the ordinary 
diagram for a fixed beam if the ends are at different levels, the 
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figure showing the effects for the case in which B is lower than 
A, and also that in which a is lower than b. 

The condition that the end B.M. diagram must be equal in 
area to the free B.M. diagram still holds in this case, but their 
centroids are not on the same vertical line because there is a 
resultant deflection at one end. 

It can be shown by considering the stability of the imaginary 
cable of Mohr’s Theorem, that EI x d = area of B.M. 
curve X horizontal distance ( g ) between the centroids of the 
free and end B.M. curves. 

T J w l 2 , 

t. e. EI x a = 12 x l x g 

12 E I xi 
• ’ 9 ~ wl 3 


Now, if M. and M„ are the end B.M.s, the end B.M. 
diagram is a trapezium. 


9 = 


M. — M„ - 


1 l (2 M. + MA 

2 3 V M„ + M, / 

KM. - MJ 
6 (M„ + M a ) 

i ° 0 x 12 
12 Eld 
Z 2 


x 


f 


Now, in the figure M. — M„ = 2 a x d 
. M. — M, _ 6 E I d 

. . Aj D = g - /2 


This gives the same result as the previous reasoning. 

Beams with Cleat Connections, etc. —In building work 
the girders are usually connected to the stanchions or columns 
by means of cleat connections, which, owing to their rigidity, 
make it doubtful whether the girder will act as a freely sup¬ 
ported beam, although their strength is almost invariably 
calculated as such. Neither is an ordinary cleat sufficiently 
rigid for the girders to be considered as fixed at their ends. 
The actual B.M. diagram for suoh beams will be somewhere 
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between that for a freely supported beam and a fixed beam. 
It has been suggested that these beams should be treated as 
“ half fixed,” that is, that the end B.M.s should, in the case 

VO 

of uniform loading, be taken as ^ . The B.M. diagram then 

comes as shown in Fig. 206. It will be noted that the maxi- 

vo 

mum B.M. in this case is still as in the fixed beam, but 
such B.M. now occurs in the centre. 



In beams where the tensile and compressive strengths of the 
material are different, as in cast iron and reinforced concrete 
beams, it must be carefully remembered that at the ends the 
tension side is at the top, and so the additional strength must 
be placed at the top at these ends. 

It must also be carefully remembered that in all the cases 
we have assumed that the cross section of the beam is constant 
along its length, and the results obtained will not be true if 
such is not the case. 


CONTINUOUS BEAMS 

If a beam is continuous over a number of supports a, b, c, 
the deflected form of the beam has to take some shape such as 



Fig. 207. 

shown in Fig. 207, the curvature changing in direction at the 
points a , b, c, d. As in the case of fixed beams, this change in 
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the curvature means that a negative bending moment occurs 
at the supports, such bending moment being called in future 
the “ support B.M. M 

Consider first the case of a continuous girder, a, b, c, Fig. 208, 
of two equal spans, each of length J, subjected to a uniform 



LJ.ri. UlOCjrom on siraujni uasc 
Pni. 208.—Uniformly Loaded Continuous Beam of two equal Spans. 

load of w tons per foot run, the supports a, b, and c being on 
the same level, and the beam being of uniform cross section. 
Now imagine the centre support removed, then there would be 
a central deflection 8, given by 

5w(2l)* 

384El 


Now, if the centre support be replaced, the pressure R„ on 
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it must be such that as a central load it causes an upward 
deflection equal to 8 

. . _ Rj< (2 J) s 
* ' d “ 48 E l 
. R x (2 l) 3 _Bw (21)* 

** “48El “ 384El 

D 5w x 21 5wl 

R = — g -- 4 - 

5 W 

or if W is the load on one span, R = 


. •. Since R t = R c from symmetry, and R A + R„ + R 0 = 2 W, 

.. . T> 3 W 3 wl 
we see that R t = R c = —g- ~ —g- 


In the ordinary case of two separate spans R A 


R„ 


w 

2 


Support B.M. diagram will be as if there were an upward 


W 


force of -g- acting at a and o. 


This causes at B a B.M. 


<= ~ x l ■= so that the negative B.M. at b «= ^ 

8 8 8 8 


and the B.M. diagram for the continuous beam then comes 
as shown in Fig. 208. 

As the reactions are f w l at A and c, the shear diagram will 
have an ordinate equal to f w l at these points; the shear then 
decreases uniformly from o to B until it has a value — $ w l 
at B. It then increases to + f to l, since R, = f w h an< ^ then 
decreases to — § w l again at a, the shear diagram then ooming 
as shown in the figure. 

The points of contraflexure o, h, where the B.M. is zero, 


occur at distances from B. 

4 


This can be shown as follows— 

Let H be at distance x from o. 

Then negative B.M. due to support B.M. ■■ ~ a — «■ ^-L^- 

8 8 

positive B.M. for freely supported beam - —^ — v ~- 
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These must be equal, so that 

wlx wlx 
_ =. 2 - - 

1 _ l_ 

2 8 

31 


. £ 
* 2 


x — 


distance from b = l 


3 1 
4 


wx * 
2 

_ 31 
8 


1 

4 


If the B.M. diagram be reduced to a horizontal base, the 
lower diagram shown on the figure will be obtained. 

The maximum intermediate B,M.s will occur at distances 
31 


8 


from o and a. 


wl 

31 

ta f. 

’ 2 ' 

8 

2 • V 

wl*( 

'3 

9 

,16 

128 

9 w l 2 


9 W1 

128 


128 


wl 31 
8 ‘ 8 


*.) 

64V 


* Two Equal Uniformly Loaded Spans with Sup¬ 
ports not on same Level. —Now consider the case in which 
the centre support b is at different level from a and o, and let 
B be at distance A below A o (Fig. 209). 

As before, if the support b is removed, there will be a central 

, _ s 5u>(21)« 

deflection 5 = OQ .V, 4 


The reaction at b is now only sufficient to cause an upward 


deflection equal to 


8 - A 


8 — A. 

R.(2i) 8 

48 EI 


R. 


48 El 
( 21 )® 


(8-A) 


48 El 
( 21 )® 



• • 
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_ 48 EI 5w(2l)*f AN 
“ (2 If X 384 ET V 87 


5 w l 

(1 k \ 

“ 4 

l 1 sJ • 

5wl 

5hwl 

""4 

48 

3wl 

5 h wl 

8 

+ 8 8 ~ 


. »i/i 

~ 2 

8 V 1 


Reasoning as before, negative B.M. at b due to the 
second portion of R A or R c 


wl 2 i 5 & 
8 V 8 


t. 6. M n = 


w l 2 
8 



(3) 


the B.M. curve will be somewhat as shown shaded, the 

position of d depending on the value of ^ 

Now consider the following special values of h . 
w l 2 

If h = 0, M„ =* —g— as in the previous case. 

g 

If h = g , = 0, and the B.M. diagram is the same as for 

two simply supported beams. 

o tit l 2 n — W l % 

If h = 8, M fl = -g (1 - 5) - —g— 

This is the same as we should have obtained for a simply 
supported beam of span 2 Z. 

Now let h = — 
o 

Then M B = (1 + 3) = . This is the same as if the 

supports a and c were removed and the beam were two 
cantilevers b a and B o. The free deflection at the ends is 

then = j, and this will be found to be equal to ~ 8. 
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Now h must lie between 8 and * for the beam to act as 

5 

a continuous beam, therefore take points e, e' on the vertical 



of the B.M. diagram for the continuous beam with the supports 
at different levels must lie between a e c and a e' o. 

The following example on this problem is interesting— 

A continuous beam of uniform section and two equal spans l 
has a uniform load of intensity w, and the supports abc are 
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initially level. The support columns are, however, equally 
elastic, the force necessary to cause unit compression being e. 
Find the central reaction and B.M. 

If the centre column is removed, 8 = 'oo'/tt/t' 

oo4 E 1 


R. ( 21)1 

48 El 


The upward deflection due to R„ = 8j 

Then 8 — 8 X =* difference in level between final positions of' 
a, B, and o. Now let R, = w l + 2 /, 2 / being the additional 
reaction due to the beam being continuous, then 

w l . 

2 

w l + 2 / 
e 

to l 

T 


R» = Rc 

*. Sink of central column 


Sink of end columns = 
Difference = 


-/ 


e 

8 - 8 ! 






R -^o k i + ii) - 


R„P 
6 EI 


• * • R„ — 


5 w l* 

24EI 
5 w i 4 tof 
24 El + ~e 
5wl* ,wl 
2TEI + e 
"P" , 3 

6 EI + 2e 


toi 


m wl 


5P 1 
24EI + e 


6 EI + 2eJ 


t~ : j 

2 

6 EI 

«P 


1 + 


«P 
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Reasoning as before, we then get 


M„ 


w ! 2 

2 


5 , GEI 
4 + "eW 





1 3 EI 

4 el* 


+ el* 


It will of course be noted that if the piers had been of the 
same material and of areas proportional to the reactions, the 
amount of sinking due to their elasticity would have been 
equal, and the B.M, diagram therefore would remain as shown 
in Fig. 208. 

* The Theorem of Three Moments.—We will now find 
the relation which must exist between the support bending 
moments and the loading for a continuous beam of any number 
of spans, the supports all being on the same level. 

Let a b and b c be any two consecutive spans of length l x 
and l t of a continuous beam of any number of spans, and let 
a e b, b / o (Fig. 210) be the free B.M. diagrams for the loading 
on these spans. Let g 2 and o 2 be the centroids of these free 
B.M. diagrams, and let them be ajb distances y 2 respectively 
from a and c, the areas of the diagrams being respectively 
S 2 and S 2 . Then, if M A , M H , M 0 are the support moments at 
a, b, and c respectively, Clapeyron’s Theorem of Three Moments 
states that 

M. fj + 2 M. (I, + l t ) )M,I 8 = C [ + S j^*) 

We can prove this with the aid of Mohr’s Theorem* as follows : 
Let a' b' o' be the deflected form or elastic line of the beam, 
then if the beam is of the same material throughout, and of 
constant cross section, the elastic line is of the same shape as 
that of an imaginary cable loaded with the B.M. diagrams and 
subjected to a horizontal pull equal to E x I. Now the 

* See p. 252. 
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tangent to the imaginary cable is common at the point b'. 
Let such tangent be at angle 6 to the line a' b', and let the 
perpendicular from a' on to it be of length p v the tension in 
such cable at b' being T*; then considering the stability of 
the imaginary cable we have by taking the span a b and taking 
moments round a' 

T., X pi *= moment of B.M. diagram about a' 

~ — moment of support B.M. diagram about a' 



Fia. 210.—Theorem of Three Moments. 



because the support B.M. diagram can be divided with two 
triangles of area and —“- \ the distances of their centroids 

l 21 

from a' being respectively and y 1 . Now p x = l x sin 6 , and 

El 

T tt =- 77 . E I being the horizontal pull in the cable. 

* CO8 0 ° r 
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T,,, X Vl - — c ^" n -EU, tan 9 
E 11 , tan 6 = S, * - - 2 V- 

EItantf-%^- 

ly 6 b 


.( 2 ) 


Now by considering the second span, as 6 is the same for 
both spans and E I is constant, we get 

M J, 

6 


E I tan 6 




S_2 Vz _ l 2 _ 2 M h 


lo 


6 


(3) 


The — sign is used because the moments are taken in 
opposite directions. 

Then, combining equations (2) and (3) we get 

Sj. y\ M a /j _ 2 M h ly _ /S 2 y 2 M c l 2 2 M„ Z 2 \ 

l x 6 6 V l 2 6 6 ) 

or M. + 2 M a (l, + J t ) + M 0 1 2 = 6 ( S * + S ^) .... (4) 

This is the general formula applicable for all loadings. 

If the loading is uniform over each span and of different 
intensities w 1 and u> 2 , we get 

S _ 2 ; w t l \ _ l t 
8 -- 12 - 


Similarly 


Vi 

S 2 

V2 


h 

2 


U>2 1 2 3 
12 




. s iJ'i . s 2 ?/ 2 _ 1 


24 


(w, l x 3 + u>21?) 


* l ^ l 

ly l 2 

. •. In this case we have 

MJ, + 2M.(i 1 + g + M J 2 = \(w 1 l* + W. i l *).... (5) 
If the load is of the same intensity tv on the two spans we get 

W 

M t h + 2 M„ (/j + l t ) + MJ 2 = 4 (/ 2 * + / 2 3 ) .(6) 
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’"Reactions and Shear Diagrams.—As in the case of 
fixed beams, the shear diagrams for continuous beams will 
have their base lines shifted, due to the change in slope of the 
B.M. curve. 

Consider any support, say b, and let r x be the reaction at b 
due to the span if the separate spans were simply supported, 
R t being the corresponding quantity for the continuous beam. 


M — M 

Then change in slope of B.M. curve =■-* ^— A 
. . - r x + ^- 


Similarly if r 2 , R 2 are corresponding quantities for the 
span l 2 


R a - r a + M " Mo 


l. 


. *. Total reaction at 


b = R„ - R x + R a - + r t + - M " ^ — x + 


Then Rj and R 2 give the ordinates of the shear diagrams on 
either side of b. This will be made clearer in the following 
numerical example— 

A continuous girder , abod {Fig. 211), consists of three spans , 
20 , 10 and 15 ft. long , and the first span carries 20 tons, the 
second 15 tons, and the third 10 tons, uniformly distributed. 
Draw the B.M. and shear diagrams. 

First draw the B.M. diagrams as if the separate spans were 
freely supported. 

Now take the first two spans, then by the theorem of three 
moments 

M t x 20 + 2M„ x 30 + M. x 10 - + }j*.10 s } 

But the end A is freely supported. M A = 0 

We get 60 M„ + 10 M 0 =» ^ (s + ; 

or 6 M„ + M, = 237 5 ..(1) 

Now consider the next two spans. Then we have 

M, x 10 + 2M. x 25 + M„ x 15 - i jft lO 8 + is- 15 ®} 
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The end D being freely supported, we have 

10 M„ + 60 M„ ~ |l2 -f 18 j 

or M„ + 5 M„ = 93 75 .(2) 

Solving the two simultaneous equations (1) and (2) we get 
M„ = 3776 
M<, - 11-20 

Putting up these values we get the B.M. diagram as 
shown in the figure. 



Fia. 211.~-42ontinuous Beam of Three Spans. 
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The shear diagram then comes as shown in the figure, the 
continuity of the beam altering only the base lines, and not 
the form of the curves. 

If there are more than three spans, consecutive spans are 
taken two together, and a series of equations obtained by the 
theorem of three moments. Further numerical examples will 
be found at the end of the chapter. 

* Continuous Beams with Fixed Ends.—If the end 
of a continuous beam is fixed, the end B.M. is obtained by 
imagining a beam to exist beyond the fixed end of the same 



o i o 

-FI- V 


o To is o 



Flo. 212.—B.M. and Reactions on Uniformly Loaded Continuous 
Beams of Equal Spans. 


length, and loaded in the same manner as the last beam. This 
is because the fixing of ends makes the beam horizontal at 
such ends, and this occurs at the centre of a continuous beam 
symmetrically loaded. An example of this will be found in 
the worked examples at the end of the chapter. 

Equal Spans with constant Uniform Load.—In prac¬ 
tice the spans (l) are often equal, and the uniform load (w) 
per foot run constant, the extreme ends being freely sup¬ 
ported. A diagram is shown in Fig. 212, from which the 
support B.M.s and reactions can readily be obtained for any 
number of spans up to six. 

Above the span lines are the support moment coefficients, 
which have to be multiplied by w P 
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Below the span lines are the reaction coefficients, which have 
to be multiplied by w L 

From these the B.M. and shear diagrams can be readily 
drawn. The student should check these by working them 
through by means of the theorem of three moments 


* GRAPHICAL TREATMENT OF CONTINUOUS BEAMS 

In dealing with a considerable number of spans with 
irregular loading, the application of the theorem of three 
moments becomes a somewhat laborious process. Although 
the following general graphical method is somewhat involved 
and takes considerable time to explain, it is interesting and 
useful, and shows to what extent the graphical method of 
reasoning can be pursued. 

Consider the imaginary cable of Mohr’s Theorem which 
gives the elastic line of a beam. It is a link polygon for 
the bending moments, drawn with a polar distance equal 
to E x I. 

Now the slope and 'position of the first and last links of a link 
polygon are quite independent of the exact distribution of the 
forces , provided that they have the same resultant in magnitude 
arid direction. 

As we shall see later, we shall be able to obtain the support 
moments if we know the support tangents to the elastic line. 
Let a b (Fig. 213) represent a span of length l of a continuous 
beam, and let acb represent the free B.M. curve for the 
loading on it, A a and b b being the support moments, M 4 and 
M a . If the centroid of the curve acb is a, then the vertical 
a a is called the centroid vertical , and if the support B.M. curve 
be divided into two triangles a afi and Baft, the areas of such 
triangles act down the right and left hand third lines x x and 
yy. Now replace the actual B.M. curve for purposes of 
finding the elastic line by single forces acting down and up 
the lines o o, x x, Y Y. 
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On a vector line, 

set down 1, 2 = area of free B.M. curve aob = S 
„ „ 0, 1 = area of triangle aob = S. 

„ „ 2,3 = „ „ a b B = S„ 

Then with pole p at polar distance (p) = E I if a x d is drawn 
parallel to 0 P, d h to 1 p, h g to 2 p and g n l to 'iv, dh and h g 
are called the mid links, and A x d and g b x give the support 
tangents. 



Fio. 213.—Continuous Beams—Graphical Treatment 

Now in our problem we do not know the position of the 
points 0 and 3, and we see that these would be known if the 
mid links were found, so that our problem now reduces to 
that of finding these mid links. 

On both sides of the centroid vertical o o draw lines at 
distance p, and set down lengths l lf 2 X equal to 1, 2 and join 
them across, intersecting on the centroid vertical. These 
lines are called the cross lines. 

Now draw any vertical v u, then clearly the intercepts made 
by the vertical on the mid links and cross lines are equal. 
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From this it follows that if a point on one mid link is known, 
a point vertically below it on the other mid link can be found. 

Again, let the right-hand mid link of this span meet the 
left-hand mid link of the next span in a point j, Fig. 214, on 
a vertical line Q q. 



Then consider the triangles gjk,P 23. 


They are similar 


. jt x j 
’ ' 2, 3 v 


p x j k — 2, 3 x 

= i, x area b a b 

M. I, 
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Similarly considering the triangle on tile other side of q q 
we should have 

p x jk - 

Where l t is. the length of the next span. 

. * . Xj l x = If 

Further, x x + x z = i (i, + l a ) 

l t 

*> * 3 

h 

~ 3 

q q is at a distance = from y y, and is thus called an 
inverted third line. 

Determination of “Fixed Points.”—Let a bc (Fig. 214) 
represent two consecutive spans of a continuous beam, and 
let the third lines be drawn as shown. 

Suppose that we know that the right-hand mid link of the 
span a b passes through a fixed point f. Let this mid link 
cut the inverted third line q q in j and the third line y y in l, 
then l b' must be a support tangent. Produce l b' to meet 
the first third line of the span b o in i/, then j i/ is the left- 
hand mid link; and then join f b' and produce it to meet 
j i/ in f', then f' will be a fixed point on the mid links of the 
second span. This is shown as follows— 

Let the vertical through f' be at distances z v z 2 from the 
third lines. 

Then the triangles f' j n, f' k' l' are similar. 

• 1* ~Jh /ix 

’ k' if z t . 

and triangles b' k' i/, b'kl are similar. 

further, the triangles flk,fjn are similar. 

. kl A 

"jk i, . 


( 3 ) 
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Multiplying together (1), (2) and (3), we get 

■ X h X h 


1 = !>_ 


• 2 i ~ ^ 2 _ hJi 
_ i*/i 

also + 2 , = - 1 - 'g - * 2 


>* • z i — H 2 = — z 2 + $ h 
~~ 2 2 + ^1 = ^1 / 2 
*2 hfl 


l 


3z 


r =1 + 


/ 2 


Z* = 


* 2 /l 
& ^1 ^2 /1 
^1 / 2 + ^2 /1 


= constant. 


f' is a fixed point. 

In this way a number of fixed points right along the various 
spans can be found as hereinafter further explained. 

A fixed point is found at the terminal spans, as follows— 

Case 1. Freely Supported End. —The end B.M. here 
must be zero, therefore support tangent and mid link must be 
collinear, so that a' is the first fixed point. 

Case 2. Built-in or Fixed End. —Support tangent is 
horizontal, so that first fixed point is where horizontal through 
a' cuts the first third line. 

Graphical Construction for any Given Case. —We 

are now in a position to set out the construction for obtaining 
the B.M. diagram, which is as follows— 

Draw the free B.M. diagrams and the third lines, the 
inverted third lines and the centroid verticals. Fig. 215 
shows a continuous beam of three spans, one end being freely 
supported and the other fixed, x x representing the left-hand 
third lines, Y Y the right-hand third lines, q q the inverted 
third lines, o o the centroid verticals. 

Now draw the cross lines at the bottom of the paper, such 
lines being obtained by setting down the areas S v S 2 , etc., 
of the free B.M. curves on vertical lines at each side of the 
centroid verticals at distances representing the value of E I 




Fig. 215. —Graphical Investigation of Continuous Beam of Three Spans. 
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reduced in some convenient ratio, the scale of E I being the 
same as that of the areas. If the support moments only are 
required and not the deflections, and E I is the same for each 
span, E I need not be calculated, any convenient polar distance 
being taken. 

P, Pj, and P 2 are the intersections of the cross lines. 

Now find the fixed points. The end a is fixed, so that f is 
the first fixed point; now set down f f' equal to the intercept 
/ f x on the cross lines and draw any line f' to the inverted 
third line, cutting y y in l ; join l b' and produce to meet the 
third line x x X x in L a ; then the intersection of h x j x and e' b' 
gives the fixed point F x on the second span. This is repeated 
as shown, and the points f/, f 2 , f 2 ' found. 

Now start the other end d. This is freely supported, 
therefore, as we have seen before, d' is the first fixed point h 2 . 
By means of the cross lines, we then get the corresponding 
fixed point h 2 ', and by repeating the same construction as 
for the points f, we get a number of other fixed points, 
h/, n v h', h. The mid links and support tangents are now 
drawn in, and there will be two checks on the accuracy of 
the construction, viz.— 

(a) Mid links must meet on centroid verticals. 

(b) When adjacent mid links are joined, they must pass 

through points of support. 

Now, from the points 1, 2, etc., on the cross lines, draw 
parallels to the mid links, and obtain the poles r, r x , r 2 and 
then draw parallels to the support tangents, thus obtaining 
the points 0, 3, etc. Then 

M = 2 _ X M 
l x 

and so on, the support moments then being set up and the 
true B.M. curve for the continuous beam thus being found. 

Another interesting graphical method of finding the support 
moments in a continuous beam has been devised by Professor 
Claxton Fidler, and will be found in his book on Bridge 
Construction. 
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Advantages and Disadvantages of Continuous 
Beams. —It will be seen by considering the B.M. diagrams 
for continuous beams that the maximum B.M. is less than 
that which would occur if a number of separate simply 
supported beams were placed across the same supports (ex¬ 
cept in the case of two uniformly loaded equal spans, when 
it is the same), and that such maximum B.M. occurs at the 
abutments. The principal disadvantages are— 

(а) It is not easy to ensure all the supports remaining at 

exactly the same level. 

(б) The method of calculation of the stresses assumes that 

the beam is of uniform cross section throughout, this 
condition not being an economical one. Experimental 
investigations in Germany have shown that if the 
beam is not of uniform cross section, the method 
described may still be employed without great error. 

(e) In the case of rolling loads, which occur frequently in 
bridge design, the calculations are much more 
difficult than in the case of separate spans. 

Beams Fixed at one End and Freely Supported at 
the Other. —If a beam is fixed at one end and freely sup¬ 
ported at the other, the B.M. and shear diagrams will bo the 
same as for the half of a continuous beam of two equal spans 
of the same span as the given beam, and loaded in the same 
manner. 

This is because fixing the end of a beam makes such end 
horizontal, and this is what happens at the central support 
of a continuous beam with two equal spans loaded in the 
same manner. The consideration of the following two 
standard cases should make this clear. 

(a) Beam Fixed at one End and Freely Supported at 
the Other, Subjected to a Uniform Load. —The 
B.M. and shear diagrams in this case are the same 
as for one span of the first case of continuous beams 
that we have considered, and will therefore be as 
shown in Fig. 216. 
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(6) Beam Fixed at one End and Freely Supported at 
the Other, Subjected to a Central Load. —Let 
the central load be W and the span l. 

Then, if b is the fixed end, a the freely supported end, and 
a' the imaginary freely supported end existing beyond the 
fixed end, we have, by the Theorem of Three Moments, 


MJ + 2M„<! + *) + M A .l - x \ x 1 x * x 

Now M a = M v *= 0 



Fig. 216. Fig. 217. 

Beams Fixed at one End and Supported at the Other. 


The B.M. diagram then comes as shown in Fig. 217. 

To get the shear diagram we first work out the reactions. 

t> w.m a -m b 

R. = - 2 - + — I — 


.*• R, 


W 3 W l 
2 16 1 

BW 

16 

11 W 

' 16" 


The shear diagram then comes as shown in the figure. 
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(C) TO FIND THE MAXIMUM DEFLECTION FOR A UNIFORMLY 
Loaded Beam fixed at one End and Supported 
at the Other. 

The bending moment diagram for this case is as shown 

w l 2 

shaded in Fig. 218. The curve b d c is a parabola of height -g- 

where w is the load per unit length of the beam, this being the 
B.M. diagram for the downward uniform load on the canti¬ 



lever, and a J is equal to 


3 wl 2 
8 


, J B being a straight line; this 


being the B.M. diagram for the reaction at b, which is 

Our first problem is to find the point n at which the deflec¬ 
tion has its maximum value. Consider the position a x n of 
the imaginary cable. The forces acting on it are a horizontal 
tension equal to e i at n and an equal horizontal tension at 
the point A t , since the beam must be horizontal at the fixed 
end a; also an upward vertical force equal to the negative 
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area ojd, and a downward vertical force equal to the positive 
area dpg, 

If these forces are in equilibrium, since the horizontal torces 
are equal and opposite, the vertical forces are also equal and 
opposite, so that we get the following rule— 

The maximum deflection will occur at the point where the area 
d f g is equal to the area djc. 

This is the same as saying that the area a h g j is equal to 
the area ahfo. 

Now, ifHBsx and ab = / 


h ° A J 
x = l 

Area ahqj = (aj+gh) 


h a 


X A3 

T" 


(>+? 


l — x 
- 2 -aj 


(l — x) (l + x) 3 w l 2 
2 1 '~S~ 

3 -”‘ ip - *■>. 


Also Area ahpo = Area abdo - Area fhb 


= g A C . A B 


1 


F H . II B 


1 W Z 3 1 W X 3 
3 2 ~ 3 2” 


If (1) = (2) 


(l 2 - * 2 ) = | (I 3 - * 3 ) 


Factorising, we get 

*™ l (l + *)(I—)-|(l-«) d 2 + lx + **) 


.( 1 ) 


.( 2 ) 


w 

dividing through by ^ d ~ x ) an< ^ multiplying across 
we get 


9 1 2 + 9 lx = 8 I s + 81* + 8** 
i.e. ■ 8 ** — l x — l 2 — 0. 


.( 3 ) 
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The general solution of this quadratic equation is 

l ± Vl 2 + 321* 
x - 16 

1(1 ± V33) 

” 16 


The negative value is inadmissible 

. . *(1 + ^ 88 ) 

' ‘ 16 


*422 I nearly. 


The maximum deflection occurs at a distance * -4221 from 
the simply supported end. 

We now proceed to find the maximum deflection 8 by con¬ 
sidering the stability of the portion n b x of the imaginary 
cable. The forces acting on it are a tension at b, the horizontal 
tension E I at x, and the area of the bending moment diagram 
6FQ, 

By taking moments about the point b v we eliminate the 
tension at this point and get E I x 8 moment about b x of 
area bfq. 

Now, this area is made up of the difference between the 
Abhq and the parabola bhf. 

on 

The area of the 


r x z 3 w l 2 _ 3 w x 2 1 
* T * “8 IB 


2 on 

The centroid of the A is at distance from b 


.*. moment of A about B t 
The area of the parabola 


3 vox 1 1 


1 

3 


vox * 


, X = 


16 

};h.bh 

W X 3 
6 


2 x 
3 


wx 3 1 

8 


3 oc 

The centroid of the parabola is at distance = ' * from b. 

U) 3 oc 

moment of parabola about Bj *= -g- • 
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. ■. moment about Bx of area b f o 

_W X 3 l W X* 

“ ~8 8 ~ 

wx 3 n . 

= r (l - x) 

WX 3 ,J . 

- -g- (l - x ) 

- -422 1 

w x '422* l 3 (-678 1 ) 

8 

- 00643 w l 4 
_ -00543 w l* 

El 

= total load = W 
•00543 W l 3 
El 
W_P 

“ 184 E I 

For a uniformly loaded beam, simply supported at each 
5 w l 3 

end, we should get S = 384 E l’ w ^ e f° r one similarly loaded, 

W l 3 

but fixed at each end, we should get 8 = o57'tTt> 80 that 

oo4 Jii I 

wo see that in the case under consideration the deflection is 
between these two values. This is, of course, what one would 
expect. 

The same method may be applied to the case of an isolated 
central load W on a beam similar fixed. In this ease the 

W/ 3 i 

maximum deflection =** -— and occurs at ; -from the 

48 V5 E I a/5 

simply supported end. 

We will conclude this chapter with a further number of 
worked examples of fixed and continuous beams. 

/ Worked Examples. —(1) A beam of 20 ft. span is built-in 
at one end and is supported at a point 5 feet from the other end. 
Draw the B.M. and shear diagrams for a uniform load of £ ton 
per foot run • 


El x 8 
putting x 
•*. E I x 8 

8 

putting w l 
8 
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Let ab (Fig. 219) be the beam, fixed at the end a and 
supported at the point o. 

The portion b c of the beam acts as a cantilever, and there¬ 
fore the B.M. at o = M c = ~ x - g ~ = 6-2<3ft. tons. 

To find the B.M. at a, we imagine a span a o' exactly similar 
to a o to exist within the wall. 



Then, by the Theorem of Three Moments, we have 
M, x 15 + 2 M, (15 + 15) + M 0 . 15 = J (15 s + 15 s ) 

A O 

But M„ = M 0 = 6-25 

60 M. + 30 x 6-25 = --(2 x 15 s ) 

15* 

*, 4M, + 12-5 = 

15* 

4 M, = 12 5 

= 56-25 - 12-5 = 43-75 
M 4 = 10-94 ft. tons nearly. 

The B.M. diagram is then as shown in the figure. To get 
the reaction at o we proceed exactly as in the case of con¬ 
tinuous beams 
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1 16 M 0 - M a 
». e. R o - 2 • 2 + 15 


1 5 , M„ — M, 
2'2 + 5 


= 3 75 - -31 + 1*25 + 1-25 
= 3*44 + 2*5 
= 5*94 tons. 


T?he shear diagram then comes as shown in the figure. 

\/{2) A rolled joist is firmly built-in at one end , and the other 
end rests freely on the top of a cast-iron column . The span of 
the joist is 16 feet, and it carries a single load of 10 tons, 12 feet 



Fio. 220.—Example of Beam Fixed at one End and Supported 
at Other. 


from the column ends . Determine the reaction on the column , 
and draw the B.M. and shear diagrams. ( B.Sc . Lond .) 

Let a b represent the beam, fixed at the end a, the load 
being at the point o (Fig. 220). 

Then the free B.M. diagram is a triangle adb, c d being 
equal to 

W A /| in v l‘JI v 4 

3G ft. tons. 


W ab 10x12x4 


l 


16 


Then area of B.M. diagram 

= ^ x 30 x 16 ■= 240 sq. ft. tons. 

The centroid a of the B.M. diagram occurs at a distance 
HH 
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| b o from e the centre of tho beam, i. e. at a distance 9J ft. 
from a. 

Then, imagining a span exactly similar to AB to exist 
beyond the fixed end, we have, by the Theorem of Three 
Moments 


16 M„ + 2 M, (16 + 16) + 16 M„ = 6 


/240 x 9J , 240 x 9J\ 
t 16 + 16 j 


M„. = M„ = 0 


64 M t 
M. 


6 x 2 x 240 x 28 

16 x 3 

7 x 240 210 

64 “8 


7 x 240 


= 26-25 ft. tons. 


The reaction on the end b for a freely supported beam 

10 x 4 


'■ 16 
. \ Tn this case R„ = r„ + 


= 2-5 tons. 
M„ - M. 


2-5 + 


l 

0 - 26-25 


16 


= 2-5 - 1-64 
«■ -86 tons. 




'(3) A continuous girder consists of two unequal spans of 
100 ft. and 120 ft. respectively. The girder is 300 ft. long and 
V overhangs the end supports at each end, and is loaded as shown 
(Fig. 221). Draw the B.M. and shear diagrams and show the 
points of inflexion and magnitude of the supporting forces. 
(B.Sc. Lond.) 


In this case the end pieces ab,di act as cantilevers. 


40 x lb x 40 
2 

40 x 2 x 40 


1,200 ft. tons. 
1,600 ft. tons 


x/ 


M, 


2 
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The free B.M. curve for span b c is a parabola with maximum 

1,875 ft. tons. 


4 1£ x 100 X 100 

ordinate = -g— 


The free B.M. curve for span o d is a parabola with maxi- 
2 x 120 x 120 


mum ordinate 


8 


3,600 ft. tons. 



Shear Oiagnam 
Fig. 221. 


Then applying the Theorem of Three Moments we have 
100 M. + 2 M 0 (100 +120) + 120 M, = i (1J x 100* + 2 x 120 s ) 
120,000 + 440 M„ + 102,000 - 375,000 + 864,000 
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We now proceed to the determination of the reactions. 


i ]_ v jqq ^ 1 

+ 2 x mo x i g f 100 


•M„ 


R„=lx40Xl*+ M 40 

* 30 + 30 + 75 - 9*07 
= 60 + 65*93 

R„ = \ X 100 X 1 \ + ^ | X 2 X 1 20 + ^ 

= 76 + 9-07 + 120 + 4-22 
= 84-07 + 124-22 

R n =|x2xl20 + ^jp° + |x 2X40+ M ^^ 1 


125*93 tons 


120 


208*29 


120 

120 - 4*22 + 40 + 40 
115*78 + 80 


40 


Total 


- 195*78 „ 
.. 530 tons 


F 



The shear diagrams then come as shown on the figure, and 
the points o H k l are the points of inflection. 

(4) A continuous beam of total length L has three spans and is 
uniformly loaded . Find the most economical arrangement of the 
spans . 

It follows from symmetry that in the best arrangement the 
two end spans will be equal. Let the end spans be of length l x 
and the centre span of length l 2 (Fig. 222). 

Then L = l 2 + 2 l x 

Now by the Theorem of Three Moments 

MJ x + 2 M. (l t + l t ) + M 0 Z, = | (Z, 8 + Z, 8 ) 
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From symmetry M 0 = M H 
also M A = 0 

•* • (2 Zj + 3 l 2 ) 


w 

4 


(h* + h*) 


We now require to find the relation between l x and l 2 to 
make M u a minimum, and then see if M B is greater than 
the intermediate B.M.s: if so, this relation will give us the 
most economical arrangement. 

4 (h z + h*) 

M = 4 

(2Z 1 + 3/ a ) 

Now Z 2 = L — 2 


i.e. when 


M„ - 


_|{(L-2Z 1 ) 8 + Z 1 ») 


(3 L — 6 l t + 2 i,) 


d M» 
d\ 

L 8 - 6 L 2 Z x + 12 L IS - 7 IS 
3 L - i'jj' 


This will be a maximum when 


d ( 

dh\ 


= 0 
= 0 


i. e. when (3 L - 4 IS (- 21 IS + 24 ij L — 6 L 2 ) 

+ 4 (L 8 - 6 L 2 l x + 12 l* L - 7 IS) = 0 
i. e. 56 IS - HI L Zj 2 + 72 l x L 2 - 14 L 8 = 0 


The solution of this equation will be found to be l x — *36 L, 
such solution being found by plotting. 

Thus we see that the least value of the support moments 
occurs when the end spans are each '35 L and the centre ’3 L. 
In this case the intermediate B.M.S are less than the support 
moments, so that this gives the most economical arrangement. 
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* DISTRIBUTION OF SHEAR STRESSES IN BEAMS 

When a beam is deflected there is a horizontal * shearing 
stress at every point of the beam, resisting the sliding of one 
layer over the other. We have already shown (p. 10) that in 
an elastic material a shear stress must always be accompanied 
by a shear stress of equal intensity at right angles to it; in 
the case of the beam we see that the horizontal and vertical 
shearing stresses at any point of a beam are equal. Now the 
total shearing force over any vertical cross section of a beam 
must be equal to the shearing force, obtained, as in previous 
chapters, by considering the forces on the beam; but the 
intensity of stress will not be the same across the section, so 
that by dividing the shearing force S by the area of the cross 
section A, as is commonly done, we do not get the maximum 
shear stress. 

The existence of the horizontal shearing stress can be seen 
clearly from the following diagrammatic representation. 
Fig. 223 (a) shows a short beam deflected under some loading. 
Now imagine the beam to be replaced by a number of plates 
placed one above the other. They then take the form shown 
at (b) on the figure, the plates sliding one over the other as 
shown. The second case will not be nearly as strong as the 
first case, and it is clear that in case (a) there must be stresses 
tending to make one layer slide over the other. 

* We will assume through this investigation that the beam is 
horizontal. If it is not, the words “ parallel to the axis of the beam” 
and 44 perpendicular to the axis of the beam ” should be substituted 
for 44 horizontal ” and “ vertical.” 
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We will now obtain an expression for finding the shearing 
stress at any point of a beam, and will consider later certain 
special cases. 




Fio. 223.—Horizontal Shear in Beams. 



General Case. —Let ab, a x b x (Fig. 224), be two cross 
sections of a beam at a short distance x apart, and let the 
cross section of such beam be symmetrical about a vertical 
axis, and let the loading be wholly transverse. Then ecq and 
EjCiGi, as we have previously seen, give the intensities of 
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transverse stress at any point. Now consider the portion of 
the section a b above any line D d. Consider an element of 
area o at a point p at distance p n from the neutral axis. 

Then we have hy the theory of bending that the intensity 

of stress at p = /, = M ** y , w jj ere j 8 th e B.M. at the 

point and I the second moment of the section. 

M X PN 


Force on element a — f r x a 

Total force on area above D D 
®F = jSa.PN 


M X PN 
2 - i -. a 


M 


x first moment of area above d d about N.A. 


I 
M 

j x a-V 


•( 1 ) 


Where a is the area above d d and y the distance of its centroid 
from the N.A. 

Similarly taking the section A x b x and taking the force above 
a line d, d, we have 

M 

Total force on area above d x d x = F x = T — x a x y x 

1 i 

Now, if x is small, and the beam has no abrupt change in 
cross section, we may put a = a v y = y v and I «* I 4 


F _ F x = ( M ~ M ^oy 


■( 2 ) 


Now this difference in transverse force is the shearing force 
which has to be carried along the line D d x . We will write this 

f - f x = ( M ~ . g y 


Then, if x is very small 


M 


x 

■ M- 


1 is the rate of increase or 


decrease of the B.M., and this we have shown to be equal to 
the shearing force S at the given point. 

S x a.y.x 

I 


, •. We have F — F x 


.,..( 3 ) 
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Now the area over which this shearing force acts is equal to 

DjD X DD “DD X X = X X b. 

Mean shearing stress along dd = 


*n = 


F_^Fi 
b x 

S x a .y .x 
b x. I 
S.a.y 
I.b . 


•( 4 ) 


S 


We can express this in terms of the mean stress m = ^ over 
the whole section as follows— 


_ S.a.y 
** ~ A'. k*b 


= m 


a . y 

wi 


.(5) 


CL 1 !/ 

We may call.p^ the shear coefficient . 


It will be noted that a x y increases up to the neutral axis 
and then decreases, because the first moment of the area below 
the N.A. is negative. 

We thus see that the shear stress is a maximum at the neutral 
axis . 

It must be remembered that s D gives only the mean shear 
stress along d d. This stress is not uniform along d d, but 
for sections which are narrow at the neutral axis, the sections 
used in practice generally falling under this head,the maximum 
shear along the neutral axis will be not much greater than 
the value of s D at the neutral axis as given by the above 
result. For sections like the square and the circle the maxi¬ 
mum shear along d d will be from 6-10 % greater than the 
mean shear, while for sections such as an oblate ellipse or a 
broad rectangle the difference may amount to as much as 
26 %. It is beyond our present scope to go further into the 
question as to the variation of shear stress along d d, but 
we should remember that such stress is not uniform; the 
maximum stress for various oases has been worked out by 
St. Ven&nt, 
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Consider the following special cases (Figs. 225,226). 

(1) Rectangular Section. —Mean shear along a line at 
distance x from N.A. of a rectangle of height h and breadth b 



3 m/. _ 4 x*\ 
2 V ~ WJ 


This depends on a; 2 , so that the curve showing the mean 
shear stress at various depths will be a parabola. The 
maximum value of occurs when x = 0, i . e. at the neutral 
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axis. This gives a, «= —g- = 1*5 m. Thus we see that in a 


rectangular beam the maximum shear stress occurs at the 
centre, and is equal to 1'5 times the shearing force divided 
by the area of the section. 

(2) Circular Section. —This case is not quite so simple as 
the previous case, but we can find the shear stress at the N.A. 
simply as follows— 

In this case we have 



2D 


y 

k 2 
b 


3 IT 
_ D* 
" 16 
- D 


= m 


ttD 2 2D 
8 ' 3ir 



_ 4 m 
~ 3 


1-33 m 


So that the mean shear stress along the N.A. is 1 J times the 
mean shear stress over the whole section. 

In this case it is interesting to note that the maximum shear 
stress along the N.A. is l - 45 m. 

(3) Pipe Section. —Let a thin pipe be of mean diameter 
D and thickness t (Fig. 226). 


Then 


a 


7T D t 
~2~ 


D 



D* 

8 

2 1 


it D f D 

~~2 X . 7 T 


TF 


x 2 1 


2m 


•*. ««.*. = m x 
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So that the mean stress shear along the N.A. is twice the 
mean shear stress over the whole section. 

(4) I Section. —To calculate the proportion of the shearing 
force carried by the flanges and web, respectively. 

Take a beam of I section of breadth 6 and height h , and 
let the thickness of the flanges and the web be t and w , 
respectively. 

First consider a horizontal line p p in the flange at distance 
x from the top edge (Fig. 226). 



Then mean shear along pp = m 


a.y 

k 2 .b 


s x = 


— m - b x (h — x) 


bk 2 2 


=*, (hx ~ x 2 ) 


.(]) 


This depends on x 2 , so that the curve showing the variation 
of stress is a parabola. 

When x = t, i. e. at the junction of web and flange, 

Yf) 

*‘ = 2k* {ht ~ tZ) . (2) 


Now consider a horizontal line p x P t in t he web at distance 
x x from the top. 


_m .a .y 
* k*b 


Then mean shear along p, Pj 
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In this case 

ay = first moment of area above p a p x about N.A. 

_ 6 1 (h — t) , w (*! — t) (h — x x — {) 

" 2 + .. 2 . 

also 6 ■* w in general expression for shear stress. 

. , _ m \bt(h-t) (xi — t) (h — x x — <)1 

‘ rl “ 2ifc*t t o + w ~ «> / 

- - + (‘*i - *■’ - “ + <*>} 

„ JOl <hx _*«u *) ( 6 - w ) 

2k*' n 1 1 1 + 2i*w . 


The second term of this expression is constant for all values 
of x x and the first term is the shear stress which would occur 
if the flanges extended down to p x Pj. 

We thus see that the diagram of distribution stress is 
obtained as follows— 

First draw a parabola akd, the centre ordinate JK of 
which is obtained by putting * = -in equation (1). 

• — m ft* _ W l \ _ m h 2 

». c. J k - g-p ^ 2 47 - 812 

At the points b and o corresponding to the inside edges 
of the flanges set out a e and h f equal to the expression 

mi V* ~ - A)J A HJO) and re-draw the portion qkh of the 
2 k 2 .w 

parabola between the points B and f, then the curve 
aoelfhd gives the shear stress at the various depths 
of the cross section. 

Then total shear carried by web is equal to area of piece 
B e l f o of curve multiplied by width of web. 

Now take the case in which t ■= ^ and w * ^ and b = 
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this being about the proportions for a rolled steel joist, then 
» O = = <TT2 * “ **) 


/A* _ A* \ 
V10 100/ 


also 


M K 


Q £ 


m 
2 A 2 


m 

2 A 2 
m 

2T 2 


9 A 2 
100 
m 

2 A 2 ’ 


b e = 


_ m 
~ 2A 2 
m 

" 2 A 2 

> /A* 9 A 2 \ 

; 2 \ 4 100/ 

yfl / ( A — t) ( b — w) 

2 k 2 w 

4 9A 9A 20 

10 ' 10 • 20 x h 
81ft* 

100 

9 A* , m 81 ft* 
100 + 2 ft* * 100 


16 ft* 
100 


m 

2T* 


4ft* 

25 


m 

2 ft* 

m 

2ft 5 


9 ft* 
10 


Area of curve b b l f c «= b 


°( 


bb + jMkJ 


Now in this case I — - — 


4ft m /9 ft* 8 h 2 \ 
5 ' 2 ft* V IO + 75/ 
(b — w) (h — 21) 3 
12 


/4ft\» 1_ 

’ \ 5 / * 12 


= _ 9ft 

24 20 

« 0417 A 4 - -0192 A 4 
= 0225 ft 4 

The area of the section = b A — (6 — tv) (A 
. _ ft* _ 9A 4 A 
“ 2' 20 - 5 

■= *14 ft* 

I 0225 A 4 
•14 4* 


_<> 


0 


ft* - 


1608 A* 


,.(4) 


Returning to equation (4) we get area of curve bblfc 

4mA /9ft* 8ft*\ 

“ TO* \ 10 + "75 J 
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4 m h x 1-007 A* 
10 X -1608 A 2 

„ K v 4 x 1-007 
m.hx ~- Y -6W 


= 2-505 m A . 

. Shear carried by web = 2* 505 mh x width of web 

h 


.(5) 


2*505 mh x 


20 


-•1252 mA 2 . 

Now area of whole section = -14 A 2 
/. Total shear S on section — *14 A 2 x m 
Shear carried by web _ *1252 
Total shear ~ *14 


.( 6 ) 


- 89*4 %. 


It is commonly assumed in practice that in plate and box 
girders the whole of the shear is carried by the web, and the 
above calculation shows that in an I beam, in which the 
flanges are larger in proportion to the depth than in most 
plate and box girders, this is true within 10 %. 

It must, however, be remembered that in girders built up 
of joists and plates, such as the comparatively shallow and 
heavy girders used in buildings, this assumption will not be 
so nearly true. 

Shear Stresses in Reinforced Concrete Beams. —The 
usual treatment is as follows— 

Consider two vertical sections of a reinforced concrete beam 
made at points a b a short distance x apart (Fig. 227), the 
section not changing appreciably from a to b. At the point 
a, the total stresses due to the bending moment are C and T, 
and at B they are C' and T'; then if the corresponding bending 
moments are B and B', we see that 

B 
a 

a 

B - B' 


T = C 


T' 


\T -T' 


.( 1 ) 


Adhesion Stress due to Shear. — But T— T' is the 
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difference in the pulls in the reinforcement at the two points; 
that is, it is the force which tends to pull the reinforcement 
out of the concrete. 

T — T' 

—-— = adhesive or shear force per unit length 

B — B > 
x. a 


A B 



JJ _ 

but — - = the rate of change of the bending moment 

= shearing force = S 

and if f tl = the adhesive stress per sq. in. and 

O = the total perimeter of the reinforcement, 

we have 

/ a x O = adhesive stress per unit length — - 
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In the case of rectangular beams with tension reinforce¬ 
ment only or with double reinforcement where the top re- 


, inforcement is placed at £ depth of N.A. a 


. •. our formula becomes f a 




(3) 


This deals with what is known as the horizontal shear as 
regards the adhesion between steel and tension. 

Shsae Stress in Concrete. —In addition to this we have 



to consider the shear stress in the concrete itself, which will 
be constant from the reinforcement to the N.A. and will 
then vary towards the top as indicated in Fig. 228. 

The difference of pulls T — T' is distributed over a hori¬ 
zontal rectangular area one side of w hich is x and the other 
side of which is 6, the breadth of the beam. 

If a is the shear stress we shall have 


« xJ xx=T~T' 

but T — T' - (from (1)) 

x ,a.b 


II 


(4) 





482 


THE STRENGTH OF MATERIALS 


But as before we may put 


B-B' 


x 


= shearing force S 


S 

S = y 

a b 

and for rectangular beams as above 



(5) 

( 6 ) 


GRAPHICAL TREATMENT FOR FINDING DISTRIBUTION 
OF SHEAR STRESS ON A CROSS SECTION 


Consider the section, composed of joists and plates, shown 
in Fig. 229. The first step is to “ mass the section up 99 about 



a vertical centre line : this is done by drawing horizontal lines 
across the joists, and adding on each side of the centre joist the 
corresponding horizontal ordinate of the outside joists. This 
gives the section shown in the figure (i.e. a d = ab + be + cd). 

Consider any line f p. We have shown that the mean shear 

stress along pp = 5 p s=m, Wfi '• 

Now a . y =* first moment of area above p p about neutral 
axis x x . Draw the first moment curve of the section above x x 
about the line x z, as explained on p. 176. As the section is 
symmetrical about a vertical axis, we need draw the curve 
for one half of the area only, x Q o being such curve. 
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Then axy - 2 area J x q n x h. 

.*. Mean shear along p J x OJUlA 

Now find the sum-curve jrs of the first moment curve, 
taking the polar distance V = £■ 

Then N R x p = area of first moment curve above p p 
NR x P 

.*. -^-*= area jxqn 

Mean shear along p p = ^ x h 

2 n a 
"TO- j- 

But J = rp = 2 np 

NR 

.•. Mean shear along pp*m. 

Then the maximum shear stress, which occurs at the neutral 
c s 

axis, is m . — 

O B 

Note.— Fig. 229 is diagrammatic only and is not drawn to 
scale. The student should work this case as an example, 
taking the plates 20" x and 16" x 6" beams. For 
accuracy the drawing should be done to a large scale. 

Deflection of a Beam due to Shear.— In considering 
the deflections of beams up to the present we have dealt 
only with the deflection due to the bending moment. We 
will now see to what extent the deflection due to shear is 
comparable with that due to the bending moment. 

Let c o (Fig. 230) represent a short length x of the centre 
line of a beam subjected to a shearing stress a . 

Then the shear causes the line c c to take the position c c v 
the slope being <r. 

Then if G is the shear modulus, we have cr « ^ 

The deflection o c x of the short length of beam is equal to 
x x <r, as <r is small. 
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X X s 


Deflection of short length x of beam = 


•*. Total deflection due to shear = 2 


x x 8 


G 


Now we have shown that 8 = m . where m *= S being 
the shearing force at the point, and A the area of the section. 

If the section is uniform along its length, will be 
constant and equal to, say, /?. 




We have : deflection due to shear 


Fiq. 231. 
- 2 * 


AG 


2s.S 


But 2 . x S « area of shear curve up to given point 

— B.M. at point 
* M 


.•. Deflection due to shear 




Now consider the following special cases— 
(1) Isolated Central Load. 

/? WI 

AG * 4 


Deflection at centre ■» p 


(1) 
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As we hare previously shown, the deflection 8 in this case 


due to B.M. is equal to 


WF 
48 El 


M _ J3 W l _ W P 
• * 8 “ A G * 4 • 48 E l 

_ 12 E £1 

“ G • A l 2 


Taking® 


6 

2 


and noting that I = A k 2 



/3 k 2 

l * 


( 2 ) 


(2) Continuous Loading. 


In this case « — / 
r AG 


Wi 

8 

6 

“ 384 E I 
fi _ 48/1 E I 
•’* 8 ~ 6 'CAP 

Taking ® ^ as before, 

. 


.(3) 


h 2 


For rectangular section /3 = 16 and k 2 — ^ 0 , h being the 
depth of the beam. 

(2) becomes^ = 3 76^ 

(3) becomes ^ = 3 ^ 

h 


It follows from this that if 


I 

l 10 


, the deflection due to 


shear is 3 76 per cent, and 3 per cent, respectively of that due 
to B.M. in the two cases. 

We see, therefore, that for solid rectangular beams in which 
the span is more than 10 times the depth, the deflection due 
to shear is negligible. 

It must, however, be remembered that for rolled joists, 
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plate girders, and the like, the deflection due to shear will be 
quite appreciable for sections which are deep compared with 
their span. Bridge engineers often state that the deflection 
of a bridge is more than the calculated deflection. Part of 
this difference may be due to the giving in the riveted con¬ 
nections, but certainly the measured deflection would agree 
better with the calculated deflection if the latter included the 
shear deflection. It has been suggested that this could be 
remedied by taking E about 10,000 tons per sq. in. instead 
of 12,600 in the ordinary deflection formula. 

It should also be noted that we have taken only the strain 
due to the maximum shear stress, neglecting the fact that it 
is variable. This gives results a little too high, but is better 
than taking the mean shear stress. 

Distortion of Cross Section of Beam due to Shear, 
etc. —In finding an expression for the relation between the 
stresses and the B.M. on a beam, we made use of Bernoulli’s 
assumption that the cross section remains plane after bending. 

The two causes tending to distort the cross section are 
( 1 ) shear stress, ( 2 ) differences in lateral compression due to 
extension in fibres. 

Consider two cross sections of a beam at distance x (Fig. 231) 
apart, and let the B.M. at the sections be M and Mj respec¬ 
tively, and consider points p and P 2 at distance y from the 
centre line, the section being the same at the two points. 

Then stress at P = ^at p x = 

.•. Lateral compression strain at p = rj at p 1 = rj 

stress 

because longitudinal strain = —=— and lateral or transverse 

a 

strain = 77 x longitudinal strain. 

.*. Difference in lateral compression strain ~ g j . — M) y 

.'.On a short length dy of the section, the difference in 
lateral compression = p' p/ = . (Mj — M). y . d y 
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i * „ „ , P' P/ v Mjl - M , 

. a = slope of p p x - = E j • - 1 --. y . d y 

but we have shown that when x is very small 

x —~ 83 the shearing force S 

a = . S .y .dy 

To find the total change in angle between any section and 
the line originally parallel to the centre line, we must add 
all the elementary changes in angle. 


S /* 

1 . Total change » 6 = -g— / y .dy 


because m = 


S .rj.y 2 m .rf y % 

~2 ET~ ** 2 Ek* 
S 


Now we have previously shown that due to the shear there 
is a change of angle equal to 

Total change due to both causes 
vi fay rjy 2 \ 

“ k*\bG ^ 2EJ 


ay , 

b + 2 E , 


putting E = ~g~ and y = * this comes to + |q ) 


From this relation the slope at any portion of the section 
can be found, and the distorted form of the cross section can 
be obtained. Our present scope prevents us from dealing 
with this interesting problem further, but what we have given 
should serve as an indication of the method in which the 
problem may be attacked. 
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* FLAT FLATES AND SLABS 

In the beams that have been considered up to the present 
there is a support along two edges only, that is the support 
is at most along two parallel lines; when a plate or slab is 
supported upon more than two straight edges we have to 
consider the strengthening effect of the side supports, and for 
this purpose slab formulas are required. 

CIRCULAR PLATES AND SLABS 

Slab Coefficients. —In many problems it is convenient 
to use slab coefficients to compare the bending moments in 
a slab supported on its edges with the corresponding cases 
in which the slab is supported on two edges only as in the 
ordinary beam. We then have 

/3 = slab coefficient 

B.M. on slab 

“ B.M. on corresponding beam resting upon two edges 

Bach’s Theory. —Bach obtains formulae in a very simple 
manner by assuming the supporting pressure uniformly dis¬ 
tributed along the edge of the plate or slab and calculating 
the bending moment over various sections. In the use of 
these results it should be remembered that they give the 
mean bending stress across what corresponds to the breadth 
of the beam, but that they do not give the absolute maximum. 
A similar point occurs in considering shear stresses in beams 
(see p. 473). 

We will take the following standard cases. 

A. Circular Slabs supported on the Outside Edge.— 
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(1) Uniformly Distributed Load W.—The reaction pressure 

W W 

per unit length will be p «■ —^ - R . Then considering 

w 

the forces in one half of the slab we have a load -g- acting 

downwards at o t (Fig. 232), the “ load-centre” or centroid of 

W 

the semi-ciroular area and a resultant reaction == g- acting 

at the “ reaction-centre ” o E or centroid of the semi-circular 
arc. 





Fio. 232. —Circular Slab supported at the Edge with Uniform Load. 

Taking moments about x x we have 

W W 

Bending moment on xx = M A = -g- • 0 *“ y OQj, 

W 2/ 

" ~2^(0 o„— o oj 

4R . 2 B 

0G t = — and oo, = — 

O TT IT 

R /_ 4\ 2 R 

‘*‘ 00 "~WR "'( 3 ' ^ 

M, = -= — or, if w is the load intensity of load— 

O TT 

w 7r R 2 . R w R 3 
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on. * , M, M, 3 M, 

The mean stress on x x = / = ^ = 2 R(* = R7^ 


If the slab were freely supported at y and y we should have 
the reaction acting at Y and tho load at a L . 


M W / D 4 R\ 

j ( R - 3 J 


. •. Slab coefficient = /3 


W R 

(1 - 4244) 
•288 W R 
^ ® 4- '288 W R 


(2) Central Load on Radius r.— In this case as before we 
have 

W 

B.M. on x x (Fig. 233) = M x = (o ° R — o oj 


/ = 


W/2R 

_ir\ 

2 V V 

3 Jr/ 

WR/ 

2 r\ 

■» l 1 

3 R/ 

3M, 

3 W/ 

Hi 4 = 

= irt* V 


In the limiting case where r = Owe have the point load for 
which 

' = 3 J.< 5 > 

In this case if the supports were at Y y we should have 
,, W /„ 4 r\ 

M * 2 \ 3 tr) 


'(*-at*) 

2 ~ y») 

'(■-£*) . 

*636 for the point load when r = 0 
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B. Circular Slab supported on a Circular Pillar. 

(1) Uniformly Distributed Load W.—In this case the 
tension and compression edges will be on opposite sides of 
those in the previous case, the present one being the equivalent 
of the uniformly loaded cantilever. 



Supported at edge; central load. 
Fig. 233. 


Supported at centre; uniform load. 
Fio. 234. 


Circular Slabs. 


Bv moments as before about x x (Fig. 234) we have 


w 

M. = 2 o a t - 

W 

' 2 ° G * 


W /4 R 

2r\ 


" 2 V3 7T 

- 


WE/2 
" *■ \3 

-a) . 

.(7) 

If the load is to per unit area, W 

«kmtR 2 


M, - wR*Q ■ 

-i). 

.(8) 


In the limiting case of r = 0, which corresponds to a point 
support, this gives 


2 w R 3 
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Taking the corresponding beam we should have G, acting 
on the edge of the supporting circle 

. M W/4R \ 

* • M *“'2'Uw 7 

WR/2 _ 7r r \ 

7t \3 2 R / 


2 

fl _ 3" 

P — i) 


r 

R 

tt r 

2 R 



There is no slab coefficient corresponding to r *= 0, or rather 
it would be more correct to say that it will be I in this case 

. , 6 M _ 2 w R 2 

‘ ' ~2R . 

(2) Load Distributed uniformly along the Edge.— 
This case is the same as case A (2) with the loads and reactions 
reversed. 

C. Oval Plate supported on Edge (Fig. 235). —Load 
Uniform. —In this case we can obtain an approximate solution 
by assuming that the points G, and g l will be the same for 

as for a circle of radius and for M„ as for a circle of 
radius | 
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This gives M, — 

f. = 


Wb 

6 ir 

6M, _ W6 
It 2 " xit* 



Similarly /„ = = 


If we put W 
M x 
Mr 


W wlb , 

= —^— we have 
4 

_ wlb 2 
~ 24 
wbl 2 
“ 24 


WZ 

IT fc Z* 


Corresponding to these we have 

/ _ w b* 

U ~ 4 1 2 


, _wl 2 
h - 4(2 


It will be noted that the stress is greatest across the short 
axis. This should not be used for ovals with l > 2 6 which 
should be treated as ordinary beams of span b, giving 


M, 


W6 

8 


Another way of dealing with this problem is as follows: 

If Z is so great that the effect of the edges is negligible, we have 

w /2 

for the short span of a unit width B.M. = -g- and Z = - 

o D 


w b 2 _ *76 w b 2 

1 “ * 6 JT~ 


For the circle, we have by Grashof’s theory (table on p. 495) 
, 39 w R 2 39 w b 2 "3 w b 2 

U = -W = 1281*- = -T 2 apprOX - 




We may make up an empirical formula 


u 


= '375 



6 6\ 
6 i) 


which is correct for the extreme values 6> 


Z and ^ = 0 
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Grasbol's Theory. — Grashof investigated the strains 
in flat plates by an investigation of the deflected form and 
adopted the stress equivalent to the maximum strain as the 
criterion of the resultant stress (see p. 44), the result being 
different from that obtained by means of the calculation of 
the principal stresses. 

The derivation of the formulae is too complicated for our 
present scope, so that we will give the results only and refer 
the reader to Professor Morley’s Strength of Materials (Long¬ 
mans) for the mathematical deduction of the formulae. 

SQUARE AND RECTANGULAR SLABS 

Square and rectangular slabs are of importance in several 
cases in practical design, particularly in reinforced concrete 
construction and in tanks and valve-chest covers. 

Rigorous methematical methods cannot be applied to these 
cases, so that we have to fall back on approximate methods of 
which the two following are the most common. These hold 
for uniformly distributed loads only. 

Grashof-Rankine Theory. —These formulas for slabs* 
supported on their edges are obtained by the following reason¬ 
ing and should not be confused with the rigorous Grashof 
treatment for circular slabs. 

Consider two narrow central strips (Fig. 236) of width x 
parallel to the axes x x and y y, thus forming one strip 
passing over the other so that the two strips must have the 
same deflection. The whole slab is considered as divided up 
into strips at right angles to each other, the strips passing 
one over the other. The load w per unit area may then be 
considered as divided up into two portions w h w b carried 
respectively on the long and short spans. 

For the long span we have 8 = ~~ .( 1 ) 

h short span we have 8 - 


( 2 ) 





Grashof’s Results for Circular Plates or Slabs 
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= radius of slab; r = radius of column or central load; f =* thickue&s of slab ; W = central load; xo = uniform load per unit area. 
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These must be equal - = L 

* w, b 4 

also w t + tv, = w 




Y 



X 




F 


X 


- 


i 

> 




Jfc 




; 











Y 




Fro. 236. — Graahof -Rankine Theory of Rectangular Slabs. 


M ( «= B.M. on short section, i. e. B.M. on long span. 
w, l 2 tv l * 



(3) 


Similarly to, — ^ 

M, =* B.M. on long section, i. e. B.M. on short span, 
to, b* wb* 



For long span, *. e. short axis— 

_B. M. on s lab_ 

“ BTM. on corresponding beam 
For short span, i. e. long section 

s l* 

P> - jr+T«. 


fi + b* 
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Some confusion is likely to arise if we do not clearly keep in 
mind the fact that if we are considering the stresses across the 
long section we take the B.M. on the short span. 



As a check we may remember that the greater B.M. always 
comes on the short span . 


1 

6 

Slab Coefficients 

Short Section 
and Long Span 
fit 

Long Section 
and Snort Span 
* 

1 

‘500 

*500 

1*25 

•291 

•709 

1-5 

*164 

•836 

1-75 

•096 

•904 

2 

•059 

941 






















498 


THE STRENGTH OF MATERIALS 


Intermediate values may be obtained from Fig. 237. 

In comparing this theory with Bach’s it should be remem¬ 
bered that the present gives the maximum stress, whereas 
Bach’s gives the mean stress across any section. 

Numerical Example.— A rectangular slab 18 ft. long and 
12 ft. wide carries a uniformly distributed load of 200 lbs. per 
sq. ft. What B.M. should it be designed for across the long and 
short section respectively? 

In this case W = 200 x 18 x 12 

.\ B.M. on long span, neglecting slab action 

_ W l (200 x 18 x 12) x (18 x 12) 

“ 8 “ . .8 

== 1,166,400 in. lbs. 

B.M. on short span, neglecting slab action 

W b _ (200 x 18 x 12) x (12 x 12) 

“ 8 . ' '8 

= 777,600 in. lbs. 

From our table for ~ = 15, /?, = '164, and /J* * - 836 

B.M. on long span = *164 x 1,166,400 

= 191,000 in. lbs, nearly 

B.M. on short span = ’836 x 777,600 

= 650,000 in. lbs, nearly 

On short span if / = 16,000 for a metal slab we have for 
short span 

IQ /2 

16,000 . - ~ x 12 = 650,000 
o 

2 _ 650,000 

* “ 576,000 
= 113 

t = VT13 = 1£ nearly. 

The other span would require a smaller thickness. 

In metal slabs the modulus of section is probably the same 
in both directions, but in reinforced concrete slabs the modulus 
generally varies. 
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Bach’s Theory. —The pressure is taken as uniform along 
the edges. 

(1) Diagonal Section. —Assuming that the diagonal sec¬ 
tions are the weakest because tests indicate that failure often 
occurs diagonally, consider the bending moment about the 
line ao (Fig. 238). 

Let p be the pressure per unit length along the supports 



Fiq. 238.—Bach’s Theory of Rectangular Slabs. 


and let W be the total uniformly distributed load and w its 
intensity per unit area. 

Then *“2(iTT). (1) 

The supporting forces or reactions may be taken as a force 
equal to p b acting at y and one equal to p l acting at x; the 
\ W 

load on the A a b o — g and acts at the centroid G of the A. 

The perpendicular distance of x and y from a c are each 
and the perpendicular distance of g from a c is ^ 


K>! © 
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. *. Taking moments about a o we have 

t> i- i. \,r pb x a , pi x a W a 

Bending moment « M i0 — y ^ 1- - 2 • g 

_ o rW _ W\ 

"2\2 "37 

«Wa . 

12 . w 

But a x a c = 2 area of A a b cj -* / ft. 
lb 

a = . 

A C 

• M = W -Ji 

• • * u 12 AO 

' w lb 

“12 ViT+ b* . {) 

Neglecting the support on the short side we should have 

Ti/r W& 

M t = -g- .(4) 

To get a reasonable comparison between M A0 and M t we 
ought to compare the B.M.s on the same length because, of 
course, a c is greater than Y Y. 

B.M. per unit length along a o for slab — —--- = -- 

r » ^ AO \'Jfi -f ft * 

Wlb 

"12 (l*+ b*) . (&) 

B.M. per unit length along y y for beam — ^ ^ ** 


W b 


Diagonal slab coefficient 

W lb 


2/* 
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/J has the following values— 


1 

b 

Diagonal 
Slab Coefficient. 

1 

•333 

1*25 

•407 

1*5 

•461 

1*75 

•502 

2 

•533 


To use these figures we find 


W6_ 2 

8 


and treat that when 


multiplied by /3 as the mean B.M. per unit length along the 
diagonal. 

Numerical Example. —Take the same case as worked out 
on p. 498, and adopting a stress of 16,000 lbs. per sq . in. find the 
necessary thickness of a rectangular metal slab t comparing the 
results by the two formulae. 

On Bach's Theory— 

w b 2 200 x 144 0 , 

—=-q -= 3,600 ft. lbs. per foot width 

o o 

= 3,600 in. lbs. per inch width. 

B.M. per inch length on diagonal = *461 x 3,600 

= 1,660 in. lbs. nearly. 
16,000 xlxl‘ 

6 


M 


t bJi 


I s = 


6 x 1,660 


•62 


16,000 

t = -\/'62 — 79 in. nearly, say 

(2) Sections Paballel to Sides. —The following modifica¬ 
tion of Bach’s treatment is more suitable for reinforced 
concrete slabs where the reinforcement is parallel to the edges. 

We can consider in a similar manner the strength of the 
section x x (Fig. 239). 

The reactions on the sides will have reactions at the mid- 
© l 

points equal to at d and e and pb at y. The load acts at 
the point r. 
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Therefore, taking moments about the line x x we have 


M, 




pi 


(2 b +1) 


W l 
8 ' 


W l 
2 ‘ 4 


W l (2b + l) _ W l 
8 (l + b) 8 


W&l 



(7) 


Fig. 239.—Rectangular Slab : Modified Bach Treatment. 


Neglecting side support on long side, we should have 

\\ l 


M, = 


8 


•. Slab coefficient for x x ■= /St = 


1 


1 + 6 


1 + 


.( 8 ) 


Similarly, if we consider the strength of the section y y we 
should get 


Slab coefficient for y y 


P* 


l 

l + b~ 



(») 
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l 

b 

Slab Coefficients. 

Short Section 
and Long Span 
01 

Long Section 
and Short Span 
0* 

1 

*500 

•500 

1-25 

•444 

•556 

1*5 

•400 

•600 

1*75 

•364 

•636 

2 

•333 

•667 


It follows from this that the B.M. comes the same on the 
two spans, so that the long span is the weaker as the breadth 
is less. Experiments do not bear this out. 

Numerical Example. —Taking the previous case we shall 
have Pi = *400, p b = ‘600 


B.M. on long span = *4 x 1,166,400 
= 466,600 in. lbs. 

B.M. on short span = 6 x 777,600 

= 466,600 in. lbs. 


144 / 2 

.'.on long span 16,000 x—^ = 466,600 


466,600 _ , 

~ 384,000 ~ 

t = V 1*22 = lfr ins, nearly. 


This agrees fairly well with the Rankine value, although it 
is deduced from a different span. It is interesting to note 
that although Bach worked upon the diagonal as being the 
weakest section the above treatment requires a greater 
thickness. 

Variation of Bending Moment. —To obtain an idea of 
the variation of the Bending moment in this case consider a 
portion abuu (Fig. 240) of the slab. Then the load on 
W x 

the shaded area — ^ - 

W 

As before, we have P =* 2(1 + b) 
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2 ) 32 

We have at x a force pb and at d and s a force ^ , and 
W x 

at f a downward force -j- 

. • • Taking moments about ij u we have 

,, r- , 0 px x Wx 2 
M„ - v b x + 2 ^ . g - -yy 


- w *{s 


vv *\2(i + 6)‘ r 2(i + 6) 2 If 

2lHv l {bl + X, ~^‘ +m 

W x Ibl — bx\ ^ x $ 

21(1 +b)' ° X] “ 9 7/7 J- 7»\ ' 


2 1(1+ b) 



Fio. 240. 


putting x = g fchis gi ve s 

W b l 2 W b l 

M - 81 (IT'S) ” 811 + 6) a “ before ' lh ”' cheokln « 

“•“aitfT&jl'* - *’ 1 .<»> 

A diagram showing the variation of M„ with y would come 
a parabola with vertex at the centre, similar to the ordinary 
B.M. diagram for a simply supported beam. For a corre¬ 
sponding consideration for the other span we should get 


2 b (l + 4) 


{bx — * 2 } which would also be a parabola. 
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We may therefore assume that the stress unit vary across a 
section approximately in the form of a parabola , so that the 
maximum stress will be 1*5 times the mean stress ; this would 
require the thickness at the centre to be VT*5 = 1*22, say 1*25 
times the thickness given by the ordinary treatment of Bach's 
Theory . 

In our example this would make t for diagonal consideration 
=*96,which agrees quite well with the Grashof-Rankine theory. 

Variations of Bach’s Theory.—There is reason to believe 
that the pressure in rectangular slabs is greater at the centres 
of the supporting edges than at the corners; we will there¬ 
fore consider two variations in pressure. 

Variation I .—Pressure varies according to a Parabola .— 
We will now therefore assume the pressure to vary in the 
form of a parabola as shown in Fig. 241. We will take, as 
before, the total pressure on each side proportional to its 
length, so that the total pressure on each long side 


= P, 


W l 

~ 2 (I + 6) 


and that on each short side 


= P. = 


_W b _ 

2(1 + b) 


The pressure at the centre of each side is therefore 1*5 p, 
p being the value given in equation (1). The resultant pres¬ 
sure along A B will act at the point y, while that on the half 
sides a x, b x will be at the centroids of the parabolas, i . e. 
31 * 

*-5 from x. 
lo 

Therefore, taking moments about x x we have 


M x 


1 2P L 3j 
r,, 2 + 2 *16 


W l 
2 * 4 





506 


THE STRENGTH OF MATERIALS 


Neglecting side support, we have as before 


Slab coefficient for x x 


M, 


Wl 

8 “ 



(i + b) 



Fig. 241. —Rectangular Slab with Parabolic 
Distribution of Edge Pressure. 


Similarly, we get for y y by reversing l and b 

«-} 

Slab coefficient for y y = fi b = - 7 — 

I t 0 


l l 
6 4 



( 14 ) 
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These results can be tabulated as follows— 


l 

b 

Slab Coefficients. 

Short Section 
and Long Span 
Si 

Long Section 
and Snort Span 
* 

1 

*375 

•375 

1*25 

*306 

•444 

1*5 

•250 

*600 

1*75 

•205 

*645 

2 

•167 

*583 



^rmT 

ilrw 

B 

Ft 

f—* 

< 

V 

** 

L 

+ t 

1 X 

) 


i 

A —* 


V 


y 


■Vjj 

r- 



Flo. 242.—Rectangular Slab with Triangular 
Distribution of Edge Pressure. 


Variation II .—Pressure varies according to a Triangle .— 
In this case we will assume the pressures to be even more 
concentrated at the centres than in the previous case, and 
assume the pressure distribution shown in Fig. 242. 

As before, we take total pressure on each long side « P L = 


W l 

2 (l + b) 


and that on each short side 


. _ W b 
‘ ~2 (l+J) 
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Taking the side pressures as acting as the centroids of the 
triangles, we get 

W l 
2 4 


M x 


P l , 2.P. l 
• ‘ 2 + 2 '6 


W bl 


+ 


WP 


W l 

4(1 +b) ^ 12 (l +b) 8 

W1 


8 (l + b) 

WJ 

8 ( 1 + 1 ) 


|26 + |?-d + 6)J 

(*-S. 


.(15) 


Slab coefficient for xx 


F i = 


m 


i - 


35 


1+ l 

Similarly, by reversing l and b, slab coefficient for y y 

11 

.63 


.(16) 


.(17) 


■+ 1 


These results can be tabulated as follows— 


1 

b 

Slab Coefficients. 

8hort Section 
and Long Span 
* 

Long Section 
and Short Span 

* i 

1 

*333 

*333 

1*25 

*259 

*407 

1-5 

*200 

*467 

1-75 

*151 

*515 

2 

•111 

*555 


Numerical Example. — Taking the parabolic variation, 
calculate the thickness of the slab previously considered. 

We have, neglecting slab action— 

B.M. on long span = 1,166,400 in. lbs. 

B.M. on short span = 777,600 in. lbs. 
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For | = 1-6, A = -250, B = *600 

• \ M r = 388,800 in. lbs. 
M x = 291,600 in. lbs. 
b t 2 

Short span 16,000 x g~ = 388,800 


16,000 x 12 x 12 * 2 
6 


t 2 = 


388,800 

388,800 
16,000 x 24 


1*01 


t = y/i-Qi = 1 in. nearly. 


Rectangular Slabs Clamped on their Edges.—An 
approximate treatment commonly adopted in practice for 

W l W h 

this case is to regard the B.M.s at the edges to be anc * "ir¬ 
respectively, multiplied by the slab coefficient derived for 

supported ends; those at the centre to be - and reduced 

24 24 

in the same ratio. In cases where the load may be on only a 
part of the slab the B.M.s at the centre are usually taken as 
the same as for the edges. 
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♦thick pipes 

We have considered already the strength of a thin pipe and 
obtained simple formulae by assuming that the stress was 
constant throughout the length and thickness of the pipe. 
When a pipe is not very thin compared with its diameter 
we have to allow for the variation of stress across the section. 

Lamp’s Theory. —Let a pipe be of internal radius r 
(Fig. 243) and external radius R and let it be under pressure 
either from the inside or from the outside. 

Now consider an imaginary thin ring of thickness 8 x and 
internal radius x. This ring will be subjected to a radial 
pressure p on the inside which by considerations of symmetry 
must be the same all round, and on the outside it will be 
subjected to a radial pressure which will differ slightly from 
p and which we may call p + 8 p. This assumes that the 
tube is subjected to pressure on the outside; if it is on the 
inside the same formulae hold with appropriate change of sign 
as explained later. 

We may therefore apply to this imaginary hoop the same 
treatment as for a thin pipe, the circumferential stress, or 
hoop stress, being /. 

Considering a unit length of pipe we have 

Force tending to cause collapse of ring 

“ (p + 8 p) x 2 (x + 8 a?) 

Force resisting collapse of ring = 2 / 8 x + p. 2 x 

These roust be equal 
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dividing by 2 and neglecting the product, 8 p . 8 x, of two 
very small quantities we have 

p.x + x.8p-\-p8x=f8x + p.x 
. •*•(/ — p)8x = x8p 


(/ -v) = 


xZp 

Sx 



In the limit when the increments are infinitely small this 
gives 

«-*>-*£ .o) 

This is one relation between / and p. 

Now let us assume that the strains along the length of the 
pipe will be such that a plane section before subjection to 
pressure remains plane after subjection to pressure, t. e. that 
longitudinal strain is constant. 

». e. ^ ^ = constant. 


( 2 ) 
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because both / and p will cause transverse strains in the 
direction of the length of the pipe, and they will have the 
same sign. 

Since y and E are constant, if our stresses are within the 
elastic limit we may write 

/ + p = constant =2 a (say) 

.\ / = (2 a - p).(3) 


Put this value in (1) and we get 

S... 

. • • d (p x 2 ) — 2 a a; . d x .... 

Integrating we get 

p x* = ox 2 + 6 
where 6 is a constant 

p = a + £. 

but / = 2 a — p (by 3) 

, 6 

i -•-? . 


(4) 


2 ax 


(5) 


( 6 ) 

(7) 


by calculating a and 5 in any particular case we can find 
formula for p and /. 

Special Cases. — (1) Pressure Inside — p,; Pressure 
Outside — 0 

i. e. p = Pi for x «■ r 
p = 0 for x = R 


0 




.( 8 ) 


a + 


E* 


a»- 


R* 
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Put this value in (8), then 


Vi 




b (R 2 — r 2 ) 
" R 2 r* 


b = 


V, H 5 


a — — 


R 2 — r 2 
b 

R 2 = 


V, r 2 
R 2 - r 2 


.(9) 

( 10 ) 


Hoop stress at inside 
x = r in (7) 

. b 

i. e. fi — a , 


Vi r 

R2 _ r 2 


f, is obtained by putting 


Pi H 2 
R* - r* 


Pt (R 2 + r 2 ) 
R 2 - r 2 


(ID 


The negative sign indicates that the stress is a tension. 
Hoop stress at outside = /„ = a — 


Vi r 2 

(R 2 - r 2 ) 

2 pi r 2 

(R 2 - r 2 ) 


Vi r- 

(R 2 - r 2 ) 

.( 12 ) 


This is also a tensile stress and is clearly less than /„ so that 
with internal pressure the maximum stress occurs on the 
inside. 

At any intermediate radius x 


_ Vi' 2 , 

~ (R 2 '- r 2 ) ^ 

Pi r* f R 2 
= (R 2 — r 2 ) t x 2 


p- v R 2 r* 
(R- - X 2 ) X - 2 



/ - a - 


b_ 

x 1 


(13) 


—.< w » 

It should be noted from equation (11) that no matter how 

hh 
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great the thickness of the tube may be the hoop stress is 
always greater than the internal pressure, so that for any 
given material there is a certain maximum pressure which 
must not be exceeded. 

It should also be noted that the assumption of the constancy 
of longitudinal strain holds only while the stress is within the 
elastic limit. 

^/Numerical Examples.—(1) A cast-steel cylinder 2 ft. in 
external diameter and 3 inches thick is subjected to an internal 
pressure of 2 tons per sq . in. Where and of what magnitude 
is the maximum stress t 

The maximum stress is on the inside and is given by the 
formula 

p (R 2 + r 2 ) 

U (R a - r 2 ) 

2 (24 2 + 18 2 ) _ 2 x 6 2 (16 -f 9) 

“ (24 2 - 18 2 ) “ "02 (16 ~ 9) 

= ?- - = 7*14 tons per sq. in. 

(2) Plot a curve showing the maximum stress in terms of the 
internal pressure in a tube whose ratio of external to internal 
radius varies from 1*10 to 4. 

_ p. (R 2 + r 2 ) 

Ji ~ (R 2 - r 2 ) 

. k - R2 + 

* ~ R 2 - r 2 



This gives the following values— 


R 

r 

MO 

1-20 

i 

1 

1*30 

1*5 

200 

2*50 

300 

3*50 

4 00 



655 

3*90 


167 

i 

1*38 

i 

j 1*25 

1*18 

M3 


m 






i 
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If — = 110 ,^-±-^ = 110 ,- = 10 . 
r r r 

. •. The thin pipe formula / = — would give ~ = 10 , so 

that the thin pipe formula would be about 5 % in error. 

The above figures give the curve shown in Fig. 244. These 
results should be compared with Example 2 , p. 521. 



ro I* VO 2-3 3*0 3’3 4t> 

Valued of R 1 

Fio. 244.—Variation of Hoop Stress for various ratios of External 
to Interna! Radii of Pipes with internal Pressure. 

Curves of Variation of Radial and Hoop Stress for 

Internal Pressure for R = 2 r. 

t> b R 2 r 2 4 r* 4 r* 

By equation (9) - = = 3 r2 - 3 

a r 2 l 

By equation (10) - - - g- a - - 3 

b 

to SS d —— 

r X* 

Z ii 4 . JL 

P§ Pi ' ^ 
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14 r* 
3 + 3x* 




= a -5 

x 2 


These results are plotted in Fig. 245 and show clearly the 
variation of the stresses across the section. 



HH 




Values of x + f 

Fia. 245.—Variation of Stress in a Thick Pipe with 
Internal Pressure. 

Maximum Shear Stress.—The stresses / and p are the 
principal stresses in the material and, as we showed on p. 19 
the maximum shear stress will be equal to 


1 -V 


(from (C) and (7)) 


- .< 16 > 

The ip n-Timiim shear stress will occur when x has its least 
value,» . e. at the inside edge where * «■ r 
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Max. shear stress = ^ 

(•** — *') 


.(16) 


Maximum Stress equivalent to Strain.—There will be 
a'strain in the circumferential direction equal to — ^ 


Total circumferential strain = 


/ 

E 


W 

E 


Equivalent stress = Total strain x E 
= /.=/ —VV 

f> (1 + v) 

x 2 


= a (1 — n) — 


• (17) 


This gives a maximum equivalent stress at the inside of 

/_a(^L_ + r f) _ 

'* “ (R°- -r 2 ) v Ti 


A 


I R 2 + r 2 
iR 2 


+ r 2 \ 

=T 2 + V 


.(18) 


putting r) = £ this gives 

. (R 2 + r* , 1\ 

V ' I Tt 2 - r 2 + i) 

Numerical Example. — Take the case of a tube mth internal 
radius 4 in. and external radius 12 in. and take p *= 10,000. 

Thia case was given by Professor C. A. M. Smith,* and we 
have added the equivalent stresses. 

This gives 6 = 180,000, a ** — 1,250. 

The results may then be tabulated as follows— 


Radius. 

Maximum Stresses. j 

Compression. 

P 

Hoop Tension. 

Shear. 

« 

Hoop Tension 
equivalent to 
Strain. 

U 

4 

10,000 

12,500 

11,250 

15,000 

5 

5,950 

8,450 

7,200 

10,950 

6 

3,750 

6,250 

5,000 

8,750 

7 

2,420 

4,920 

3,670 

7,420 

8 

1,560 

4,060 

2,810 

6,560 

9 

970 

3,470 

2,220 

5,970 

10 

550 

3,050 

1,800 

5,650 

11 

240 

2,740 

1,490 

5,240 

12 

0 

2,500 

1,250 

5,000 


* Engineering , September 2, 1910. 
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Formula for Thickness ol Pipe in Terms o! Internal 
Diameter and Pressure .—On the maximum stress theory we 
have, if ft is the safe tensile stress, 

i _ Pi (R 8 + r % ) 

J, ~ R2- r * 

. /« _ R 8 + r 2 

* ' f>i ~ R* — r* 
f, + pi _ 2 R 2 

~ Pi ~ 2 7* _ 

* R _ I h ± £ 

* * r - V n - Pi 

r + t 


l. e. 


1 + 


= V(7 


L — IL±p* 

r ~ y ft — pt 


+ Pi 


- 1 


-'Wfcs-} 

KV/7^- 1 ).< 19 » 


d 

2 


On the Maximum Strain Theory we have 
, /R 2 +r 2 \ 

f‘ ~ VR2 — r* + V 

1, _ _ R 8 +r 2 

p t *1 R 2 — r* 

f. + (i - v) Pi = R 8 

/<-(!+ V ) Pt r % 

4 


I L ± - vl Pi _ R _ 1 , £ 

/. - (1 + V ) V . r + r 


■■■‘-'{umsi i:)-} 

If 7 } = I 


‘"{umt)-'} 

If 17 = *3 

....(19a) 

-'{(VPS5)-} 

if j? = j 

....(196) 

•-'{UVi.^4)-'} 

,...(19e) 
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Fig. 246 shows a chart reproduced from Machinery , 
January 14, 1915, for determining the necessary thickness of 
a cylinder or pipe in accordance with Formula 19. 

In using the chart to determine the constant, the horizontal 
line through the proper pressure value is located, and the 
curve starting from the desired value of the stress is next 
found; this curve is then followed to the point where it 
intersects the horizontal pressure line, after which the vertical 
line is followed to the bottom of the chart to determine the 
oonstant. This constant multiplied by the inside radius r of 
the cylinder gives the required thickness of the cylinder 
wall. 

Case 2. —Outside Pressure = p 0% Inside Pressure = 0 

In this case p = p„ when x = R 
and p a® 0 when x = r 



Hoor Stress at Inside. 

At inside, where x = r, /< =* a — 

V* R 2 , Vo R 2 

* (R* - r 2 ) ^ (R 2 - r 2 ) 
2 Vo R 2 

~ (R 2 — > 2 ). 


( 22 ) 






PRESSURE IN CYLINDER IN POUNOS PER SQUARE INCW. 



STRESS 1 IN CYLINDER WALL IN POUNDS PER SQUARE INCH. 
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Hoop Stress at Outside. 

At the outside, where x = R, hoop stress = /, 

6 

” ° “ R a 

_ poR* , _ v- r * 

" (R a — r*j i ' (it 2 — r*) 

p ‘ (R 2 — r a ). 


(23) 


In this case the maximum hoop stress, which is compressive 
throughout, also occurs on the inside and is greater than the 
radial pressure; irrespective of the thickness of the pipe, the 
external pressure may never be more than half the safe 
compressive stress on the material. 

Putting in the values of a and b in the general formula for 
this case we have at a radius x 

p„ R a p 0 R a r a 

P ~ (R a - r a ) (R 2 - r a ) x* 

(>-(:’! . <«> 

< - W^) ( l + ©’}. 1251 


Numerical Examples. — (1) A cast-steel cylinder 2 ft. 
external diameter and 3 in. thick is subjected to an external 
'pressure of 2 tons per sq. in. Where and of whal magnitude 
is the maximum stress? (Compare Example 1, p. 614.) The 

maximum stress occurs on the inside and is given by the formula 
i 2 p 0 R 2 4 x 24 2 4 x 4 2 x 6 2 

- (R 2 - r 2 ) “ 24 2 - 18 2 6 2 (16 - 9) 

= = 9* 14 tons per sq. in. 


(2) Plot a curve showing the maximum stress in terms of the 
external pressure in a tube whose ratio of external to internal 
radius varies from 1*10 to 4. 
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This gives the following values— 


R 

r 

110 

1-20 130 

1 

1-50 

200 

2*50 

3(0 

350 

400 


11-52 

0-55 

4*90 

3*60 

2*67 

2-38 

2*25 

218 

2*13 | 

_ 1 


For — = 110 we have „— - = 1*10 

r R — t 11 



Fig. 247.— Variation of Hoop Stress for various ratios of External 
to Internal Radii of Pipes with External Pressure. 


The thin pipe formula would give 


4 - 

1 t 


lip., 


I 

p. 


11 


so that the thin pipe formula would be about 5 % in error. 

The above results gives the curve shown in Fig, 247, which 
should be compared with that shown in Fig. 244 for internal 
pressure. * 
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Curves of Variation of Radial and Hoop Stress for 

External Pressure for R — 2 r. 

b R* r 2 4 t* 

By equation (20) - - - ~ - 2 = - 3 - 



I \'Z 14 1-4 It ZO 

Values 0 l*-rr 


Fig. 248.—Variation of Stress in a Thick Pipe with External Pressure. 


4 4 r a 

" 3 3 a; 2 



These give the curves shown in Fig. 248, which should be 
compared with Fig. 245. 
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Strengthening Thick Pipes for Internal Pressure by 
Initial Compression. 

We have seen that the maximum hoop stress is always 
greater than the internal pressure, so that if we are to be able 
to make pipes sustain very high pressures we must devise 
some method of reducing the hoop stresses. This may be 
effected by bringing the metal of the tube into a state of 
initial compression. 

In the early days guns were cast around chills to cause the 
metal to solidify immediately on the inside and so come into 
compression when the remainder of the metal contracted 
upon cooling. 

Another method, now commonly adopted, is to wind strong 
steel wire under heavy tension on the outside of a tube, thus 
bringing it into compression which will balance to some 
extent the pressure caused inside the gun by the explosion. 

A further method is to shrink an outer tube on to an inner 
one; this puts initial tension stresses into the outer tube and 
initial compression stresses into the inner tube. The effect 
of the shrinking is shown in Fig. 249. The top diagram 
indicates the distribution of the hoop stresses across the 
section for a solid tube; the shrinkage stresses are shown in 
the central diagram; these being obtained by applying the 
condition that the radial pressures of the junction are equal 
and opposite. 

The combined stresses are shown in the bottom diagram, from 
which it is seen that the maximum tensile stress is very much 
reduced and that the tensile stresses are more nearly constant. 

Necessary Difference in Radius for Shrinkage.— 
For the outer and inner tubes, the same general formulae will 
hold, but the constants will be different, 

i. e. For the outer tube we have 



(1) 

( 2 ) 
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We must have the same value of p for the junction where 


. o. + \ = a, + 

r l r l 

i.e. (a 0 ~ a t ) r x 2 = (6. — b Q ) 


.(5) 


Next consider the circumferential strains at the junction. 
For the outer tube we have 

Unital circumferential strain 8=5 ^.(6) 

Similarly for inner tube 

Unital circumferential strain *= 

The value of p is the same in each case, and in (6) / is as in 
(2) and in (7) as in (4). 

Increase in circumference of outer tube 
2 


f / 1 {(“• ~t a ) + v p } 


Decrease in circumference of inner tube 
_ 2 7T 1 

~ nr 


r + ,?p } 


Difference in circumference of two tubes before heating 
and shrinking on 

" {«•-& + ’* - (“■ - r?) -ir} 

- 2 '-' 

. •. Corresponding difference in radius 
difference in circumference 

".. 2n 

- j{(0.-0 t , -^=y^} 

= (from (5)) ^ (o. - a,) 


2 


i. e. Proportional difference in radius =« j, (o, — a,}_(8) 

This will probably be made more olear by the following 
numerical example. 
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Numerical Example.— A compound mild-steel cylinder con¬ 
sists of a tube 6 ins. in external radius and 4*5 internal radius 
shrunk on to another tube which has an internal radius of 3 ins. 
If the radial compression at the common surface is 4000 lbs. 
per sq . in. after shrinking find the circumferential stress at the 
inner and outer surfaces and at the common surface , arid find 
also the original difference in radius necessary to effect the given 
radial pressure at the junction . 

Outer tube . 

p — 0 for x = 6 
= 4000 for x -■■=-■ 4 5 

••• 0 = a ' + 30 
4000 = a. + * 

324 x 4000 


-Gi-> 


b . 


a v = — 


36,000 
' 7 


Interior hoop stress (x = 4 5) 

36,000 324 x 4000 4 
“ 7 ' ~~ 7 *81 

“ 14,286 lbs, per sq. in. (tension) 

Exterior hoop stress (x ~ 6) 

36,000 324 x 4000 1 

7 7 ' X 36 


Inner tube. 


*= 10,286 lbs, persq. in. (tension). 


P = 0 for x = 3 
= 4000 for x = 4'5 

0 = o, + a. - 

4 h 

4000 = a, + 


b , 
9 


b, 

a* 


4 &i _ 6, _ 
81 9 

4000 x 81 
5 

7,200 


5b. 

81 

- - 64,800 



64 , 800 ^ 


) 
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. Interior hoop stress (x = 3) 

= 7,200 

= 14,400 lbs, per sq. in. (compression). 
Exterior hoop stress (x = 4'5) 

= 7,200 

= 10,400 lbs, per sq. in. (compression). 

Taking E = 30 x 10® lbs. per sq. in. and t) $, the cir¬ 
cumferential strain at 4$ ins. radius in the outer cylinder 

14,286 4000 

= 30 x 10* + 


•0004762 + 


4 x 30 x 10® 
1000 


30 x 10® 

Circumferential compressive strain at 4J ins. radius in the 
inner cylinder 


10,400 
30 x 10® 

0003467 - 


4000 


4 x 30 x 10* 
1000 


30 X 10® 


original difference in diameter = 9 (‘0004762 + ‘0003467) 
“ ‘007^1 i n - nearly. 



CHAPTER XIX 

* CURVED BEAMS 

We have seen in Chapter VII that the ordinary formulae 
for beams hold only for cases in which the beam is initially 
practically straight. To obtain relations between the stresses 
and the bending moment in the general case we may proceed 
as follows— 

Let A B D E (Fig. 250) represent a short piece of a curved 
beam, o being the centre of curvature and a e and n D being 
sections normal to the centre line c o'. Then, obviously, the 
material at e d will not require the same total strain to pro¬ 
duce a given unital strain and thus stress as the material in 
a b will, because its original length is less, and, as a result, 
the neutral axis will not pass through the centroid. 

While still making the assumption that stress and strain 
are proportional, and also Bernoulli’s assumption that a 
section originally plane remains plane after bending, we can 
find a more accurate theory of bending of curved beams, as 
follows— 

Let the portion a b d e take up the position a x b a d 1 e x after 
bending. Consider an element of area a situated at a point p 
at distance y from the centroid line o o' and consider a fibre p q 
of the material enclosing the area a. 

After strain the fibre p q takes up the position p x q 1 at 
distance y x from the strained centroid line c 2 c/ 

P Q _ p Q 

Then unital strain in p q = ——- 

520 


MM 
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And if /„ is the stress at the point p 

L = Pi Qi - P Q = Pi Qi 

E p q p Q 

. p i Qt_i I /» 


PQ 


= 14- — 
+ E 


Similarly unital strain along o o' 


_ c x c x ' — o o' 


c c 


•d) 


and if /„ is the stress at the centroid, we get similarly 


CiC/ 

c o' 


1 + 


U 

E' 


.( 2 ) 



Dividing (1) by (2), we got 

1 + k 

Pj Qi X 0 o' _ E 

X “ 77 "/. 

1 + E 

Pi Qi y t 4- Ri _ , , y x 
c x Cj' R! ~ + R, 

cc x _ R _1 

p 'q “ y + R “ “ y 

1 + R 


But 
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Also since ^ and ^ are extremely small, we may write 


1 -4- 

—J* - (l - '• + t'\ 
i + i 1 K Ej 


.•. We get 


1 + R- 


1 _ f°ifv 

E + E 


• /• _ /» 4 . 1 _ ^ 

' • E “ E + ~ y 

1 + R 

y _ Vx 

_ /► i R Rj 

E+ , + .* 

+ R 

yi. _ y 

_ /y Kj R 




Then the load across the whole cross section is 2 /„. a and 
in the case of pure bending this is zero. 

We have 2 f v . a = 0 


2 U • a + a 


■ (>+© 


But 2 /. a = /„ 2 a = /„ A 


•*•/•- “ A 2 


/yx _ n 
e v Ui_ rJ_ 

(i'+g) 
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The moment of the force on the given element about 
oo' = /,.«.y and the sum of these moments is equal to 
the moment of resistance and thus equal to the bending 
moment M 

. We have M = 2 /„. y . a 



But S/ O oy «=/»2a,y = /, x first moment of area about 
centroid = /„ x 0 — 0 
We have 



This is the most general case and is true for the assumption 
given. 

Now consider the following special cases— 

(1) Ordinary Straight Beam; R infinite, R x veby 
a beat. 
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* * " v 

M 

y 

This is the result we have previously obtained. 

(2) Winkler’s Formula.—Winkler drew attention to the 
error of applying the ordinary bending formula? to chain 
links, etc., where the original curvature is appreciable, and 
improved such formulae as follows— 

He takes t/ r = y . 

Then equation (5) becomes 



Then from equation (6) 



Now let A A 2 = 2 * a 


where h is defined by the above relation, and may be called the 
link radius. It corresponds to the radius of gyration in the 
ordinary case. 
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. . E A V1 1\ 

••• We have - rJ 


From equation (7) 


R VRi 

a-id 


E 


M = 2 — 

1 + 


i/a 


R 


EE (tr, —r) s rTs, 

f 1 R y a , 

VR, R/^R+y* 


. E 
E A A 2 


2 (r; r) • 

*. returning to equation (8) we see 

, _MYJL_ru E (±~±\ 

h ~ R VR! Ry^^VR R^y + R 

My / R \* 

. A* • VR~+ y/ . 


yR 


M 

R.A + A, 


.(9) 


.( 10 ) 


.( 11 ) 


General Graphical Solution. —Let Fig. 251 represent 
the section adbe of a beam, and o the centre of curvature 
of the centre line d e, the beam being, of course, curved in 
the plane of bending. 

Now consider a very narrow strip p Q of the half section at 
distance y from c d. Join p o, cutting c D in s and draw s R 
parallel to Q o to cut p q in r. 


Then 


PR 

PQ 


R_S 
Q O 


y 

r + y 


Repeating this construction for a number of strips such 
as p Q, and joining up the points obtained, we get a curve 
a R d R| b which is one-half of a curve called the link rigidity 
curve . In a symmetrical section, which is the most common, 
the two halves will be identical. 

* This is the stress due to bending only; in the case of hooks we 
have to add the direct stress over the whole section. 
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Then the area of this link rigidity curve 


But 
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v . . A|, _ area of half link rigidi ty curve 
ow e ~ area 0 f half section 

= L ». e. A h* — A x L x R a 

* The area is negative because the area of the portion d r, b is greater 
than that of apd. a l represents the excess of the former area over 
the latter,». e. area akd^b — area apdpjD, 
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Now put these values in the equation (11) for stress. Then 
we have 

, _ M , My.R 
1v ~ R . A + A . L . R a (R + y) 

A (R + RL(R + y)J 

. M fj . _ V_\ 

AR\ l + L(R + y)) 

Then if d c and d t are the distances from the line D E to the 
extreme compression and tension fibres respectively, assum¬ 
ing the inside to be in tension and the outside to be in 
compression, we have 
Maximum compressive stress 

= /, = Ar{ I+ L'(R + d c )} • • (12) 
Maximum tensile stress = f, — |~ l) • • (13) 

Position of Neutral Axis.—T he value of y to make /„ = 0 
gives the distance y 0 of the neutral axis from d b. 

i e y ° = - 1 
*’ e ’ L (R + t/„) 

V« — ~~ L R — L y. 

LR R 

y° - i + l ~ 

+ A* 

This enables us to find the position of the neutral axis. 

Alternative Formula. —The stress formula on Winkler’s 
assumption that y x = y can be put in a number of alternative 
forms. 

Suppose, for instance, that the neutral axis is at distance y, 
below the centroid line c c x (Fig. 250). Then total strain at 
p q = p x Qj — p q will be proportional to (y + y 0 ) the distance 
from the N.A. 

-•. We write p x Q x — P Q « m (y + y<>). 

Moreover, p Q = (y + R) x /e o d 
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Again, taking moments about the neutral axis we have 

2 /, • « (y + V ) = M 

M 


n = 


(15) 


.(16) 


w 'SJ (y + a ' 

. , = _M (y + y.) 

Resal’s Construction. —According to this construction 
we proceed as before and find the link rigidity curve. 
The line N N passing through the centroid G of the curve 
a r r x b r/ r' is then found by graphical or other methods, 
and the moment of inertia Ij of the link rigidity curve is then 
found about the line n n. 

In practice it is sufficient to apply the construction to 
one half only. 

Then N N is the neutral axis line and 
_ MR (;xj + y 0 ) 

u ~ Ii (TTRj . (17) 

. The rule for the line n n passing through the centroid of 
the link rigidity curve is 

Vo 


Now a x 


_ 2 “i v 

2 cij 

a X RQ 
PQ 


a. R 

R + y 


“JL 

R + y 




ZiR +y 

This is the relation required by equation (14) 

I«» = 2 dj (y + y„) 2 

= R y( y ±y£.a 

£ R + y 

In equation (16) f, = 
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This formula looks simpler, but it involves the determination 
of y 0 and I v which are rather more troublesome than the 
calculations in the previous method. 


SPECIAL CASES 

(1) Rectangular Section.— If the section is a rectangular 



Fio. 253. 




*4 50 
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{log. (l + 2 r) “ k&O 1 2 r)} 1 


f /d d* d * _d 
\ \2R "2(2R) 1+ 3(2R) 3 4(2 
_(_d d} d* d* 

~\ 2R 2(2R)* - 3(2R)®~ 4(2R) 4 


d* , d‘ , d • 
4(2R)*‘*6(2R) S "*'6(2R)' 


d* d> d? \ ) * 

6(2R)‘ 6(2R)* - 7(2R) 7 /' ’ 'j ~ 


-I- + 

d \R + 


l4 (I) + M (I) + 418 (r) 7 } “ 


1 (±Y 4. 1 (£\* , _L (A\* 

12 \R/ + 80 \RJ + 448 \B,J 


(2) Circular Section. 



Fio. 204. 


+ r 

a _ fbydy 
L 7 R + y 

-f 

-r r 

-f^tt-/’>*« .<>' 

-r -r 

+ r 

The second term /» ij/ = area of circle = 7 r r 2 

-r 

* See, for instance, C. Smith’s Treatise on Algebra (Macmillan), p. 383. 
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*A 


bd y -r /' 
R + sT V 


+ 2 

2 r cos 9 d ( r sin 0) 
R + r sin 0 


2 r 2 


e /i 


cos 2 0 d 0 
R + r sin 0 


cos 2 0 _ (1 -—sin 2 #) = 1 

R+rsin0 R+rsin0 R-frsin0 

1 sin 0 . R { sin 0 


j-( 


sin 0 ■ 


R + r sin 0 

1 

R + r sin 0 


-(>- 


r 

sin $ 

r 

1 


- + 


+ 


r \R + r sin 9 
R /, R 


.) 




.( 2 ) 


11 sin 6 \ 
R + r sin OJ 


R -f r sin 0/ 


R 2 \ . 

r 2 / R + r sin 9 




r cos 2 9do ^ rf 
j R + r sin 0 "* J \ 


sin 0 R a 

r r : 


.2 


.(3) 


R 2 \ d 9 
r- J R • f r sin 0 


-/ 


+ 2 

sin 0 d 9 


A 


R dj 

U 


•(4) 


Now + y r ^f 0 =[ co ^+ p ;fJ =o+^^ 

_ TT _ir 

~2 ”*> 9 

Again 


/ 


d(9 _ r 

R + r sin 0 J 

dO 


d0 

9 0 

R + 2 r sin ^ . cos t> 

sec 2 ^ d 0 


'0 ,0 

R + 2 r tan g • cos 2 ^ 

sec 2 | . d 0 


0 0 
R sec 2 g + 2 r tan ^ 

put tan g = u t then 

0 


R^l + tan 2 ^ + 2 rtan g du $ sec 2 g d 0 
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„ r __ o f 

J R (1 + « 2 j + 2 r u J 

__2 s' du 

r ./(«»+ 2 £.u+ i) 

2 ju 

= s /(«+£R>-£) 

2 r du 

=E A»+#+(«)’ 

r _ dx 

J (a: - «) 2 ~ 


du 

R + 2ru + R m s 


.(5) 


This is of the form 


+ /J 2 /? 48,11 


m-r 


/ 


dtf = 2 
R -j- r sin 6 R 


V 1 


tan' 


R 2 


M + R 


R* 


When $ = Z tan* 
J 


1 = tt 


a 7r 0 

0 = — 2 tan *> ~ ~ 1 ~ w 




+ « 

‘ <10 
R + r sin 0 


*/R 2 - 


tan" 


tiilv 


tan 


-1 + 


^V 1 


R 

r 2 

R- x 


y/W 


L=-(tan 
- r* l 


R + r It - r 1 

VR 2 - r 2 + an \/R 2 - r 2 J 


= VlV-r> { ton "Vff^7 + tan ’'VB- + -r} -• 
The portion inside the bracket is of the form 


( 6 ) 


tan* 1 y + tan 


-.i 


* See Lamb’s Infinitesimal Calculus (Camb* Univ. Press)* p. 172. 
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If tan a — cot a = y = tail 

V \2 J 

„ , _i rr 7r , - 1 

. tan — a == — tan 1 - 

* 2 1/ 


tan" 1 y + tan 

+ J 


y“2 


. •. (6) becomes /' T , , ^ ^ = , . — 

' ' J R + r sin 0 Vll 2 — r 2 


-/(>-? 


RA 


/ R + f sin 0 


R 2 - r 2 » _ 
r 2 ‘ a/R 2 - r * 

W v'R^r* 


+ o 


e tA\ A iA X f oos2 ^ ^ 0 r 

from (4) and (4a / . - = - , 

v 7 ' R +- r sm 0 r 


2 6 d $ Rtf 7r 


in (2) R y' 1 j^2 I P, ! -2TR VR 2 - r* 

— r 

.* . In (1) A t = 2 t R 3 — 2 ir R -\/R 2 — r 2 — x r* 


7r r* 


Correction Coefficients for Ordinary Beam Form¬ 
ulae. —If the bending moment on an ordinary beam is M, 
we have for a rectangular section the bending stress 

6 M 
• ~ bd* 

and for a circular section of diameter d 
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Lot /,, f 9 be the correct stresses at inside and outside 
respectively of the curve, then we may write 

/<=<*/ 
f. = Pf 



Fio. 255.—Correcting Coefficients at Inside. 

where a and /3 are correcting coefficients by which the 
stresses calculated in the ordinary manner should be multiplied 
to give the corrected values. 
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The following values of a and [S have been calculated— 


E 

Circular Section. 

llectangular Section. 

d 

• 

0 

a 

0 

•75 

211 

•62 

1 92 

•06 

1 

1-62 

•70 

162 

•73 

2 

1-23 

•84 

120 

•85 

3 

114 

•89 

112 

•90 

4 

110 

•91 

1*09 

•92 

6 

1*08 

•93 

107 

•95 


These figures are plotted in Figs. 255, 256. 



Values of ii a. 

U Fio. 256.—Correcting Coefficients at Outside. 


The nearness of the curves for the two sections shows that 
the same coefficients may be used as a first approximation 
for other sections. 

Andrews-Pearson Formula. —In this theory,* published 

* A Theory of the Stresses in Crane and Coupling Hooks , Draper's 
Company Research Memoirs, Technical Series 1 (Dulan & Co., Lon¬ 
don). For other experimental investigations see “ Maximum Stresses 
in Crane Hooks,** by Professor Goodman, Proc. Inst, C. IS. 9 Vol. CLXVII 
(1906-7); “An Investigation of Strength of Crane Hooks/’ American 
2dachmut 9 Vol 33, October 30, 1909. 
wir 
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in 1904 by the author and Professor Karl Pearson, F.R.S., 
a correction is made for the fact that owing to lateral strain 
it is not quite correct to say that y =» 

The resulting formula is 


where 


u = 


M 

ARy 2 





For simplification of results we write 
7s = 7i — 72 

For a rectangular section we have 


R ff 2R V / 2R V>\ 

7l ~ yd \\ 2 R - d ) \2 R + d ) J 

R //2R + dy - * /2R-dy 
y, “(l-,)iU 2 R ; V 2R ) 


Then A y 8 



V 


j 


A somewhat similar graphical construction can be employed 
to that in the Winkler formula, but still greater care has to 
be taken to ensure accuracy. 

These formulae are extremely troublesome to use and require 
the utmost care to avoid arithmetical error, and the additional 
accuracy over the Winkler formula is so small that it is 
doubtful if the revised formula is worth the additional trouble 
and risk of error. This point is dealt with very fully by 
Professor Morley in Engineering , September 11 and 26, 1914. 

The Strength of Rings and Chain Links. —In deter¬ 
mining the stresses in a ring or link we have, in addition to 
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the problem of finding the stresses in a curved member, that 
of finding the bending moment at any point. 

Approximate Theory op Circular Ring. — We will 
calculate the manner in which the bending moment varies in 
a ring in which the effect of the curvature on such variation is 
negligible. By designing the ring for the bending moment thus 
obtained, and making allowance for the curvature effect upon 
the stress by the correction coefficients given in Figs. 255, 
256, we shall obtain a very fair approximation to the stresses. 

Consider a radial section intersecting the centre line at o 


iw 



Fig. 257.— Circular Bings. 


(Fig. 257). The stresses in each quadrant will be similar by 
symmetry. 

The bending of the link must be such that the sections 
o e, o b remain parallel to their original positions. 

But the angular change due to bending is given by the 

/ M 

y | d a (see p. 360) 

, ruda . 

we have / -gj- =0...(1) 


Now the B.M. on the section 

W 

0 0 = M„ = B.M. at b — -g-. d o 


Esin#.(2) 
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* 1/ w \ 

ruids 9 RsintfJ.Rdfl 

■J -J — 2 -*i-- 




W. 


M„. R 0 4- ! 2 - R* cos 6 




{*.*S-°)+nr ( 0 - 1 )} Xffi 


If this - 0, M. = W R = -318 W R 

7T 


.(3) 


M, = M, — 


WR 


W R (-318 - *5) 


- -182 WR.(4) 


The point of zero bending moment is given by putting 
M„ - 0 

.*. in equation (2) ’318 W R — ’5 W R sin 0 =■ 0 

.91 Q 

sin 6 = - -636 

•5 

i. e. 6 =* 39’5 degrees approximately. 

W sin $ W 

The direct stress at b = 0 ; at o = „ . : and at E = „ -. 

2 A 2 A 

The mean shear stress at B 

W . Wcosfl . 

■« J at o = " 2 _A an( * ® — 0 


Numerical Example. —Find the safe load upon a mild steel 
ring of 4 inches mean diameter formed of round rod 1 inch in 
diameter. We mil take the safe tensile stress in the material 
as 7 tons per sq. in. 

Let the safe load be W 
Then M. = *318 W R = -030 W 
By ordinary bending formula 


7 X tr X 1* 
“12 •" 


•636 W 
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In our case ^ = 2 
.•. from the table on p. 545 » = 123 
.•. -636 W x 123 = gg 


W = 


32 x -636-x>23 ~ nearly. 


Considering the section at E and taking this value of W 
we have 

tv . 4 W *88 

Direct stress = — *56 ton per sq, m. approx. 

M, - *182 W R =-- *364 W 

, ,. . 7' x M. 7 x *364 

bending stress = ^ = —.ggg— = 4 00 approx. 


total stress = 4 00 + *56 = 4 56 tons per sq. in. 

Chain Links with Straight Sides. —We can apply as 
follows the same approximate theory to the determination 
of the stresses in a chain link composed of semi-circular end« 
and straight sides. Considering one quarter of the link as 
before, we have that the angular change due to bending 
between the points B and e (Fig. 258) must be zero. 

Between r and b we have as before 


Angular change = — (m. . 


WR*\ 1 
2 JEI 


The bending moment will be constant over the straight 
part of the link. 

M L 

Angular change between E and r “ g j • 2 


and M, = M, = M„ 


as before 



WR ! M,L. 1 

2 + 2 )‘ EI 


R Jr WR ! . M, L WRL 1 

“ — 2 - + -2 - 4 m 
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If this is zero, 



WRT2R + L ) 

“ 2 (ttR + L. 

WR/2R—irR\ WRV 2 -tt \ WRY 1'1416\ 

” “ 2 V 7r R+L / 2 ‘ Vtt R+L; ” 2 Vtt R+L/ * ’ W 

If L = 0 these formulae reduce to the same result as in the 
previous case. 

Experiments on Chain Links. —The strength of chain 
links has been investigated very thoroughly by Professors 
G. A. Goodenough and L. E. Moore,♦ who give a very complete 
theoretical treatment of the subject. 

* University of Illinois Bulletin, No. 18. 
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Their summary and conclusions are as follows— 

1. The experiments on steel rings confirm the theoretical 
analysis employed in the calculation of stresses. 

2. The experiments on various chain links confirm the 
analysis and show that the pressure may be taken as uniform 
over the arc of contact. 

3. A load on the link produces an average intensity of 


Q 

stress * 
2 A 


in the cross section of the link containing the minoi 


axis, and with an open link of usual proportions the maximum 
tensile stress is four times this value. 

4. The introduction of a stud in the link equalises the 
stresses throughout the link, reduces the maximum tensile 
stresses about 20 per cent, and reduces the excessive com¬ 
pression stress at the end of the link about 50 per cent. 

5. The stud-link chain of equal dimensions will, within the 
elastic limit, bear from 20 to 25 per cent, more load than the 
open-link chain, but the ultimate strength of the stud link 
is probably less than that of the open link. 

6. In the formula} for the safe loading of chains given by 
the leading authorities on machine design, the maximum 
stress to which the link is subjected seems to be under¬ 
estimated and the constants are such as to give stresses from 
30,000 to 40,000 lbs. per sq. in. for full load. 

7. The following formulae are applicable to chains of the 

usual form P = 0*4 d 2 s for open links 

P = 0*5d 2 $ „ stud „ 

where P = safe load, d = diameter of stock and s the maxi¬ 
mum permissible tensile stress. 



CHAPTER XX 

* ROTATING DRUMS, DISKS AND SHAFTS 


Thin Rotating Drum or Ring.—If a thin drum or ring 
of radius r (Fig. 259) rotates with a velocity v, there will be 
acting on each unit length of the ring a centripetal pressure 


p equal to where w is weight of unit length of the ring. 
Thus pressure p will cause a hoop stress / and on any dia- 



Fig. 259.—Thin Rotating Cylinder. 


metral section the resulting force tending to cause bursting 
of the ring will be equal to p d, as in the case of thin pipes 
dealt with on p. 115. The force resisting bursting will be equal 
to / x 2 A where A is the cross-sectional area of the ring. 

We have, therefore, / x 2 A = : ^ 

gr g 

2 w v* w v 2 
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Since w is the weight per unit length of the ring, we have, 
if p is the weight per unit volume of the materia], ui»pA, 
since the volume of a unit length of the ring is 1 x A 


/ 


p v 2 

T 


If p is the weight in lbs. per cu. in. of the material, v is in 
feet per sec. and g = 32*2 feet per second per second, we have, 
bringing everything to inch units 


p v 2 x 12 x 12 __ 12 p v 2 
~ 32*2 x 12 ~ " 32-2 


lbs. per 8q. in. 


= yq approx, for cast iron. 

* 9*5 a PP rox * * or steel. 


This stress is often called the centrifugal stress. 

Numerical Example. —At what peripheral speed may a 
thin mild-steel ring be rotated if the centrifugal stress is not to 
exceed 16,000 lbs. per sq . in . / 

We then have 

16,000 - f 5 

®« r= 9-6 x 16,000 

v = zv/SHi x 16,000 = 390 feet per sec. approx. 

Revolving Disk. —The consideration of the stresses in a 
revolving disk bears considerable resemblance to that of the 
stresses in a thick pipe, but it presents greater difficulty. If 
the disk is uniform in breadth and such breadth is compara¬ 
tively small we may proceed as follows— 

Considering, as in the case of Lamp’s theory (p. 510), an 
elemental ring at radius x of thickness S x (Fig. 260) and of 
unit breadth, we have a resultant centrifugal tension on the 
section given by 

-c, w v 2 , 2 wv 2 


9 
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If the angular velocity = <o, v — w x 

__ 2 p oj 2 x 2 « 

F c = —--. 8 x since w ~ pSx 

Q 

For convenience we will write - = q 

9 

. F, = 2 q (o 2 x* 8 x . (1) 

Then by the same reasoning as in Lame’s theory we shall 
have 

Force tending to cause bursting of ring 

= F* + (p + 8 p) ■ 2 (x + S x) 

Force resisting bursting of ring —2/Sa: -+-p.2ac 



Fio. 260. 


These must be equal 

• ^ + (P + s P) (z + S*) «= / 8* + px 

. *. neglecting products of small quantities 
F 

2 ~ + px + p8x + xSp=*j&x + px 
(/ — p)8x = xBp + 

. . - P) = - f - + 2 Yx 

- + 9 “ 2 X 2 (by (1)) 
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•*. / = p + y— + q «> 2 x 2 .(2) 

In the limit / = p + + q w 2 ;r 2 .(3) 


Next consider the strains. If the radius x increases to 
(x + w), the circumference increases from 2 7r x to 2 ?r (x + u) 
.•. increase in circumference = 2 t r« 

Unital circumferential strain = \ ~~ = - 

2 7r x x 

Also the thickness of the ring increases from 8xto8x + 8w 

Unital radial strain = in the limit. 

ox ax 

Now the principal stresses acting in an element of this ring 
arc / and p 

(as shown on p. 25) 

Unital circumferential strain = ^ (/ — rj p) 

hi 

Unital radial strain *= — (p — rj f) 


u 1 

*' e - 


d u 
d x 


1 

E 


(f -VP) 

(p — vf) 


( 4 ) 

( 5 ) 


solving these two simultaneous equations we have 
. __ E (u rjd u ^ 

' " (1 - v 2 ) \x + dx ) . 

E /rju du\ 

v - (1 ~ v *) \X + dx) . 


( 6 ) 

( 7 ) 


Putting these results in (3) we have 
E ( u \ V d u \ 

(1 — rf) \x + dx) 

_ E / rj U dju\ xE f __ ryU , q du d 2 u \ 

” (1 — rj 2 ) \ x d x) + 1 — rj 2 \ x 2 x dx^ d X 2 ) 

+ q u> 2 x 2 
E 

t. 6. multiplying through by 


u , 17 d u __ rjji A du 
x + d x ** x + dx 


rjU 

X 


7}du xd 2 u (1 — q 2 ) 

^Tx + TW + E - 


. q x* 
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xePu , du u (1 — 17 2 )' . . n 


To solve this differential equation we write it 

x l d 2 u , xdu , (I —17*) j „ 

Now assume u = C x* 

x 2 d 2 u X du . (1 — -n 2 ) . . 

Thon « + 7F-* + E ’•«"** 

= x 2 .6 C x -f x . 3 C x 2 — C x 3 -f ^ . q w 2 x 3 

ill 


- 8 Cx* + ---ft- - 
Equation (9) will be solved if C < 


(1 - rj 2 ) q cu 2 


This equation is of the kind dealt with in Forsyth’s 
Differential Equations (Macmillan), §§ 38, 39. 

The “ complementary function ” is 

x 2 d 2 u xdu * 

l * 0 ’ da : 2 x dx x 2 

. d*w , d /w\ ~ 

“• *?+iiU - 0 


Integrating, we have 


du u ~ 

d x ~^x “ constant ' “Ci ..( 11 ) 


To integrate again, write it 

xdu , ~ 

-j-b w = & a? 

da: 1 

. d <ux) ~ 
i.e. —4—- =* C x x 

u X 

. , ,. Cja ; 2 , ^ 

/, integrating = + C a 


. « . £ c , 

* * * 2 + x 2 


putting this in (11) 


d u _ Cj _ C 2 
d x ~ 2 x 2 
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We also have from “ particular integral ” u » C i 3 


X 


d u 
d x 


= 3 Car* 


. •. adding the complementary and particular integral we 
have 

*_ c** + &+-l 


X 


2 

(1 - 7,2 


du 
d x 


+ % + .w 

8(1 . C, <1, . 

8 E + 2 a* . l ' 

Special Cases.—(1) External radius R, internal radius r. 
We must have p = 0 at the inside and outside 
p = 0 for x -= R and x r 

at inside in equation (7) 

E (t)U 

U "r-,A"r + dr) 

E f(l - v 2 )q,„ 2 r 2 C,« C 2V 

(1 - i,*) 1 8E ~ 2 ^ r 2 

3(1 - v 2 )qu> 2 r 2 C, C*\ 

« r 


i.e. 0 


8 E 


C x „ , x Cj,, x (1 — rj 2 ) q m 2 r 2 /0 , x 

*• c- o f 1 + 7) - "I 0 ~ v) = ——g £-(3 + v) 

Similarly at outside where * = Rwe shall have 


r- ) 
.(16) 


C 1()1 .( C,.. . _ (1 -**>g»*R* 


^(i +v)-j£A 1 -'i) = 


8 E 


(3 + v) 


••• °* <* - »> (£ ~k) ~ iL TTE— < 3 + i) f' a - K 5 ) 


r _ (1 - r, 2 ) q 2 ui 2 (3 + v ) ( r 2 - R 2 ) R* r 2 
* ~ ~ (T - r,) (r 2 - R 2 ) . 8 E 

_ (1 + »?) (3 + 17 ) q <o 2 R 2 r 2 

8 “E . 

Putting this in (16) and simplifying 

C 1 (1 — v) (3 + v) Q " 2 (R* + r *) 

- .... 


...(17) 

..(18) 
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Now put these values into the equations (6), (14) and (15) 
for / 


, _ E (u t) d u\ 

1 ~ (1 - r, 2 ) Vx + d x ) 

__ E f (1 — if 2 ) q o> 2 x 2 
— (1— ^a) \ 8 E 


+ Tj? (1 + v) + (1 — v) 


3 t] (1 — if 2 ) q o> 2 x 2 
8 E 


> 


(i - v 2 ) <- 


f (1 — rj 2 ) q to 2 

' 8 E 


}{- 


x 2 + (3 + ij) (R 2 + r 2 ) 


+ (3 + v) R x t -3 t) x 2 ) 

- {( 3 + v) (R* + r 2 + - x 2 (1 + 3r,)} 

= ^ {(3 + v)(R* + r 2 +^) -**(1 + 3r,)}. .(19) 


Similarly to obtain p we use equations (7), (14) and (15) 
and take the given values of the constants. 

E fy_u d 


V - 


(1 

E 

(1 - V 2 ) 


fra 

7f 2 ) \ X " T " d xj 


{- 




<k, 


8 E 


3 (1 — rf 2 ) q o> 2 x 2 

8 E 


E f(l — rf 2 ) . q w 2 


W ( 


(1 


p f> 2 (3 + if) 
8 g 


) 

8 E 9 V x * + (3 + v) (R 2 + r 2 ) 

-(3 + n)^ a r 2 -3x 2 

{R* + »•* - ~ * 2 }.( 20 ) 


It is clear from equation (19) that the greatest hoop tension 
occurs at the inside where x = r 

L = P -f g {(3 + rf) R 2 + (1 - rf) r 2 } .(21, 

and if r is very small 


/. 


p w 2 R 2 (3 + i?) 

*9 


(22) 
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(2) Disk without central hole .—If the disk is a solid one of 
radius R, p = 0 for x = R and u the circumferential strain 
must be 0 for X = 0 

from equation (14) CJ 2 = 0 
Equations (14) and (15) become 

(1 -j*)q**x* , C, 
x “ 8 E “ + 2 . 


du 3 (1 — rj 2 ) q u> 2 x 2 C x 
Jx = 8 E + 2 


. •. Since p = 0 for x = R, equation (7) becomes 

n_ E fv^i _(1 — T / 2 )2R a I Ci_®il_IL T ^ 2 )1 

u_ ( 1 - 7,2)12 8 E *** 2 8 E / 

i.e. 2 1 (1 + t,) = q a . 2 R 2 (3 + r,) 

Ci = (1 - y) (3 + q ) q oj 2 R 2 . 

Equation ( 6 ) becomes 

E f (1 -rj*)q<Jx* (1 - t,) (3 + t,) ? o> 2 R 2 
• “ (1 - 7,2) \ 8 E + 8 E 

_ 3 7 , (1 — t, 2 ) q m 2 x* (1 — t,) (3 + t,) q <o 2 R 2 ) 
- E +V 8E ) 

= (l ~ T) ■ li' «1 - V) (3 + 7,) R 2 (1 + t,) (1 +3r/) (1 - T, 2 ) X 2 } 

= - ? |-{(3 + 7 ,) R 2 -(1 + 3 ,) x 2 } 

= |j { { 3 + 7,)R 2 - ( 1 +3t,)x 2 ) .....(26) 

Similarly equation (7) becomes 

V = 87 (3 + v) (R2 " * 2) . (26) 

Each of these is a maximum at the centre where x = 0, 
where we have 

4 /m.x. = 7W - (3 + 7,).(27) 

This is exactly one half the value given by equation (22) 
for a disk with, a very small hole, so that on this theory a disk 
has its strength reduced by one half by having a hole made 









560 


THE STRENGTH OF MATERIALS 


through it. For this reason the De Laval turbine drums are 
made without a central hole. 

If v is the peripheral speed at the outside we have v =* <o R 

Equation (27) gives / * (3 + 17) which is — of 

o g o 

the stress in a thin drum of the same external radius (cf. 
p. 553). 

m , (3 -f v) 13 

Taking v - —g- y = gg 

Numerical Example. —At what 'peripheral speed may a 
narrow mild-steel disk he rotated so that the maximum tensile 
stress shall not exceed 16,000 lbs. per sq . in. (a) if it has a small 
hole in the centre , (b) if it is quite solid ? 

(а) By equation (22) 

16,000 = . (3-25) 

r* 3-25 
“ tj-5 X 4 

. * _ 9-6 x 16,000 x 4 

* ' * “ " >26 

/9'5 x 16,000 x 4 ... , . 

v - ^25 - = 432 feet per sec. approx. 

( б ) by equation (27) 

16,000 = . 3 25 

v 2 m 432 V 2 = 612 feet per sec. approx. 

Rotating Disk of Uniform Strength.—A problem which # 
is of interest in turbine design is that of finding the shape of 
a disk which will have the same stress throughout. We have 
seen already that the maximum stress occurs at the centre so 
that the disk ought to be broader at the centre than at the 
edge. 

Referring to Fig. 261 and considering the elemental ring of 
breadth 6 at radius x increasing to (b + 8 b) at radius (x + & x) 
we have the principal stresses each equal to / which does not 
vary radially. 
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Force tending to burst ring = F c + 2 / (x -f S or) (b -f 8 b) 

Force resisting bursting — 2fxb + 2fSx(b + 

..•.If these are equal, neglecting products of small quantities 
we have 

F c + 2 f xb +2 fbZx + 2 f xhb = 2fbx4-2fb&x 
F e + 2 f x & b = 0 



Fia. 261.—Disks of Uniform Strength. 


. •. Dividing by 2 xf 

*S:r + 8& = 0 
/ 9 

.•.inthe limit 


p b <u 2 

if 


db 

x+ dx=° 


_ P 

The solution of this is b — C e 9 



At the centre where x — 0 


6 - C = b. 

•\ b — b 0 e i ' 2 /‘ 


oo 
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The thickness at the outside is given by 

- P . . R2 

b x = b 0 e 9 2 / # 


If therefore b x is given we can calculate b 0 by 

5 0 = £9 2/ r 


r (R 2 - *2) 

At any radius j =» e? * 2 > 

Whirling of Rotating Shafts; Critical Speeds. —If 
a shaft rotates at a high speed, the lack of mathematically 
exact balancing results in an eccentricity of load which causes 




Fia. 262.—Whirling of Centrally Loaded Shaft. 


centrifugal forces to be induced and these centrifugal forces 
will cause deflections which increase the eccentricity; this 
increased eccentricity causes further deflection and so on, the 
deflection increasing indefinitely and giving rise to whirling 
at certain speeds called critical speeds. 

In certain cases the whirling speed is the same as the natural 
frequency of transverse vibration of the shaft. 

The centrifugal forces may be regarded as having a neutralis¬ 
ing effect upon the elastic forces tending to return the shaft 
to its natural shape, so that when whirling occurs the effective 
stiffness of the shaft is reduced to zero. 

Flexible Shaft loaded at Centre. —Referring to Fig. 262 
let a shaft ab of length l be loaded at the centre with a disk 
of weight W and let the shaft be provided with flexible bearings 
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which do not interfere with the natural deflection of the shaft. 
Then if 8 is the deflection caused by the centrifugal force and 
e is the eccentricity of the load, i. e. the distance from the 
centre of the shaft to the centre of gravity of the load, the 
effective eccentricity is (8 + e). If the angular velocity is to 

Centrifugal force == F = — — — 

Al * F P „ 48 E18 

Also S — i t.e. F — - - p 

48 E I 8 ffw*. , , 

. /48 E I W «, 2 \ W a . 2 e 


. /48 E I _ W A = W (u 2 e 

\ P g ) g 

• 8 = W " 2 e - 48 E - - 2 
. g . ' " 9 

Wu s l # e ... 

— 48 E I gr — <» 2 W7* . (1) 

From this equation it is clear that 8 will become indefinitely 
great if 48 E I g — u > 2 W l z == 0 


if o) = . 

V w p 


This value of to gives the critical speed. 

For mild steel E ■» 30 x 10® lbs. per sq. in. and g = 
32 2 x 12 ins. per sec. per sec.; if therefore W is in lbs. and 
I and l in inch units 

/48 _ x~30 x 10® x 32 Tx“127I 

w V - “ W P 


3,000. . radians per sec. 

V W P 


746,000x60 

n ' "2 t r 


= 7*11 x 10 8 


Vwi 3 


revolutions per minute.(4) 


For a round shaft of diameter d inches we have I = 

. „ _ 1*68 X 10 6 d % 

• * *“■* — - - :" 1 

y/WP 
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Working from the transverse vibration we have, as on p. 337, 

4 , 


t = 2 ir 

Wl 3 


"Weight 


g x force to cause unit displacement 


8 - 


48 El 


Force = W 


48 El 


for unit deflection 


.M-2 wJJK- 

V 48 EI g 

Frequency 

-J“2W^ fp “ r8e0 °" d - 



This, for the given value of E, is exactly the same result as 
is obtained in equation (4) above. 

If the critical speed is exceeded either by providing guides 
which prevent the excessive deflection or by speeding up so 
quickly that the inertia of the shaft prevents the dangerous 
deflections from developing, the shaft will " settle down ” 
and run smoothly in a deflected form (Fig. 263), the weight 
rotating about an axis which gradually approaches its centre 
of gravity as the speed increases. This fact is made use of in 
the flexible shaft of the De Laval turbine. 

If o)o is the critical velocity we may put in equation (1) 
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t. e. 


WZ 3 < 


o 2 Pe 
- W P oT 2 


c o* e 


co“ 

_ 


. 2 


.( 5 ) 


This gets numerically less as w increases, so that as the 
speed increases more and more the shaft tends to straighten out. 
If the shaft is horizontal and the weight is perfectly balanced, 

W P 

and there is an initial deflection 8 0 = 'Jg'jrj » this will give rise 
to a centrifugal force which causes an additional deflection 8 4 

... F = (8 X + s.) 


but 8 j 


9 
FI 3 
48 El 



Fig. 284.—Whirling of Unloaded Shaft. 


8 48EI8 X Wo , 2 , , W«* 

. . jg — —— . dj H — . *>. 


. * /48 E I W o> 2 \ W o ) 2 * 

t. C. Oi \ jo 1 — • Oo 

1 \ P g / g 


* , 48 El Wo> 2 

or 0 . = -. o 0 - fs —- 

1 g P g 


W a ) 2 P 8 „ 


48 E I a - *> 2 W l 


.( 6 ) 


This, as one would expect, gives the same result as before 
with e = 8 0 . 

Unloaded Shaft. —In this case we obtain at certain critical 
speeds a condition of instability which is very similar to that 
which occurs in a loaded column. 

Suppose that the shaft of length l is initially straight and 
that due to some cause it becomes deflected so that at some 
point p (Fig. 264) at distance x from a convenient origin, say 
the centre point o, the deflection is y. 
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If w is the weight per unit length of the shaft this deflection 

XV XJ 

will cause at the point p a load equal to-- per unit length. 

Q 


But since the B.M. diagram is the second integral of the 
load diagram (p. 149) we shall have 
d 2 M o) 2 y 
dx 2 ~ g 


Moreover, 


y^_d 2 y 

El ~~ dx 2 


w o ) 2 y 

ET g 

... Ww 2 
putting i ^ 


_ d* y 
d x A 

= ra 4 , we get the differential equation 


ra 4 y 


d*y 
d :t 4 


(1) 


The general solution of this is 
y *= Acoshma; + Bsinhma; + Ccosraa; + Dsinma; ..(2) 

Ends freely supported .—If the ends are freely supported, the 
deflection and B.M. are each zero at each end. 

I l 

y = 0 when x =■ — ^ and x =* + ^ 

= 0 when z « — * and x 
dx 2 2 2 

also the slope ^ = 0 when a: *» 0 

ct a? 


A a u m l I r> • u , n »* f , T\ • m 

0 = A cosh — 5 - + Bsinh-+C cos —jp + D sin —=- 


0 <= A cosh ^ + B sinh ^ + C cos ^ + D sin ^ 


, T , ml , ml ml 
Now cosh -g- = cosh —; cos -y 


cos — 


toJ 

2 ~ 


sinh- k- = — sinh ; sin — 


ml 

~2 


ml 
"2 

D and B each = 0 


. •. A cosh — + C cos^ = 0 


m l 
~2 


. m l 
-sm^- 


.(3) 
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.•. our equation becomes 

y = A cosh mx + C cos m x 

, T d cosh a; . , d cos x 
Now —— = sinh x ; = — sin a; 


d a; 
d sinh x 
d x 


d x 

, d sin a: 
cosh a; ; — j — = cos x 
dx 


.•. = Am 2 coshma: — Cm 2 cos ma; 

.*. putting a: — + 2 or ~ $ 

• •. 0 — Am 2 cosh — Cm 2 cos ™ ^ 

». c. A cosh ^ — C cos = 0 . 

z z 


.•. Comparing this with (3) we see that A must — 0 

.*. y = C cos m x 
m l 


Further, C cos 


>0 




Taking the lowest value 


i= 

m 


VETgr/ 


a _w 4 El g 


• in* = 

• • n 


w 


= ^ radians per second 

l 2 v w 


. ’. If n is the number of revolutions per minute 


2 ir n _ 7r u 

“60“ ~ 30 


i. e. » =- 


30 i 


•* • n = 9 revolutions per minute. 


If the shaft is of diameter d inches and l is in inches 
Taking E * 30 x I0 e lbs. per sq. in. 

g =* 32*2 x 12 ins. per sec. per seo# 


•(4) 


.(5) 
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w 

we have n 


~ X -28 lb. 
4 

4*8 x 10 6 d 

JT — .. 


(6) 


The higher critical speeds will occur for m 



3 7T 
2 ’ 


4tt 

2 


etc., giving values of n multiplied by 4, 9, 16, etc. 

Both ends fixed, —In this case ^ = 0 for x « ± £ in 

addition to the condition that y « 0 for a; *=* ^ 

B and D are each equal to 0 as before 

and A cosh + Ccos= 0 

when a; = jL ^ = m A sinh — m C sin = 0 
2 dx 2 2 

A . , ml ^ . ml n 
t. 6 . A sinh — C sm = 0 
2 2 

. TO I 

. A = 8m 2 
*' C sinh m 2 Z 


Also from (3) =-> 

0 cosh? 

2 

. — tan - = tanh 

2 2 


The solution of this gives m l 


4*74 == ? approx. 


Taking the approximate value, this will give the first critical 
speed about nine times that in the case of the freely supported 
shaft. 

Dunkerley’s Empirical Formulas.—Professor Bunker- 
ley,* who was one of the first investigators of the theoretical 
* Phil. Trans. Roy. Son. 181)5, Liverpool Engineering Society, 1894-5. 
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and actual whirling speeds of shafts, has given the following 
empirical formulae which agreed very well with his experiments. 
Let <*>! be the critical angular velocity for a given unloaded 
shaft; let o> a be the critical angular velocity of the same 
shaft carrying a wheel at any position, neglecting the mass of 
the shaft. Then the critical velocity w 0 of the loaded shaft 
will be given by 

<l> 0 =» 

or if n 0 , n l9 n t are the corresponding number of revolutions 
per minute 

i = L + 1 

n 0 2 n x 2 n 2 2 

If a second load be keyed at another position, the critical 
angular velocity of which is o> 8 with the first load removed 
neglecting the weight of the shaft, then 

VWj 2 o) 2 2 + Oij 2 o> 8 2 4* <o 2 2 

or in general 1=5^ 

For further information on this subject, the reader may 
refer to Professor Dunkerley’s paper and to Stodola’s Steam 
Turbines (Constable). 
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CHAPTER I 

1. A tie rod in a roof structure has to stand a total pull of 40 tons. If 

the stress in the material is to be not greater than 5 tons per sq. in., find 
a suitable diameter. (A.M.I.C.E.) Ana. 3£ ina. diam. 

2. Taking the shearing strength of mild steel to be 20 tons per sq. in., 

calculate the force necessary to punch a £ in. hole in a f in. plate. Find 
also the stress in the punch. Ans. 29*4 Iona ; 66*7 tons per sq. in. 

3. A bar of mild steel £ in. diam. and 10 ins. long stretches *00816 in. when 
carrying a load of 5 tons. Calculate Young’s modulus (E) in lbs. per sq. in. 

Ans. 30 X 10 6 lbs. per sq. in . 

4. If E is 29,000,000 lbs. per sq. in. for wrought iron, what decrease in 

length of a column 20 ft. high and 12 sq. ins. sectional area takes place 
when carrying a load of 36 tons ? Ans. *0556 in. 

5. What load in lbs. is hung on an iron wire 50 ft. long and *1 in. diameter 

to make it stretch rth* in. ? Ans. *076 lb. 

6. Plot a stress-strain diagram for the following test of a specimen from 
a mild-steel boiler plate— 


Load lbs. 

4,000 

8,000 

12,000 

16,000 

20,000 

24,000 

28,000 

Extension ins... 

*0009 

*0020 

*0033 

•0044 

•0056 

•0070 

•0082 

Load lbs. 

30,000 

34,000 

36,000 

40,000 

44,000 

48,000 

52,000 

Extension ins... 

*0103 

*016 

*7 

•19 

•30 

•47 

*75 

Load lbs. 

56,000 

59,780 

54,900 

Scales | 

Loads—1* - 10,000 lbs. 
Extensions—up to yield 

Extension ins... 

1*3 

2*5 

2*9 


point 500 times full size. 
Beyond *=* 4 times do. 


Orig. dimens. Length «= 10 ins., width — 1*753 ins., thickness = *64 in. 
Final „ „ = 12*9 ins. „ = 1*472 ins. „ = *482 in. 

Find stress at elastic limit, maximum stress* Young 1 ® modulus, and per¬ 
centage extension and reduction of area. 
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7. In a plate girder the maximum intensity of stress at right angles 
to the vertical oross section of the web is 5 tons per sq. in., and the in¬ 
tensity of shearing stress is 2 tons per sq. in. Find the position of 
the planes of principal stress at that point and their intensities. 
(A.M.I.C.E.) 

Ans. 19° 20' and 70° 40* to vertical; 5’7 and O’7 tons per sq. in. 

8. The limit of elasticity of a W.I. bar was found to be 20,000 lbs. per 

sq. in., the strain at that point being 0*0006; what was the resilience of 
the material ? (A.M.I.C.E.) Ans. 6 in. lbs. 

9. Two rods, one of copper and the other of steel, are fixed at their 

top ends, 24 ins. from one another, and hang vertically downwards. They 
are connected at their bottom ends by a horizontal cross-bar, and on this 
bar is to be placed a weight of 2000 lbs. If each rod is 18 ins. long, and 
if the diameter of the copper rod is 1 in. and of the steel rod £ in., find 
where the weight must be placed so that the cross-bar may remain hori¬ 
zontal. E for copper = 16 X 10® lbs. per sq. in.; for steel — 29 X 10® 
lbs. per sq. in. (B.Sc. Lond.) Ans. 11*9 ins. from the steel rod. 

10. A load of 560 lbs. falls through £ in. on to a stop at the lower end of 
a vertical bar 10 ft. long and 1 sq. in. in section. If E = 13,000 tons 
per sq. in., find the stresses produced in the bar. 

Ans. 5*45 tons per sq. in. 

11. A bar of iron is at the same time under a direct pull of 5000 lbs. per 
sq. in., and a shearing stress of 3,500 lbs. per sq. in. What will be the 
resultant tensile stress in the material ? Ans. 6,800 lbs. per sq. in. 

12. In Question 11, find the resultant tensile stress from the strain 

consideration. Ans. 7,250 lbs. per sq. in. 

13. Find whether, in the problem of Questions 11 and 12, on the as¬ 
sumption that the shear strength of th$ material is £ of the tensile strength, 
the resultant shear stress is more serious than the resultant tensile stress 
or strain. 

Ans. Rej. shear stress = 4,300 lbs. per sq. in. Not so serious. 

14. Steel rails are welded together and are unstressed at a temperature 

of 60° F. They are prevented from buckling and cannot expand or con¬ 
tract. Find the stresses when the temperature is : (1) 20° F., (2) 120° F., 
taking steel as expanding *0012 of its length for a temperature change of 
180° F. E =s 30 X 10® lbs. per sq. in. If the elastic limit is 40,000 lbs./in. 2 , 
at what temperature would it be reached ? (A.M.I.C.E.) 

Ans. 8000, 12,000 lbs. per sq. in.; 260° F. 

15. If the stress p at a point on one plane is inclined at an angle of 
60° to that plane and on a plane at right angles to the former the stress is 
a simple shear, find the principal stresses at the point and their direction. 

Am. (l ± , N /|); tan 2$ = ~. 
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CHAPTER in 

1. In a roof truss a certain tie has in it a pull of 3*05 tons due to the 
dead weight dlone. When the wind is on the left of the truss it alone 
causes a pull of 5*5 tons in the same tie, and when it is on the right side 
it oauses a compression of 1*2 tons. Work out what you would consider 
a satisfactory section for the tie if it is made of mild steel. 

An*. 3 ins. x | in. flat. 

2. Estimate the dead load equivalent to a tensile dead load of 15 tons 
and a live load of 20 tons; if the strain is not to exceed *001, find the area 
of section required, E being 13,500 tons per sq. in. 

Ans. 55 tons ; 4*07 sq. ins. 

3. A 3-girder bridge to carry a double line of rails has an effective span 

of 38 ft. 6 ins. Find a suitable working stress assuming that the weight 
of the girders is of the weight to be carried; that the flooring weighs 
7 owt. per ft. run of the whole width of the bridge; that the permanent 
way, eto., weighs 160 lbs. per foot run for each line of rails; and the live 
load is 40 owt. per foot run per line of rail. Ans. 5 tons per sq. in. 

4. What load, suddenly applied, will produce in a mild steel bar t n 

extension of A of an inch ? The bar is 5 ft. long and 1 } sq. ins. in section. 
Take E =* 13,000 tons per sq. in. Ans. 4*06 tons. 


CHAPTER IV 

1. Two lengths of a flat steel tie bar, which has to carry a load of 50 tons, 
are connected together by a double butt joint. The thickness of the plate 
is } in. Find the diameter and the number of rivets required, and the 
necessary width of the bar for both chain and zigzag riveting. What is 
the efficiency of each and the working bearing pressure ? Make a dimen¬ 
sioned sketch of the joint. 

Ans. $ in. rivets , 12 and 10} ins. wide ; 75 per cent, and 87 per cent. ; 
9*2 tons per sq. in. 

2. A diagonal tie in a lattice girder has to carry a load of 15} tons and 

is } in. thick. Using £ in. rivets, find the necessary width of tie and 
calculate the number of rivets required (in single shear) and sketch the 
arrangement. Ans. 5} ins. wide , 7 rivets. 

3. Plates 1 in. thick are connected by a treble riveted butt joint, the 
pitch in outside rows being twice that in the others, and d » 1 in. Taking 
shear resistance in double shear = 1*75 times that in single shear, determine 
p for equal shear and tearing resistance. Find also the efficiency. 

Ans. 6} ins. ; 85 per cent. 

4. For equal strengths in tension and shear calculate the pitch for a 
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butt joint, given the following data: Plates 1 in. thiok; rivets 1J ins. 
diam.; two rows of rivets on each side of joint; f, = 64,000; f t = 65,000 
lbs. per sq. in. Ans. 5$ ins. 

6. A steel boiler 4 ft. in diameter, and subject to a pressure of 200 lbs. 
per sq. in., is J in. thick. Find the intensity of the circumferential and 
longitudinal stresses, the efficiency of the joints being 75 per cent. 

Ans. 12,800; 6,400 lbs. per sq. in. 

6. Find a suitable thickness of plate and design a double riveted lap 
joint (longitudinal) for a cylindrical drum 5 ft. in diameter, subjected to 
an internal gauge pressure of 250 lbs. per sq. in. Take a working stress 
of 5 tons per sq. in. (A.M.I.C.E.) 

Ans. Plates 1 in. thick ; rivets 1| ins. diameter ; 3£ ins. pitch. 

7. Calculate the thickness of shell of a boiler 4 ft. 6 ins. in diameter to 

resist a pressure of 150 lbs. per sq. in. Assume an efficiency of riveted 
joints of 70 per cent, and take the working stress as 6 tons per sq. in. 
(A.M.I.C.E.) Ans. ^ w*. 

8. Determine the stresses across the longitudinal and transverse sections 

of the plates of a boiler drum 3 ft. in diameter and $ in. thick, subject to a 
steam pressure of 200 lbs. per sq. in., assuming that the drum is long and 
that it has no longitudinal seam. Ans. 7,200; 3,600 lbs. per sq. in. 


CHAPTER V 

L A cantilever whose weight may be neglected carries isolated loads 
of 2 tpns and £ ton at distances of 5 ft. and 8 ft. respectively from its built- 
in end, the cantilever being 10 ft. long. Sketch shear and B.M. diagrams. 

Ans. Max. B.M. -■= 14 ft. tons ; shear = tons. 

2. A certain joist used as a cantilever weighs 18 lbs. per foot, and the 
max. B.M. which it can carry is 63*56 in. tons. Find how long the span 
may be for the cantilever to be able to safely sustain its own weight. 

Ans. 36*3 ft. 

3. A beam of 12 ft. span carries loads of 3 and 4 tons at distances of 
5 and 8 ft. from the left-hand support. Draw the shear and B.M. curves. 

Ans. Max. B.M. ~ 15*66 ft. tons ; reaction , 3*91 and 3*09 tons. 

4. A beam of 25 ft. span carries a load of $ ton per foot run, and an 

isolated load of 6 tons at a distance of 4 ft. from the left-hand support. 
Find the maximum bending moment, and sketch the shear and B.M. 
curves. Ans. Max B.M. = 52*2 ft. tons. 

5. A beam of 40 ft. span carries a uniformly distributed load of 20 tons; 
at points 11 ft. 3 ins. from each end isolated loads of 11 tons are carried, 
and between these points and eacfr end additional loads of 4*5 tons are 
uniformly distributed. Draw the B.M. diagram. 

Ans. Max. B.M. = 250 ft. tons nearly. 
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6. A beam 25 ft. long is anchored down at one end and rests over a 

support 6 ft. from tho other ond. It carries a load of 15 tons at the free 
end, and a uniform load of 5 cwt. per foot run. Sketch the shear and 
bending moment curves. Ans. Max. B.M. = 94*5 ft. tons . 

7. A beam 34 ft. long overhangs one support by 6 ft. and carries a load 

of 10 tons uniformly distributed. In addition it carries a load of 3 tons 
at the overhanging end and a load of 12 tons uniformly distributed along 
a length of 12 ft. commencing from the other end. Find the maximum 
bending moment on the beam. Ans. 62*2 ft. tons. 

8. A beam is laid horizontally upon two supports which are 12 ft. apart, 

and projects at each end 6 ft. beyond the support. A load of 2 tons is 
carried upon each of the projecting ends, and 1 ton at the centre of the 
span. What is the B.M. at the centre and at each support ? Sketch the 
B.M. diagram. (A.M.I.C.E.) Ans. 9 ft. tons ; 12 ft. tons. 

9. A plate girder is built of depth = fa span. The maximum per¬ 

missible B.M. in ft. tons in such girder is roughly given by formula: 
B.M. = 7 X area of flange in inches X depth in feet. Find the maximum 
span for such a girder to carry its own weight: (a) neglecting its web 
altogether; ( b) taking its web as half the sectional area of one flange. 
Neglect all angles, rivets, and stiffeners. Take steel as weighing 490 lbs. 
per cub. ft. Ans. (a) 1,536 ft. ; (b) 1,229 ft. 

10. A beam of 20 ft. span carries a uniform load of 5 cwt. per ft. run and 
an additional load of 9 tons spread over 12 ft. starting from the right-hand 
end. Draw the B.M. and shear diagrams. 

Ans. Max. B.M. 38*7; Reactions 8*8 and 5 2 tons. 


CHAPTER VI 

1. Find the moment of inertia about the centroid of an I beam 8 ins. 

deep, the width of flanges being 5 ins. The flanges are *575 in. and the 
web *35 in. thick. Ans . 89*1 in. units . 

2. A stanchion section consists of two standard channels 11 ins. X 3Hns. 

placed back to back at 6£ ins. apart and two 14 ins. X \ in. plates riveted 
to eacli flange. Find the least radius of gyration. Ans. 4*12 ins. 

3. Find the radius of gyration of a hollow cylindrical column with an 

external diameter of 12 ins. and a thickness of 1 in.; also of a solid square 
column 4 ins. by 4 ins. Ans, 3*90 ins. ; 1*15 ins. 

4. A cast-iron girder has an upper flange 4 ins. by 1 in.; a lower flange 

8 ins. by 1J ins. and a web 6 ins. by 1 in. Find its moment of inertia and 
radius of gyration about an axis through the centroid parallel to the 
flanges. " Ans . 195 ins. 4 ; 2*98 ins. 

5. A channel section has a base of 10 ins.; sides 3 ins.; the thicknoss of 
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metal being | in. Find the position of the centroid and the moment of 
inertia about a line through the centroid parallel to the base. 

Ans. '726 in. from base ; 6 02 ins. 4 . 

6. A column is built up of two I beams 10 ins. deep and with flanges 

5 ins. wide, the centres of the beams being 10 ins. apart. The area of each 
is 8*82sq.ins.,and the greatest and least moments of inertia are 145*7 and 
9*78 in. units respectively. Riveted at the top of each pair is a plate 
12 ins. wide. Neglecting the rivets, find the thickness of the plate if the 
greatest and least moments of inertia are the same. Ans . A in. 

7. A column is built up of two channel sections 12 x 3£ X $ in., with 

a plate J in. thick riveted to the flanges at top and bottom. Find the 
distance x apart that the channels must be for the moments of inertia to 
be equal about the two axes of symmetry, the width of the plates being 
x *f 7J ins. Ans. 9| ins . 


CHAPTER VII 

1. A 20 in. X 7J in. joist is supported at both ends. The weight per 

foot of this section is 89 lbs., and the moment of inertia » l t 648 ins. 4 . 
Find the distributed load in a 25 ft. span which will oause a max. flange 
stress of 7 tons per sq. in. Ans. 29’7 tons net. 

2. The moment of inertia of a 12 in. x 5 in. X 32 lb. joist is 221 ins. 4 . 

Two such joists are placed side by side, and support a water-tank which 
weighs 1 ton when empty. Effective span 15 ft. What is the weight 
of the water in the tank when the stress in the extreme fibres of the joist 
is 6*5 tons per sq. in. 1 Ans. 20*3 tons. 

3. Two 0 X 3 X J in. 7s are used back to back as a girder on which a 
light crane runs. Compare the safe load which such a beam would carry 
with that of a joist of same span, depth, width, and thickness of metal. 

Ans. Joist 5*36 times as good. 

4. Find the bending moment which may be resisted by a cast-iron pipe 
0 ins. external and 4} ins. internal diameter when the greatest intensity 
of stress due to bending is 1,500 lbs. per sq. in. Ans. 21,750 in. lbs. 

5. A rolled-steel joist 16 ins. deep, with flanges 6 ins. wide and 1 in. thick 

(the web being } in. thick), is used to support a uniformly distributed load 
of 2 tons per ft. run. If the span is 12 ft. 6 ins., what is the maximum 
stress in the lower flange ? (A.M.I.C.E.) Ans. 4*42 tons per sq. in. 

6. Find what diameter of axle should be employed if the wheels are 
4 feet 9 ins* apart and the loads on them are 7 and 3 tons respectively, the 
axle boxes projecting 9 ins. beyond the wheels. Draw the B.M. diagram. 

Ans. Max. B.M. = 58*68 in. tons; diameter » 5 ins. 

1. A gallery is carried by two- 9 in. x 3 in. timber cantilevers, each 6 ft. 
long. What distributed load may the gallery carry if the safe stress is 
10 cwt. per sq, in, ? Ans. 27 cwt. 
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8. Either of the following .sections is available for a beam whioh is 
required to be as strong as possible: (a) Circular, 2 ins. diam.; (6) rect¬ 
angular, 2 ins. deep, 1*178 ins. wide. Whioh would you use ? (A.M.I.C.E.) 

Ans. Circular. 

9. A cast-iron beam seotion is 20 ins. deep; top flange 4 ins. x 1 in.; 

bottom flange, 16 ins. X 1J ins.; web, 1 in. Find the safe distributed 
load whioh a cast-iron girder of the above section, and of 20 ft. span, 
could safely carry. Take the safe stresses as 1 ton/in. 2 in tension, and 
4 tons/in. 2 in compression. Ans. 10*6 tons net ; 11*9 tons gross. 

10. Find the bending stress in a locomotive coupling-rod 8 ft. long, 

2 ins. broad and 4} ins. deep. It runs at 200 revolutions per minute, the 
crank radius being 11 ins. Ans. 2 6 tons per sq. in. 


CHAPTER VIII 

1. A tie bar 9 ins. wide and 1£ ins. thick is curved in the plane of its 
width. If there is a total tensile load on the bar of 30 tons, and if the 
mean line of pull passes 3 inn. to one side of the geometrical axis at the 
middle of the bar, And the maximum and minimum stresses at the centre 
seotion of the bar. (A.M.I.C.E.) 

Ans . 6} tons per sq. in. tension ; 2| tons per sq. in. compression. 

2. An upright timber post 12 ins. in diameter supports a vertical load 
of 18 tons, 3 ins. from the vertical axis of the post. Determine the maxi¬ 
mum and minimum stresses on a normal cross section and show. by a 
diagram how the intensity of stress varies across the section. 

Ans. *477 and *159 ton per sq. in. 

3. A oast-iron post 12 ins. in external diameter and 10 ins. internal 
diameter carries an axial load of 40 tons and also an eccentric load of 5 tons, 
parallel to the axis at an eccentricity of 12 ins. Find the maximum stress. 

Ans. 1*98 tons per sq. in. 

4. A short wooden pillar is 20 ins. high, and rectangular in cross section, 

the thickness of the section is 6 ins., and the width 12 ins. Two vertical 
loads act on the top of the pillar, both loads act in the middle of the thick¬ 
ness, one of them, Wj, acts at a point 1$ ins. on one side of the centre, and 
the other, W 2 , acts at a point 2J ins. on the other side of the centre. If the 
stress over the base of the pillar is everywhere compressive and varies 
uniformly, its intensity being twice as great at the 6 in. edge near the line 
of action of W 2 as it is at the 6 in. edge near the line of action of W l9 what 
is the ratio of W 2 to Wj ? (B.Sc. Lond.) Ans. 13:11. 

5. A reinforced concrete beam, 8 ins. X 11 ins. deep, has four J in. 
bars, with centres at 1 in. from the bottom. Calculate for a span of 12 ft. 
the safe load (a) on the modified beam formula; (b) on the no-tension, 
straight-line formula. Take t = 16,000, c ■■= 500, t 4 — 100, m = 16. 

Ans. (a) 1,206 lbs. ; (b) 3,920 lbs. 9 including weight of beam. 

PP 
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6. Find the averpgo compressive stress in a reinforced concrete y beam 

with a 7 in. slab if the depth of the neutral axis is 10 ins. and the maximum 
compressive stress is 600 lbs. per sq. in* Ans. 391 lbs. per sq. in. 

7. Find the relation between the depth of slab and effective depth of 

a T beam in terms of the stresses and reinforcement for the neutral axis to 
curve at the bottom of the slab* j^ n$ d t \ 2 r t 

* d / c 


8. A T beam is required to carry a B.M. of 320,000 in. lbs. The depth 

to oentre of reinforcement is 16 ins., and the depth of slab is 4 ins. If 
c = 600 and t =* 16,000, what area of reinforcement and effective breadth 
of slab would you use ? Ans . 1*39 eq. ins. ; 12} ins. 

9. A reinforced concrete floor is 9 ins. thick, the centre of the reinforce¬ 

ment being 2 ins. from the bottom edge. If c = 600, t = 16,000, and 
m = 16, calculate the reinforcement necessary, and the load that can be 
safely carried. Ans. *63 sq. in. per ft. width ; 386 lbs. per sq. ft. 

10. A beam of rectangular section of breadth one half the depth is bent by 
a couple in a plane at 46° to the axes of the seotion. Find the safe B.M. 

and \/| 


in terms of those about the principal axes. 


Ans, 


■VI 


CHAPTER IX 

1. If two precisely similar beams of rectangular section, one of cast iron 
and the other of wrought iron, were laid across the same span and loaded 
with the same load (within the elastic limit), what would be the relative 
deflections of the two beams? (A.M.I.C.E.) 

; Ans. As E.: E* — about 8:13. 

2. A beam is of 20 ft. span and the movement of inertia of its section 

is 300 in. units; what will bo the central deflection for a uniformly dis¬ 
tributed load of 16 tons ? (A.M.I.C.E.) Ans. *72 in. 

3. A beam of cast iron, 1 in. broad and 2 ins. deep, is tested upon supports 
3 ft. apart, and shows a deflection of } in. under a central load of 1 ton. 
Calculate the modulus E. (A.M.T.C.E.) Ans. 5,832 tons per sq. in. 

4* Suppose that three beams or planks, A, B, and C, of the same material 
are laid side by side across a span L = 100 ins., and a load W = 600 lbs. 
is laid across them at the centre of the span so that they all bend together. 
The beams are all 6 ins. wide, but two are 3 ins, and one 6 ins. deep. What 
will be the load carried by each beam, and what will be the extreme fibre 
stress in each ? (A.M.I.C.E.) 

Ans. 480 lbs ., 60 lbs.; 333 lbs. per sq. in., 167 lbs. per sq. in. 

5. Calculate the least radius to which a 1 in. round bar of wrought iron 
[E * 28 x 10° lbs* per sq. in.] may be bent, in order that the skin stress 
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may not exceed 15 tons per sq. in. What is then the moment of resistance 
of the section? (A.M.I.C.E.) Ans. 34*7 ft. ; 1*47 in. tons. 

6. A beam of uniformly rectangular section is supported freely at the 
ends and oarries a uniformly distributed load. Find the ratio of depth to 
span so that when the maximum stress at the centre section duo to bending 
is 4 tons per sq. in., the deflection at the centre is of the span. 
E « 12,000 tons per sq. in. (B.So. Lond.) Ans. Span = 24 x depth. 

I. Find the greatest deflection in inches of a rectangular wooden beam 
carrying a load of 2 tons at the centre of a span of 20 ft., with a limiting 
intensity of stress of 1000 lbs. per sq. in. The depth of the beam is 14 ins. 
Calculate the breadth. E — 6000 tons per sq. in. (A.M.I.C.E.) 

Ans. f in. nearly ; 8*2 ins. wide. 

8. A 16 in. X 6 in. x 62 lb. R.S.J. carries a load of 12 tons at quarter 
span, the span being 24 ft. Find graphically the maximum deflection and 
compare that calculated for the same beam with the load at the centre. 
(I for this section = 725*7 in. units, E = 12,500 tons/in. 2 ) 

Ans. *46 in.; *66 in. at centre. 

9. A simply-supported beam of uniform section and 30 ft. span is found 

to deflect 6 ins. under its own weight. Find the slope of the beam at the 
supports and also the slope which would arise if the same deflection were 
caused by a central load instead of a uniform one. Ans . *0533; *05. 

10. A vertical post, 24 ft. in height, supports at its upper end a horizontal 

arm projecting 6 ft. from the post. Find the horizontal and vertical 
displacements of the free end of the horizontal arm when a load of 6000 lbs. 
is suspended from it. E for post and arm = 28 X 10 6 lbs. per sq. in.; 
1 for post = 412, for arm = 360 (inch units). Neglect direct compression 
of the post. (B.Sc. Lond.) Ans. Horizontal 1*55; vertical *85 in. 

II. A cantilever of circular section is of constant diameter from the 
fixed end to the middle, and of half that diameter from the middle to the 
free end. Estimate the deflection at the free end due to a weight W there. 

23 W P 

Ans. ------ , where I is that at fixed end. 

24 E I ' 

12. A timber beam 30 ft. long and 12 ins. square in cross section rests 
on a support at each end. If a load of 1 ton is placed in the centre of the 
beam, find the work done in deflecting it, Ans. 705*6 in. lbs. 


CHAPTER X 

1. A cast-iron column has its ends securely built in. It is 12 ins. in 
external diameter, and 18 ft. long. What total load could you place on 
it if the factor of safety is 10, and the thickness of metal If ins. ? The 
constant for the Gordon formula is (B.Sc. Lond.) Ans. 163 ions. 

2. A mild steel strut, rectangular in cross section, the breadth being 
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tour times its thiekness, is 9 ft. long, and has pin ends. Determine the 
cross section for 24 tons, and a factor of safety of 5. Use Rankine’s 
formula, and take /. = 67,000 lbs. per sq. in., and the constant nfar* 
(B.Sc. Lond.) 

3. Which would carry the heavier load for fixed ends: (a) a solid mild- 

steel column 9 ins. diam.; (b) a built-up mild-steel stanchion consisting 
of two 14 x 61 beams, at 8£ ins. centres, with two 16 x £ in. plates each 
side 7 Length in each case 14 ft. Ans. The built-up one. 

4. Discuss the formula of Gordon and Rankine in connection with the 
buckling of struts of moderate lengths, and state its limiting conditions. 
Four wrought-iron struts, rigidly held at the ends, all of section 1 in. X 1 in., 
and of lengths 15*0, 30*0, 60*0, and 90*0 ins. respectively, are found to 
buckle under loads of 15*9, 11*3, 7*7, and 4*35 tons. Test whether these 
satisfy the formula quoted, and, if so, find average values of the two 
empirical constants involved. (B.Sc. Lond.) 

5. A stanchion for a workshop has to carry a small stanchion 10 ft. long 
from the roof which carries 5 tons, and also the girder for a 15-ton crane. 
If the centre line of the roof load and crane girder are 13 ins. apart, design 
a suitable section for the stanchion. 

Ans. Two 10 ins. x 5 ins. X 30 I beams 13 ins. apart. 

6. A hollow cylindrical steel strut has to be designed for the following 

conditions. Length 6 ft., axial load 12 tons, ratio of internal to external 
diameter — *8, factor of safety, 10. Determine the necessary external 
diameter of ths strut and thickness of the metal if the ends are securely 
fixed in. Use Rankine’s formula, taking / = 21 tons per sq. in., constant 
for rounded ends = Ans. 4£ ins. diam. ; £ in. thick . 

7. A steel column is built up of two 10 x 3£ ins. x 28*21 lbs. channel 

sections placed 4£ ins. apart, and two 12 x £ in. plates at each end. If the 
ends are pin-jointed, what would you consider a safe load on a length of 
22 ft. 7 Ans. 122 tons. 

8. What would be the safe load on the column of Question 7 if the load 

were 3 ins. out of centre 7 Ans. 48*8 tons. 

9. Find what thickness a hollow circular cast-iron column should have 

for an axial load of 60 tons, the factor of safety being 8. The oolumn is 
20 ft. long and is securely fixed at each end. Ans. 2 ins. 


CHAPTER XI 

1. A shaft 3 ins. in diameter, running at 250 revolutions per minute, 
transmits 50 H.P. Find the maximum stress and the twist of the shaft 
in degrees in a length of 100 .ft. Take G = 12 x 10* lbs. per sq. in. 

Ans. 2,380 lbs. per sq. in .; 28*5°. 
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2. A turbine is connected to a dynamo placed vertically above it by a 

shaft, 2 ft. in diameter, made of steel plate { in. thick. Calculate the 
diameter of solid shaft required to transmit the same power at the same 
speed with the same maximum stress due to twist. Find the relative 
weights. (A.M.I.C.E.) Ans. 13*86 ins. diameter; *304:1. 

3. If a rod £ in. in diameter and 20 ins. long is fixed at one end and 

the other end is twisted through an angle of 15° relatively to it, what is 
the unital strain in the outer fibres of the rod? Ans. *00164. 

4. A bar of iron, J in. diameter, is twisted to destruction. Calculate 

what twisting movement is required for this purpose assuming that the 
Rhearing stress becomes uniform over the whole section and equals in the 
limit 10 tons per sq. in. (A.M.I.C.E.) Ans . *622 in. tons. 

6. Through what angle will a 2\ inch steel shaft be twisted if it is 80 ft. 
long and the twisting movement is 19,000 in. lbs. ? Ans. 23° nearly 

6. If the end of a rod 1 in. in diameter is twisted by the turning effort 
of a force of 80 lbs. acting at the end of a 12 in. lever, find the force which, 
when applied to the end of the same lever, would twist equally a rod of 
the same material, but of 1J ins. diameter and half the length. 

Ans. 810 lbs. 

7. A bar of mild steel 1 in. in diameter twists through an angle o* 
2*2 degrees in a 20 in. length when subjected to a torque of 2,200 in. Ibs. 
An exactly similar bar of the same material deflects *03 in. when loaded 
at the centre of a 20 in. simply-supported span with a load of 264 lbs. 
Calculate the value of Young’s Modulus, Rigidity Modulus, Bulk Modulus 
and Poisson's Ratio. (B.Sc. Lond.) 

Ans. E =*29*88, G = 11*67, K ** 32*62 million pounds per sq. in. 
n - *28. 

8. A shaft which runs at 136 revolutions per minute transmits 60 H.P. 
and is subjected to a bending moment equal to *76 of the twisting moment. 
What diameter of shaft is necessary on the principal stress theory ? 

Ans. 21 ins. 


CHAPTER XII 

1. A steel wire £ in. in diameter is coiled into a spiral spring 6 ins. 
mean diameter. What weight could such a spring carry to produce a 
maximum stress in the wire of 6 tons per sq. in. ? (A.M.I.C.E.) 

Ans. 110 lbs. 

2. Find the pull required to cause a deflection of 1 in. in a closely- 
wound helical spring of 2*6 in. mean diameter made of 120 turns of 
£ inch round wire, taking G = 12 x 10 # lbs. per sq. in. Ans. 3} lbs . 

3. A helical spring of 3 ins. diameter is composed of 20 turns of steel 
wire *258 in. diameter. If a load of 25 lbs. is hung on it what will be the 
deflection and maximum stress ? Ans . 2 03 ins .; 11,120 lbs. per sq. in. 
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4 A laminated spring composed o! 20 plates each ) in. thick and 2*95 
ins. wide has a span of 3 ft. Find the deflection under a load of 5 tons 
if E is 12,000 tons per sq. in. Ana. 2*37 ins. 

5. How many plates } inch thick and 3 ins. broad, the largest being 

30 ins. long, are required in a leaf spring whose maximum stress is to 
be 30,000 lbs. per sq. in. with a load of 1 ton ? Ana. 8. 

6. A steel clock spring } in. wide and -fa in. thick is wound on a spindle 
ft in. in diameter. If the safe stress is 48,000 lbs. per sq. in. what is the 
maximum moment arailable for driving the clock T 

Ana. 2 in. Iba. approx. 


CHAPTER XV 

1. A girder 100 ft. long is supported at each end and in the middle, 
and carries a uniform load of 2 tons per ft. run. Draw the B.M. and 
shear diagrams, and find the pressure on eaoh support. (A.M.I.C.E.) 

Ana. Max . B.M. 625 ft. tona.; reaction 37*5; 125; 37*5 tons. 

2. A continuous girder consists of four spans, the two outer spans 
are each 20 ft. long, and the two inner spans are each 40 ft. long; the 
girder carries a uniformly distributed load of 1J tons per ft. run. Find 
(a) The reactions at each of the piers; (6) The bending moment and shear 
at each of the piers; (c) The position of the points of zero bending moment. 
Sketch complete bending moment and shear diagrams for the girder. 
(B.So. Lond.) 

3. A balk of timber, 30 ft. long, rests on two end supports, and is 
supported also by a prop which acts at a point 12 ft. from the left-hand 
end. If the balk of timber carries (including its own weight) a load of 
2 owt. per ft. run, and if the tops of the three supports are level, determine 
the reactions at the three supports, and the bending moment at the point 
at which the prop is applied. Draw complete bending moment and shear 
diagram. (B.Sc. Lond.) 

4 A horizontal girder of uniform section 25 ft. long is firmly fixed 
at one end, and supported by a column at 18 ft. from the fixed end. The 
girder carries a uniform load of 2 tons per ft. run of its length, and, in 
addition, a concentrated load of 30 tons at 14 ft. from the fixed end. 
When unloaded, the girder just touches, but does not exert any pressure 
on the supporting column. Find the pressure on the column, and draw 
bending moment and shearing force diagrams for the girder. (B.So. 
Lond.) 

5. A beam of 20 ft. span is built in at one end a, and is freely supported 
at other end b. It carries a uniform load of £ ton per ft. run, and a central 
isolated load of 10 tons. Draw the bending moment diagram, first finding 
the bending at end a, and show where the maximum intermediate bending 
moment occurs. Draw also the shear diagram* 
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6. A continued girder of 2 spans, 20 ft. and 10 ft., has an overhang 
of 5 ft. from the smaller span. It carries a uniformly distributed load 
of £ ton per ft. run, and an isolated load of 1 £ tons at the free end (d) 
Find the support moments, and draw the shear and B.M. diagrams. 
Determine whether this arrangement is stronger than that in which the 
support o comes below the point D. 

* Ans. Max. B.M. 16*77 ft. tons ; not so strong. 

A beam of span l is fixed horizontally at both ends. Two equal 
Toads W are placed at equal distance h from the ends of the beam. Prove 

that the greatest deflection of the beam is equal to (3 1 — 4 ft), and 

24 hi I 


that the bending moment at the centre of the beam is equal to 


WA* 
T ’ 


(B.Sc. Lond.) 

8. A beam of 20 ft. span is fixed at the end and carries a uniformly- 

distributed load of 1 ton per ft. run from one abutment to the centre. 
Find the end B.M.s. Ans. 10*4, 22*9 ft. tons. 

9. In a continuous beam of three spans, the centre span is 72 ft. and 

the end spans 36 ft. each. A dead load of £ ton per ft. run covers the 
whole span. Determine the support moments when a live load of 1 ton 
per ft. run covers (a) the first span; (6) the first two spans; (c) the wh Ie 
beam. Ans. (o) 243, 162; (b) 567, 486; (c) 547 ft. tons. 


CHAPTER XVI 

1. A C.I. beam has the following section: top flange, 4 X 1£ ins.; 
web, 12 X u ins.; bottom flange, 12 x 2 ins. The centroid of the 
section is 5*5 ins. from the base of the bottom flange, and the moment 
of inertia of the section about a line through its centroid, at right angles 
to the depth, is 1200 ins. 4 . Draw a curve showing the intensity of shear 
at all points of the section, and find the ratio of maximum to mean shear 
stress. What proportion of shearing force is carried by the web ? (B.Sc. 
Lond.) 

2. Find the greatest intensity of shear stress at a section of an I beam 
at which the total shear is 15 tons; the overall depth is 8 ins.; flanges, 
6 ins. X *61 in.; web, *44 in. thick; I = 111*6 in. 4 . (B.Sc. Lond.) 

3. Find the ratio of the maximum to the mean shear stress on the 
section of a cast-iron beam of the following dimensions: Top flange, 
2xlJ ins.; bottom flange, 6 X 1J ins.; web, 7 x 1 ins. Ans. 2*46. 

4. A beam of uniform rectangular section, 6 ins. broad by 12 ins. deep, 
is supported at the ends, and has a span of 12 feet. It carries a uniformly 
distributed load of 20 tons. At a point in the oross section, 4 feet from 
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one end and 3 ins. vertically above the neutral axis, calculate the maximum 
intensity of compressive stress. Ans. 1*11 tons per sq. in. 

5. An I beam, 20 ins. deep, has flanges 7£ ins. wide and 1 in. 

thick, and a web If in. thick. The greatest moment of inertia is 1,650 
in. units and the total shear over the section is 80 tons. Show by a 
diagram the intensity of shear stress at all points of the section. 
(A.M.I.C.E.) Ans. Stress at N.A. =* 8*44 tons per sq. in. 

6. Allowing a bending stress of 1,500 lbs. per sq. in. and a shearing 
stress with the grain of 120 lbs. per sq. in., what uniform load can be 
carried by a timber beam 12 ins. deep, 3 ins. wide and of 12 ft. span? 

Ans. 5,760 lbs. 

7. A plate girder 4 ft, deep over the 3£ ins. x 3} ins. x £ in. angles has 
at each flange one plate 16 ins. x £ in., the web being { in. thick. Find 
the distribution of shear stress on a section at which the shearing force is 
44 tons. 

Ans. Stress at N.A. = 1*67; at junction of angle and web = 1*25; 
just above — *481; at bottom of flange of angle = *348; just above =■ *074; 
junction of angle and plate =* *049 ton per sq. in. 


CHAPTER XVII 

1. Show on the Bach Theory that the maximum central concentrated 
load that oan be carried by a circular plate of given thickness is independent 
of the radius of the plate. 

2. What must be the thickness of a mild steel plate covering an opening 

4 ft. square if the load is 200 lbs. per sq. ft. and the safe stress is 16,000 lbs. 
per sq. in. ? Ans. *70 on the Bach Theory . 

3. Prove that on the Baoh Theory the uniform load that a square 
plate of given thiokness can carry is independent of the size of the plate. 

4. A rectangular reinforced concrete slab 10 ft. by 15 ft. has to carry a 
load of 300 lbs. per sq. ft. including its own weight. For what bending 
moment would you design the reinforoement in each direction T 

Ans. 560,000 and 162,000 in. lbs. (Rankine). 

5. A oylinder end is 12 ins. in diameter and } in. thick. Compare the 
maximum stresses on the Bach and Grashof theories if the steam pressure 
is 100 lbs. per sq. in., the end being taken as freely supported. 

Ans. 6,400 lbs. per sq. in. (Bach), 7,800 lbs. per sq. in. (Grashof). 


CHAPTER XVIII 

1. A solid steel gun has an inside diameter of 7*5 ins. and a thickness 
of 1*75 ins. What is the greatest tensile stress carred by an explosion 
pressure of 10,000 lbs, per sq. in. ? Ans. 27,300 lbs. per sq. in• 
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2. What should be the external diameter of a gun whose internal diameter 

is 3J ins., if the explosion causes a pressure of 15,000 lbs. per sq. in. and the 
allowable stress is 30,000 lbs. per sq. in. ? Ana. 5*63 ins. 

3. A solid gun has an external diameter of 12 ins. and an internal diameter 

of 6 ins. What inside pressure will cause a hoop tension of 30,000 lbs. 
per sq. in. ? Ana . 18,000 Iba. per aq. in. 

4. Find the safe internal pressure for an hydraulic press cylinder of 

external diameter 7 ins. and internal diameter 5 ins., the maximum safe 
stress being 3,000 lbs. per sq. in. Ana. 973 lbs. per aq. in. 

6. An hydraulic press has an external diameter of 16 ins. and an internal 
diameter of 8 ins. If the pressure is 3 tons per sq. in., find the principal 
stresses at the external and internal circumference. 

Ana. External 0, 2 (tens.); internal 3 (comp.) 5 (tens.) tons per aq. in. 

6. Find the equivalent tensile hoop stresses in the problem of the above 


question if Poisson’s ratio is — 

3*5 


Ana. 5*86 ; 2 tons per aq. in. 


7. Find the necessary thickness of a pipe of 8 ins. internal diameter 

subjected to an internal pressure of 520 lbs. per sq. in. Adopt the maximum 
strain theory taking ubJ and maximum tensile stress 10,000 lbs. per 
sq. in. Ana. *22 in. 

8. A tube whose internal and external radii are 2 and 3 ins. is hooped 
so as to cause an initial hoop compression on the inside of 18,000 lbs. per 
sq. in. What will be the tensile stress at the inside if the explosion causes 
a pressure of 25,000 lbs. per sq. in. ? Ana. 29,000 Iba. per aq. in. 


CHAPTERS XIX AND XX 


1. Show that for a ourved beam of rectangular section of depth d the 
deviation of the neutral axis from the centre is given approximately by 


d 2 

12 R' 


R being the radius of curvature of the centre line. 


2. A reotangular bar 1 in. wide and 2 ins. deep is bent to a radius of 
4 ins. and is used as a hook. Find the maximum stress caused by a load 
of 1,000 lbs. aoting through the centre of curvature of the bar. 

Ana. 7,700 Iba. per aq. in . 

3. Find the maximum bending moments upon a chain link made of 
$ in. circular stock, the link being 5 ins. deep and 3 ins. broad. Treat the 
ends as oircular and the sides as straight. The load carried is 3,000 lbs. 

Ana. 1,300 in. Iba. ; 387 in. Ufa. 

4. Find the stress due to centrifugal force in the rim of a oast-iron 
flywheel 8 ft. in diameter running at 160 revolutions per minute. 

Ana. 437 lbs. per aq. in. 
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6* A steel shaft is of 13*4 in. diameter and is 98 ft. long. Find its 
oritical speed when unloaded. Ans . 46 revolutions per minute . 

6. Find the angular velocity at which whirling will start in an unloaded 
steel shaft 3 ins. in diameter and 11 ft. long. Ans . 75 radians per second . 

7. Find the whirling speed of a shaft carrying a central load of 1,170 lbs. 
between swivelled bearings 7 ft. apart. The shaft is 3§ ins. in diameter. 

Ans . 725 revolutions per minute . 



APPENDIX 




APPENDIX. 


The following Tables give the properties ot the British Standard 
Sections which are usually listed by makers. 



Fig . A.—Properties of British Standard Sections . 


Note.—T he original British Sections were replaced in 1920 by a revised 
list which are known as the New British Standard Sections ; as many of the 
old X beam and channel sections will probably remain in use for some years, 
we have retained them in this appendix. 
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BRITISH STANDARD SECTIONS.* (See Fig. A.) 
Properties of OLD British Standard I Beams. 


Size 

H. B. 

Wt. 

per 

foot 

Thickness 

Sectional 

Area 

Moments of 
Inertia 

Section 

Moduli 

Radii of 
Gyration 

/ 

T 

XX 

YY 

XX 

YY 

XX 

Y Y 

inches. 

lb. 

ins. 

ins. 

sq. ins. 

ins. 

ins. 

ins. 

ins. 

ins. 

ins. 

3 

X 


4 

•16 

•248 

1 * 1B 

1*66 

•124 

r 11 

•165 

1 *19 

•325 

3 

X 

3 

8£ 

*20 

•332 

2*50 

3*79 

1 *26 

2*53 

•841 

1*23 

710 

4 

X 

ij 

5 

<I? 

•240 

i ‘47 

3'67 

•194 

1*84 

•222 

I -58 

•363 

4 

X 

3 

9* 

*22 

•336 

2*80 

7*53 

1*28 

376 

•854 

1*64 

•6 77 

4 ?* 

if 

64 

•l8 

•323 

j* 9 F 

677 

•263 

2*85 

•300 

r88 

*371 

• 5 

X 

3 

It 

*22 

•376 

3*24 

13*6 

1*46 

5‘45 

‘974 

2*05 

•672 

5 

X 

4* 

l8 

•29 

•448 

5*29 

227 

5*66 

9*08 

2*51 

2*0 7 

1*03 

6 

X 

3 

12 

*26 

•348 

3*53 

20*2 

i *34 

674 

•892 

2*40 

•616 

6 

X 

4* ! 

20 

‘37 

•431 

5 -88 

347 

5 * 4 i 

11*6 

2*40 

2*43 

•959 

6 

X 

5 

25 

‘41 

•520 

7*35 

43'6 

9*ii 

14*5 

3*64 

2*44 

rn 

7 

X 

4 

l6 

*25 

‘387 

471 

39*2 

3 * 4 i 

11 ‘2 

171 

2’89 

•8 5 i 

8 

X 

4 

18 

•28 

■402 

5 * 3 ° 

557 

3*57 

i 3‘9 

179 

3*24 

•821 

8 

X 

5 

28 

*35 

*575 

8*24 

89-4 

10*3 

22*3 

4*10 

3*29 

ri2 

8 

X 

6 

35 

*44 

‘597 

10*3 

111 

* 7*9 

27*6 

5-98 

3-28 

1*32 

9 

X 

4 

21 

’ 3 ° 

•460 

6*i8 

Sri 

4*20 

18*0 

2*10 

3*62 

•824 

9 

X 

7 

5 S 

‘55 

•924 

1 7 ‘ 1 

230 

46-3 

5 1 * 1 | 

13*2 

3*67 

1 *65 

10 

X 

5 

30 

•36 

•552 

8*82 

146 

978 

29* 1 

3*91 

4*06 

1 *°5 

10 

X 

6 

42 

•40 

736 

I 2‘4 

212 

22*9 

4 2 ‘3 

7*64 

4*14 

1 *36 

10 

X 

8 

70 

*6o 

•970 

20*6 

345 

71*6 

69*0 

17*9 

4*09 

1*87 

12 

X 

5 

32 

‘35 

•550 

9-41 

220 

974 

36*7 

3 ’ 9 ° 

4*84 

1*02 

12 

X 

6 

44 

•40 

717 

12*9 

3 i 5 

22*3 

52*6 

J 1 

7-42 

4*94 

i* 3 i 

12 

X 

6 

54 

•50 

•883 

15*9 

376 

28*3 

62*6 

9*43 

4*86 

1 *33 

14 

X 

6 

46 

*40 

•698 

13*5 

441 

21 *6 

62*9 

7*20 

571 

1 *26 

14 

X 

6 

57 

•50 

‘ 8/3 

16*8 

553 

27*9 

76*2 

9 ‘ 3 i 

5*64 

1-29 

15 

X 

5 

42 

•42 

•647 

I2‘4 

428 

11 *9 

57 ‘i 

00 

N 

5*89 

•983 

15 

X 

6 

59 

•50 

‘880 

1 7 ‘3 

629 

28*2 

83'9 

9*40 

6*02 

1 *28 

16 

X 

6 

62 

‘55 

‘847 

18*2 

726 

27*1 

907 

9*02 

6*31 

1*22 

18 

X 

7 

75 

*55 

•928 

22*1 

1150 

46*6 

128 

T 3*3 

7*22 

r 45 

20 

X 

74 

89 

•60 

roi 

26*2 

1671 

62*6 

167 

167 

7*99 

i *55 

24 

X 

74 

100 

•60 

1 *07 

29*4 

2655 

66*9 

221 

r 7 -8 

9*50 

1*51 


* Published by permission of the Engineering Standards Committee. The Tables of British 
Standard I Beams, Channels, and Zed Bars are reprinted from Report No. 6, 1904, as issued by the 
Committee. 
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Properties of OLD British Standard Channels. 


Size 

A x B 

Standard 

Thicknesses 

Weight 

per 

foot 

Area 

Dimension ! 

p I 

Moments of 
Inertia 

I Section 
| Moduli 

Radii of 
Gyration 

t 

T 

About 

XX 

About 
Y Y 

About 

XX 

Alxuit 
Y V 

About 
X X 

About 

YY 

ins. 

ins. 

ins. 

lbs. 

sq. ins. 

ins. 

ins. 

ins. 

ins. 

ins. 

ins. 

ins. 

15x4 

•525 

•630 

41-94 

1 2*3 34 

*935 

377*0 

* 4*55 

50-27 

474s 

5*53 

1*09 

12x4 

•525 

•625 

36-47 

10727 

1-031 

218*2 

13-65 

36*36 

4*599 

4 * 5 i 

I*Ij 

'2x3$ 

•500 

*6oo 

32-88 

9671 

•867 

190*7 

8*922 

3 i *79 

3-389 

4*44 

*960 

12X3A 

•375 

■500 

26*10 

7-675 

•860 

158*6 

7*572 

26-44 

2-868 

4*55 

*993 

11 X3i 

*475 

‘575 

29*82 

8771 

•896 

148-6 

8*421 

27*02 

3*234 

4*12 

•980 

IOX 4 

*475 

‘575 

30*l6 

8-871 

I *102 

1307 

12*02 

26T4 

4*147 

3-84 

1 *16 

10x34 

‘475 

‘575 

28*21 

8*296 

‘933 

H 7‘9 

8-194 

23*59 

3*192 

3*77 

*994 

10x3^ 

*375 

•500 

23-55 

6*925 

*933 

102*6 

7-187 

20*52- 

2 *Soo 

3*^5 

1*02 

9 x 3 a 

•450 

•550 

25-39 

7-469 

*971 

88*07 

7*660 

19-57 

3*029 

3*43 

1*01 

9X3| 

‘375 

•500 

22*27 

6-550 

•976 

79*90 

6-963 

17-76 

2*759 

3*49 

1*03 

9X3 

‘375 

‘437 

19*37 

5'696 

*754 

65*18 

4*021 

14-48 

i* 79 o 

3*38 

•840 

00 

X 

Co 

latM 

•425 

•525 

22*72 

6-682 

I *OI 1 

6376 

7*067 

15-94 

2*839 

3*09 

1*03 

8X3 

‘375 

*500 

J 9 ‘ 3 C 

5 '67 5 

•844 

53*43 

4*329 

13-36 

2*008 

3*07 

•873 

7 x 3 ^ 

•400 

•500 

20*23 

5'95° 

1 *061 

44*55 

6*498 

1273 

2*664 

2*74 

1*04 

7x3 

*375 

*475 

17*56 

5*166 

•874 

37*63 

4*017 

10-75 

1*889 

270 

*882 

6X34 

‘375 

*475 

l 7'9 

5-266 

1 *i 19 

29*66 

5*907 

9-885 

2*481 

2*36 

I *06 

6x3 

•312 

*437 

14*49 

4'26l 

•938 

24*01 

3*503 

8-003 

1-699 

2*37 

•907 


Properties of OLD British Standard Zed Bars. 


Size 

A x B 

Standard 

Thicknesses 

Area 

Weight 

per 

foot 

Moments of Inertia 

Section ; 

Moduli 

Angle a in 
degrees 

Least Radius 
of Gyration 

D 

n 

About 

XX 

About 

Y Y 

About 

XX 

About 

YY 

ins. 

ins. 

ins. 

sq. ins. 

lbs. 

ins. 

ins. 

ins. 

ins. 


l. 

ins. 

10x31 

*475 

*575 

8*283 

28*l6 

117*865 

12*876 

23-573 

3*947 

! 4 

•839 

9x3* 

•450 

•550 

7*449 

25 * 33 . 

87*889 

12*418 

19-531 

3*792 

•61 

•843 

8x3$ 

•425 

•525 

6*670 

22*68 

63729 

12*024 

' 5‘932 

3*657 

■*! 

•845 

7 X 31 

•400 

*500 

5-948 

20*22 

44-609 

11 ‘618 

12745 

3*521 

23 i 

•840 

6 x 3 ^ 

*375 

•475 

5-258 

17*88 

29*660 

1 1 * 1 34 

9-887 

3*36i 

28^ *821 

5X3 

•350 

i 

•450 

4-169 

14*17 , 

16-145 

6*578 

6-458 

2*328 

29J; *698 
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NEW BRITISH STANDARD ROLLED STEEL SECTIONS.* 

Properties of I Beam Sections. 


* A.’ —Girder Sections. 


Size 

inches 

Wt. 

per 

foot 

lbs. 

Thickness 

Area 

Moments of 
Inertia 

Section 

Moduli 

Radii of 
Gyration 

t 

T 

XX 

YY 

XX 

YY 

XX 

YY 

3 * 

4 

•l6 

•249 

! 

ri 77 

1 660 

*12; 

i’i °7 

•167 

I 19 

•326 

4 x i| 

5 

•17 

•239 

1470 

3664 

*|86 

1-832 

*213 

1-58 

■356 

4 |x 2 

7 

•19 

•322 

9 

6*652 

•585 

2-957 

-383 

I 80 

*431 

5 x 2$ 

9 

*20 

■347 

2-647 

10*91 

O' 

00 

4-364 

•631 

203 

•546 

6X3 

12 

*23 

'377 

3533 

2099 

1*461 

6 996 

■974 

2*44 

■643 

7 * 3 * 

15 

*25 

•398 

4-416 

35 ' 9 ° 

2*408 

io* 6 

1-376 

2*85 

•738 

8X4 

18 

♦28 

•398 


55-63 

3-506 

13*91 

1753 

3*24 

•814 

9 X 4 

21 

•30 

•457 

6-177 

8113 

4-148 

18*03 

2-074 

3*62 

*820 

10 X 42 

25 

•30 

•505 

7*354 

122 3 

6-486 

24*47 

2*883 

408 

■939 

12 X 5 

30 

*33 

•507 

8827 

206*9 

8-770 

34*49 

3-508 

4-84 

•997 

13 * 5 

35 

*35 


1030 

283-5 

10 8 

4362 

4-326 

5-25 

1*03 

14 x s\ 

40 

*37 

•627 

1177 

377 *i 

14*79 

5387 

5*377 

5*66 

ri2 

15 x 6 

45 

•38 

•655 

1324 

491*9 

1987 

6559 

6*624 

6*io 

1*23 

16 x 6 

5 ° 

•40 

726 

1471 

618*1 

22*47 

77-26 

7-489 

6*48 

1*24 

18x6 

55 

•42 

757 

16*18 

8418 

23-64 

93‘53 

7-878 

7*21 

1*21 

20 x 

65 

*45 

•820 

19*12 

1226*0 

32-56 

122*6 

10*02 

8*oi 

i* 3 i 

22 x 7 

75 

'5° 

•834 

22*o6 

16770 

4 1 *°7 

152*4 

H 73 

8*72 

1*36 

24 X 7$ 

90 

•52 | 

•984 

26-47 

2443-0 

60*44 

vp 

cO 

O 

r* 

[6*12 

9*61 

i* 5 i 




B 

.’—Heavy Beams 

and Pillars. 




18 X 8 

80 

•50 

•950 

2353 


69-43 

143-6 

17-36 

7 * 4 i 

172 

16 x 8 

75 

•48 

■938 

22*06 


68-30 

121*7 

17*08 

6*64 

176 

00 

X 

70 

•46 

•920 

20-59 

705-6 

66*67 

100*8 

16*67 

5*85 

180 

12 X 8 

65 

■43 

•904 

19*12 

487-8 

6518 

81-30 

16*30 

5-05 

.-8 S 

10 x 8 

55 

•40 

•783 

16-18 

288*7 

5474 

5774 

13*69 

4*22 

r8 4 

10 x 6 

40 

•36 

709 

n 77 

204*8 

21*76 

40*96 

7-253 

4-17 

i -36 

9 * 7 

50 

•40 

•825 

1471 

208 1 

40*17 

46-25 

11*48 

376 

r6 5 

x 6 

35 

*35 

•648 

10*30 

115-1 

1^54 

2876 

6*513 

3*34 

i-3 8 

6 x 5 

25 

’33 

•561 

7 ’ 35 i 

45-16 

9-876 

15*05 

3 * 95 i 

2*48 

r, 6 

5 * 4 $ 

20 

•29 

•513 

5*882 

25*03 

6-590 

10*01 

2*929 

2 06 

I0 6 

4 X 3 

10 

•24 

*347 

2*940 

7-786 

1*326 

3-893 

*88 4 

1-63 

*7: 


• Reproduced by permission of the British Engineering Standards Association from their Report No. 6-1924, 
1 Properties of British Standard Sections,' official copies of which may be obtained from the Secretary of the 
Association, 98 Victoria Street, Westminster, S. W. 1. Price, 5s. 4 d ., post free. By permission of Messrs. Dorman, 
Long flc Co., Ltd., properties have been quoted from that firm s Handbook of Angle and T sections for 
thicknesses not specifically given in the Association's report. 














Appendix. 

New British Standard Equal Angles (continued). 


595 


Sizes 

Area 

Weight 
per foot 
lb. 

J 

L* 

Section 
Modulus 
about XX 

Least 
Radius of 
Gyration 

3 x 

3 x 

t 

3-360 

11’42 

*97 

2*59 

1-27 

•58 

2f X 

2j X 

i 

T-3I3 

4-46 

•76 

•917 

•46 

*54 

2|X 

2f X 

i 

1-923 

654 

•Si 

1*30 

•67 

*53 

2f X 

2| X 

i 

2-501 

8-50 

•86 

1-64 

•87 

*53 

2 i X 

2^ X 

1 

I * 188 

4'°4 

•70 

•680 

•38 

*49 

2 § X 

2|X 

A 

1-465 

4-98 

73 

•826 

*47 

•48 

2i X 

2j X 

1 

1735 

5'9° 

75 

•962 

*55 

•48 

2 \ X 

2\ X 

i 

2-250 

r 65 

•80 

I-2I 

*7i 

•48 

2 \ X 

2f X 

J 

1-063 

3-61 

•64 

•488 

*3° 

*44 

2fX 

21' X 

iW 

I *309 

4‘45 

*6 7 

•591 

*37 

*43 

2f X 

2 j X 

$ 

i*547 

5-26 

•69 

•685 

*44 

*43 

2 X 

2 X 

A 

715 

2’43 

•56 

•260 

•!8 | 

*39 

2 X 

2 X 

1 

J 

•937 

3'*9 

•58 

•336 

*24 

*39 

2 X 

2 X 

iff 

1-152 

3-92 

•61 

*4° 5 

•29 1 

*33 

2 X 

2 X 

* 

1*359 

4*62 

*63 

•468 

*34 

•38 

if X 

I4X 

A 

*621 

2*11 

•49 

•171 

*14 

*34 

if X 

1 $ X 

1 

•813 

2-76 

•52 

•219 

•18 

*34 

if x 

if X 

ur 

•996 

3*39 

*54 

•263 

*22 

*34 

if X 

I J X 

ft 

1*172 

3*98 

*57 

*303 

-26 

*34 

I & X 

I 2 X 

itr 

•527 

i*79 

*43 

•105 

•10 

•29 

I Jx 

Ij-x 

i 

4 

•687 

2*34 

•46 

*134 

*13 

•29 

iix 

if X 

A 

*434 

1-48 

*37 

•059 

•07 

*24 

if X 

ifx 

i 

•563 

i*9i 

•40 

*°74 1 

•09 

*24 


0 0 2 
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Proper i ies of New British Standard Unequal Angles { continued .). 



Size and 


Area 

Weight 

per 

foot 

lbs. 

Dimensions 

Moments of 
Inertia 

Section 

Moduli 

Angle a in 
degrees 

Least Radius. j 
of Gyration 


l mckness 


J 

I* 

X X 

Y Y 

X X 

Y Y 

5 

x 3* x 

Iff 

2*561 

8*71 

i- 5 6 

•82 

6*46 

2*62 

1*88 

•98 

26 

•-6 

It 

t: 

« 

3*049 

10-37 

i*59 

•85 

7*03 

3-09 

2*24 

I* 16 

251 

*75 

tt 

tt 

* 

4*002 

13*61 

1*64 

•90 

9*«4 

3 95 

2*93 

1*52 

2 Sh 

*75 

It 

t) 

t >. 

8 

4*924 

16-74 

1*69 

*94 

11 *89 

4*74 

3*59 

i*86 

25 

*74 

5 

x 3 x 

a 

1ft 

2*403 

8-17 

i*66 

•67 

6*14 

t -68 

■•83 

72 

20 

•65 

»» 


a 

8 

2* 860 

972 

i*6S 

•69 

7*25 

1*97 

2 * 18 

•85 

19 I 

•65 

» 


1 

a 

3 * 75 1 

12*75 

17.3 

*74 

9*33 

2*51 

2*86 

1 *i r 

1 9 i 

•64 

>1 

tt 

5 

a 

4*610 

15-67 

178 

*79 

11*25 

3*oo 

3 * 5 o 

1*36 

19 

•64 

4 

K 3: x 

S 

2-673 

9-09 

1*19 

*94 

4*09 

2*91 

1 *45 

1*14 

37 

72 

*5 

it 

| 

3*502 

11*91 

1*24 

*99 

5*24 

3*72 

1*90 

1 *48 

37 

*71 

»! 

tt 

A 

S 

4-298 

14-61 

1*29 

1 *04 

6*28 

4*45 

2*31 

1 * Ji 

>6i 

*71 

4 

x 3 x 

10' 

2*C9I 

7 *n 

1*24 

*75 

3 * 3 ° 

1 *59 

1*20 

* 7 i 

2 Si 

•64 

It 

t> 

3 

8 

2-485 

8-45 

I *27 

*77 

3*89 

i-8 7 

1*42 

•84 

28 J 

•64 

tt 

tt 

1 

2 

3 * 2 5 I 

I 1*05 

1*32 

•82 

4*97 

2*37 

1-85 

1 *09 

28* 

•63 

tt 

tt 

4 

8 

3 ' 9«5 

13*55 

1-36 

•87 

5-96 

2-83 

2*26 

1*32 

28 

*63 

3 l 

x 3 x 

i 

1-564 

5 ’ 3 2 

I *Oi 

77 

1 *86 

1*26 

*75 

•56 

36 

*62 

tt 

t> 

16 

1-935 

6*58 

1 *04 

*79 

2*2 7 

1 *54 

•92 

•70 

354 

*62 

It 

tt 

1 

2*298 

7*8i 

1*07 

*82 

2*67 

1 *8o 

I *10 

•83 

354 

•62 

tt 

tt 

J 

3*001 

10*20 

1*12 

■87 

3*40 

2*28 

1*43 

1*07 

354 

*6l 

t) 

>t 

A 

8 

3‘673 

12*49 

i *16 

•91 

4*06 

2*72 

i *73 

1*30 

35 

*6i 

3 i 

x 2 \ X 

* 

1-438 

4-89 

1*09 

•60 

i *75 

*745 

*73 

*39 

264 

*54 

» 

it 

iff 

1778 

6*05 

1 *12 

•63 

2*14 

•907 

•90 

•48 

264 

*53 

tt 

tt 

:i 

8 

2*1 IO 

7*17 

I * I 5 

•65 

2*51 

i*o6 

1*07 

*57 

26 

*53 

tt 

tt 

i 

2*750 

9*35 

1*19 

•70 

3*19 

'*33 

i *39 

*74 

26 

*53 

3 

X 2 & X 

1 

**313 

4*46 

•89 

•65 

1*14 

•716 

*54 

*39 

34 

•52 

t> 

tt 

A 

1 *622 

5 * 5 i 

*92 

•67 

i *39 

•871 

•67 

•48 

34 

*52 

tt 

tt 

» 

1*923 

6*54 

*94 

•70 

1*62 

1*02 

*79 

•56 

34 

•52 

tt 

1' 

* 

2*501 

8*50 

•99 

*74 

2*05 

1*28 

1*02 

*73 

334 

•52 

3 

X 2 X 

i 

1 *i 88 

4*04 

•98 

•48 

1*06 

*375 

*52 

•25 

2 34 

*43 

tt 

it 

iV 

1-465 

4*98 

1 *oo 

* 5 i 

1*29 

*454 

*65 

*30 

23 

‘43 

n 

tt 

4 

1735 

5*90 

1*03 

*53 

1*5° 

•527 

•76 

•36 

23 

*42 

it 

tt 

i 

2*250 

7*65 

1 *08 

•58 

1*90 

*657 

*98 

•46 

22 \ 

*42 

2 i 

X 2 X 

i 

1*063 

3*61 

77 

*53 

■635 

•358 

*37 

•24 

32 , 

• 4 : 
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Properties of New British Standard Unequal Angt.es { continued ). 





Appendix\ 

Properties on New British Standard Tees. 


599 


Sizes 

Area 

Weight 
per foot 

lbs. 

J 

Moments of 
Inertia 

j Section Moduli 

Radii of Gyration 

XX 

YY 

XX 

YY 

XX 

YY 

6x 6 x j 

5772 

19*62 

1-630 

19*043 

8-556 

4*357 

2*852 

i*8i6 

1*218 

» » t 

7*126 

24*23 

1*687 

23*309 

10*866 5*404 

3-622 

i *809 

1*235 

6 x 4 x J 

4772 

l6*22 

•968 

6*070 

8*642 

2*002 

2 *881 

1*128 

'•346 

tt tt S' 

5-878 

19*99 

1*018 

7‘331 

10-932! 2 -4 59 

3-644 

1*117 

1-364 

5 x 4 x i 

4*266 

14*50 

1*052 

5773 

5*024 

1-958 

2*009 

1-163 

1*085 

a tt 5 

5-248 

17-84 

1*102 

6-963 

6-363 

1 2*403 

2*545 

1*152 

1*101 

5x3x1 

2*878 

979 

•691 

1*973 

3716 

•855 

1-487 

•828 

1136 

j> tt \ 

3766 

12*80 

741 

2*515 

5"°37 

1*113 

2*015 

•817 

1*157 

4x3x1 

2-498 

8-49 

•767 

1 *86o 

l* 9 t I 

-833 

•956 

•863 

00 

<-rv 

M tt £ 

3*262 

11*09 

•816 

2*366 

2 - 59 S 

1-083 

1*298 

•852 

‘892 

3 x 3 x* 

1*786 

6*o 7 

*842 

i *455 

•666 

•674 

*444 

•903 

* 6 l I 

tt » i 

2*119 

7*20 

•869 

1*708 

•813 

•801 

•542 

*89 8 

• 6 l 9 

v n A 

2*440 

8*30 

•894 

1*942 

•959 

■922 

•640 

•892 

•627 

2 ^ X 2 J X i 

1*197 

4*07 

•697 

•678 

* 3°5 

•376 

•244 

752 

•504 

5 

n tt 1 ® 

1*471 

5*00 

•724 

*822 

•388 

•463 

*311 

•748 

• 5 M 

» » 2 

1742 

5*92 

749 

*959 

*475 

•548 

•380 

•742 

*522 

2 x 2 xi 

•945 

3*21 

*579 

*337 

•157 

*237 

*157 

*597 

•408 

5 

» tt 1® 

1*158 

3*94 

•604 

*406 

•201 

■291 

*201 

•592 

•417 

tt tt I 

1*366 

4*64 

•628 

•469 

•246 

*342 

•246 

•586 


iixi^xft 

•533 

1 *81 

•434 

•106 

•048 


•C65 

*447 


** n i 

•693 

2*36 

*459 

•135 

•067 

•130 

*090 

H 
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Logarithms 




























































MATHEMATICAL TABLES 

Logarithms 


19 3 4 5.6 7 8 9 


51 7076 

52 7160 

51 7243 

54 7324 


! 

7860 j 

7868 

7875 

7882 

7931 1 

7988 j 

7945 

7952 

8000 | 

8007 j 

8014 

8021 

8069 ! 

8075 1 

8082 

8089 


7126 

7210 

7292 

7372 

7135 

7218 

7300 

7380 

7143 

7226 

7308 

7388 

7152 

7235 

7316 

7396 

7451 

7459 

7406 

7474 

7528 

7.304 

7679 

7752 

7536 

7612 

7686 

77CO 

7543 

7619 

7694 

7767 

7551 

7627 

7701 

7774 

7825 

7832 

7839 

7846 

ISIS 

f* 2 00 

7903 

7973 

8041 

8109 

7910 

7980 

8048 

8116 

7917 

7987 

8055 

8122 


8195 

67 ( 8261 

68 I 8325 

69 I 8388 


8488 

8494 

8500 

8506 


1 

1 

2 

3 

Li 

4 

5 

5 

6 

1 

1 

2 

3 

s 

4 

5 

5 

6 

1 

1 

2 

3 

i 3 

4 

5 

5 

6 

l 

1 

2 

3 

! 3 

4 

4 

6 

6 

1 

1 

2 

2 

1 3 

4 

4 

5 

6 

1 

1 

2 

2 

|T 

4 

4 

6 

6 

l 

1 

2 

2 

|T 

4 

4 

5 

5 

1 

1 

2 

2 

3 

4 

4 

5 

5 

l 

1 

2 

2 

3 

4 

4 

5 

5 

l 

1 

2 

2 

3 

4 

4 

5 

5 


9036 

9042 

1 9047 

9053 


112 2 

3 

3 4 4 5 

112 2 

3 

3 4 4 5 

112 2 

3 
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Abrupt change of section, 56, 90 
Adams’s experiments on marble, 

42 

Adhesion between concrete and 
steel, 80 

Alignment charts for springs, 342 
Aluminium, 62 

Andrews-Pearson formula for 
curved beams, 545 
Areas— 

mathematical determination, 
161 

Parmontier’s rule, 164 
Simpson’s rule, 164 
sum curves, 162 
table of various sections, 185 
Arnold’s testing machine, 399 
Autographic recorders, 379 
Avery’s reverse torsion machine, 
385 

Bach on plates and slabs, 488-509 
Bairstow, 59, 88 
Baker, B.— 

abrupt change of section ex¬ 
periments, 56 
repetitions of stress, 86 
Basquin, 307 

Bauschinger on strength of stone, 
72 

Beam factor, 197 
Beams. See Bending moments; 
deflections; inclined beams; 
shear; stresses, bending. 
Bending moments— 
cantilevers, 122-127 
continuous beams, 430-458 
fixed beams, 414r438, 458 
Bimply supported beams, 127- 
160 

Bernoulli’s assumption, 194 
Bolts, coupling, 311 
Brinell hardness test, 402 


Buekton testing machines, 364, 
368,381 

Built-in beams, 416-438, 458 
Bouton experiments on compres¬ 
sion, 47 

Bracing of columns, 294 
B ass, 62, 83 
Brittleness, 41 
Bronze, 62, 83 
Buchanan on columns, 287 
Buckling factor, 279 
Bulk modulus, 7 

Cantilevers, 122-127 
Cast iron, 49, 209, 305 
Centroid, 165 
Chain links, 546-551 
Cleat, stresses in rivets, 315 
Coker- 

thermal and optical testing, 
409, 411 

torsion testing, 388 
Collapsing pressure for pipes, 
118 

Columns— 

centrally loaded, 279-301 
eccentrically loaded, 301-310 
Compressive strength, see various 
materials. 

Concrete— 

compressive strength, 69-77, 82 
reinforced, 215-235, 292, 479 
shear strength, 78 
tensile strength, 77 
Consider©, 42 

Continuous beams, 438-458 
Critical speed of shafts, 562-569 
Curvatu i e of beams, 250 
Curved beams— 

Andrews-Pearson formula, 545 
correction coefficients, 543 
general condition* of strain, 529 
Rusal’s construction, 538 
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INDEX 


Curved beams (continued )— 
rings and chain links, 546 
Winkler’s formula, 533 
Cylinders, see Pipes. 

Darwin’s extensometer, 376 
Defleotions— 

beams, simply supported and 
cantilever, 248-278 
fixed beams, 419, 420, 460 
shear, due to, 483 
Diagonal square beam section, 
210 

Disks, rotating, 552-562 
Distribution of shear stress in 
beams, 470-487 

Dixon and Hummel testing 
machine, 368 
Drums, rotating, 552 
Ductility, 41 

Dunkerley on whirling of shafts, 
568 

Dynamic stress and strain, 33 
Dyson on internal friotion, 47 

Eden on stress repetition, 89 
Elastic bodies, 1 
Elastic moduli, 7 
relation between, 8 
Ellipse— 
of inertia, 169 
of stress, 15 

Elongation and gauge length, 54 
Encastrk beams, 416-438, 458 
Euler’s column formula, 280, 306 
Ewing’s extensometer, 374 

Failure, cause of, 42 
Fair bairn, 84,119 
Fatigue of metals, 89 
Fidler column formula, 289 
Filon on optical testing, 415 
Fitchett, F., on springs, 343 
Fixed beams, 416-438, 458 
Flitohed beams, 203 
Foster on stress repetition, 89 

Gadd on cement tests, 408 
Glass, 83 

Goodenough on chain links, 551 
Goodman extensometer, 371 
Gordon column formula, 288 
Grashof on plates and slabs, 494 


Greenwood and Batley testing 
machine, 367 
Grips for test-pieces, 370 
Guest theory of stress, 44, 328 

Hardness, 41, 402 
Hartnell, W., on springs, 341 
Heterogeneous sections— 
direct stress, 38 
geometrical properties, 183 
Hooke’s Law, 2 

Horse-power of shafting, 323, 335 
Hysteresis, mechanical, 59, 89 

Illinois experiments, 119, 297, 551 
Impact, strain and stress due to, 35 
Impact testing, 400 
Inclined beams, 155-160 
Inertia, moment of, 169-191 
Internal friction in materials, 45 
Izod— 

experiments on shear, 64, 67 
impact testing machine, 40J 

Johnson— 

column formula, 288 
eccentric loading, 309 

Kennedy’s extensometer, 372 
lveyways in shafting, 334 

Lamp’s theory for thick pipes, 51 (> 
Lilly— 

column formula, 290 
torsion testing machine, 386 
Live loads, 100 
Liider’s Lines, 54 

Macklow-Smith torsion meter, 392 
Malleability, 41 
Malleable cast iron, 51 
Modulus— 
elastic, 7 
seotion, 197 
Mohr, 181, 252 
Moment of inertia, 167-191 
Moment of resistance, 196,213,222 
Momental ellipse, 167 
Moore, 297, 334, 551 
Morley, 3 
on columns, 310 
on curved beams, 545 
on slabs, 494 
Muir on overstrain, 59 
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Navier internal friction theory, 45 
Non-circular shafts, 333 

Oblique loading on beams, 241 
Overstrain, 67 

Permanent set, 1 
Perry, 70, 192 
Pipes and cylinders— 
collapse of, 118 
initial pressure in. 524 
Lame’s theory, 610 
shear stresses in, 516 
thick, 510-638 
thin, 115 
Piston rings, 355 
Plastic bodies, 1 
Plates— 

Bach theory, 488 493, 499-509 
circular, 488 

Grashof and Rankinc, 494 
oval, 492 

square and rectangular, 494 
Poisson’s ratio, 3 
Polar moment of inertia, 173 
Portland cement, strength of, 68- 
79, 404 

Principal stresses, 13 

Quality factor, 62 

Radius of gyration, 169-191 
Uankine — 
column formula, 285 
combined stress theory. 43, 
320 

slab formula, 494 
stress lines, 213 
Reinforced concrete-^ 
beams, 215-235 
columns, 292 
shear in beams, 479 
Repetition of stress, 84 
R.6sal’s construction, 538 
Resilience— 
definition, 33 
in bending, 272 
in torsion, 331 

summary for various springs, 
363 

Rigidity modulus, 7 
Rings, 546 

Riveted joints, 102-113 


Rotating drums and disks, 550- 
662 

Rotating shafts, 562-569 

St. Venant, 44, 328, 333 
Sankey bending machine, 396 
ScobJe on optical testing, 404 
Second roid, 168 
Section modulus, 197 
Shaft coupling, stresses in, 311 
Shafting, stresses in, 316-335 
Shear- 

diagrams for cantilevers, 122- 
127 

diagrams for simply supported 
beams, 127-160 
diagrams, steps in, 144 
strain and stress, 3 
stress and strain equivalent to 
complex stresses, 19, 30 
stress in beams, 470 
Shrinkage stresses in pipes, 525 
Slabs, see Plates, 

Slate, 83 

Slenderness ratio, 279 
Smith, C. A. M., 48, 517 
Smith, J. H., repetition testing 
machine, 392 

Smith, R. II., construction for 
combined stresses, 23 
Springs— 

closed-coiled helical, 337, 362 
leaf or plate, 351 
open-coiled helical, 346 
piston rings, 355 
plane spiral, 360 
summary, 363 
time of vibration, 337 
Steel, strength of, 52-63 
Stewart on collapse of pipes, 
119 

Stone, compressive strength, 68, 
82 

Straight line column formula, 287 
Strain— 

definition and kinds, 1-3 
in different directions, 12 
maximum strain equivalent to 
combined strains, 25 
transverse, 3 
Stress— 

bending, 192-247 
cause of failure under, 42 
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Stress (continued )— 
combined bending and direct, 
235-240, 328 
oomplex, 13 

definitions and kinds, 1-3 
dynamic, 33 
ellipse of, 15 
impact, 35 
prinoipal, 13, 19 
repetition of, 84 
shear, 3, 212 
shear in beams, 470 
temperature, 37 
working, 93-100 

Stress-strain diagrams, 5, 49, 53, 
60, 62, 65 

Struts, see Columns. 

Sum curve, 162 

Superposition, principle of, 244 

T beams, reinforced concrete, 229 
Temperature stresses, 37 
effect on strength, 63 
Tensile strength, real and appar¬ 
ent, 52 

of materials, see various ma¬ 
terials. 

Testing— 

calibration of machines, 369 
oement and concrete, 404 
extensometers, 371-380 
grips and forms of test-pieces, 
370 

impact, hardness and ductility, 
396 

machines (general), 364-369 


Testing (continued)— 
optical, 411 
thermal, 409 

torsion machines, 382-393 
Theorem of three moments, 445 
Thick pipes, see Pipes. 

Thurston testing maohine, 383- 
386 

Timber, 65, 82 
Torsion, 311-335 

Turbine shaft, settling down, 564 
Twisting, 311- 335 

Unit section modulus, 197 
Unital strain, 3 
Unwin— 

elongation formula, 55 
extensometer, 379 
on piston rings, 359 
on stone cubes, 70 

Waist in tensile fracture, 54, 56 
Werder testing machine, 366 
Whirling of shafts, 562-569 
Wicksteed-Buckton testing-ma¬ 
chines, 364, 368, 381 
Winkler’s formula for curved 
beams, 633 

Wohler’s experiments, 84 
Wool son experiments on concrete, 
43 

Working stresses, 93-99 
Wrought iron, 82 

Yield point, 4 
Young’s Modulus, 7 
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